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Introduction

Finite group theory is one of the central branches of algebra. It developed during the
nineteenth century from the study of permutations and algebraic equations, and it has
since become a fundamental part of modern algebra. Its aim is to understand groups with
finitely many elements and to describe the structural properties that distinguish them. Al-
though the definition of a group is simple, finite groups can have a very rich and complex
structure. One of the main strategies of the theory is therefore to study them through
more accessible objects: special families of subgroups, actions on finite sets, and linear
representations. These perspectives are closely connected. Subgroups often arise natu-
rally as stabilizers of actions, and actions on finite sets allow one to study a group through
the permutations it induces. In many cases, structural information about a group can be
obtained precisely by combining these points of view.

A remarkable example of this interaction is provided by Frobenius groups. They
are named after Ferdinand Georg Frobenius 1849-1917, a German mathematician whose
work had a deep influence on the development of modern algebra. Frobenius was born
in Charlottenburg, near Berlin, and studied at the universities of Gottingen and Berlin.
He received his doctorate in 1870 under the supervision of Karl Weierstrass and, after
holding a position at the Polytechnikum in Zurich, returned to Berlin, where he became
one of the leading figures of the Berlin school of mathematics.

At the beginning of the twentieth century, the study of finite groups was still strongly
connected with permutation groups. In this setting, a natural question was to understand
how the behaviour of point stabilizers and their conjugates could determine the structure
of the whole group. Frobenius’ Theorem arises precisely from this point of view. More
precisely, one considers a finite group G acting transitively, but not regularly, on a finite
set {2, under the assumption that no nonidentity element of GG fixes more than one point of
(2. Under these hypotheses, Frobenius proved that the elements of GG that do not fix any
point of §2, together with the identity element, form a normal subgroup of G.

One of the most striking aspects of Frobenius’ Theorem lies in the contrast between
the simplicity of its statement and the depth of the methods required to prove it. Although

the theorem concerns the structure of a finite group, its proof uses character theory in an



essential way. In fact, no elementary proof avoiding character theory is known in the stan-
dard literature for the general case. Character theory arises from the study of linear rep-
resentations. If a finite group is represented by linear transformations, one can associate
to each representation its character, obtained by taking traces. In this way, representation-
theoretic information is encoded in functions on the group. Frobenius was among the first
to use this point of view systematically in the study of finite groups. Frobenius’ Theorem
shows the power of characters as a tool capable of revealing information about the internal
structure of finite groups. For this reason, it remains one of the classical and most striking
examples of the deep connection between representation theory and finite group theory.

In honour of the German mathematician, the structures that naturally arise from this
specific interaction between permutation actions and subgroup structure are called Frobe-
nius groups. In the modern formulation in terms of subgroups, the role of a point sta-
bilizer is played by a proper nontrivial subgroup H of a finite group G. This subgroup
has the property that it intersects each of its distinct conjugates only in the identity el-
ement. Such a subgroup is called a Frobenius complement. The remarkable feature of
Frobenius groups is that this apparently local condition, involving only the subgroup H
and its conjugates, imposes a strong restriction on the whole group. Indeed, Frobenius’
Theorem 2.3.1 shows that there exists a normal subgroup N of G, called the Frobenius
kernel, such that the group G decomposes as a semidirect product of the kernel and the
complement. This decomposition also connects Frobenius groups with fixed-point-free
actions. The complement H acts by conjugation on the kernel N, and no nonidentity
element of H fixes a nontrivial element of V. For this reason, Frobenius groups provide a
natural meeting point between subgroup structure, permutation actions and representation
theory. The structural consequences of Frobenius’ Theorem do not end with the existence
of the kernel. In 1959, the mathematician John G. Thompson proved in his doctoral thesis
that the Frobenius kernel is always nilpotent. Thompson’s Theorem 4.2.5 is one of the
deepest results in the theory of Frobenius groups: it shows that the kernel, whose exis-
tence is already forced by the action of the complement, has a highly constrained internal
structure. Further refinements concern the nilpotency class of the kernel, the structure of
Frobenius complements, and the irreducible representations of the whole group.

The aim of this thesis is to present the theory of Frobenius groups by following the
main ideas that naturally arise from Frobenius’ Theorem: the formulation in terms of
subgroups and conjugates, the connection with permutation actions, the nilpotency of the
kernel, and some further structural and representation-theoretic properties. The exposi-
tion begins with the preliminary material needed for the subsequent discussion, collected
in Chapter 1. The first part is devoted to character theory and complex representations of

finite groups, while the second part introduces group actions and some standard structural



notions concerning finite groups. Chapter 2 is devoted to the proof of Frobenius’ Theo-
rem. After presenting the specific tools needed for the argument, we state the theorem;

for the original work, see [Fro01].

Theorem 2.3.1 (Frobenius). Let G be a finite group and let H < G be a Frobenius

complement. Then the subset
N ={g € G| g is not conjugate to any nonidentity element of H }

is a normal subgroup of G, G = NH, and N N H = 1.

The chapter also introduces the Frobenius partition, which will be studied again later
in connection with the structural properties of Frobenius groups. Chapter 3 is devoted
to the characterization of Frobenius groups in terms of actions. The first part studies
fixed-point-free actions by automorphisms and shows how the semidirect product decom-
position of a Frobenius group G can be interpreted through the action of the complement
H on the kernel N. The chapter then turns to actions on finite sets and proves Theo-
rem 3.2.3, which gives an equivalent characterization of Frobenius groups in terms of
Frobenius actions and explains their interpretation as permutation groups. Chapter 4 fo-
cuses on the nilpotency of the Frobenius kernel. The proof of this main result relies on
the theory of normal p-complements. Therefore, after recalling some of their basic prop-
erties, we introduce Thompson’s criterion for the existence of a normal p-complement in
a finite group, given in Theorem 4.2.2. This criterion plays a crucial role in establishing
Theorem 4.2.5, which states that the Frobenius kernel of a Frobenius group is always
nilpotent. Chapter 5 collects some further properties of Frobenius groups. The starting
point is that, although Theorem 4.2.5 shows that the Frobenius kernel is always nilpo-
tent, its nilpotency class may in general be arbitrarily large. This leads to the study of
additional restrictions on the kernel and on the complement. In particular, the chapter
discusses Burnside’s Theorem 5.0.1 on the Sylow subgroups of Frobenius complements
and some bounds on the nilpotency class of the kernel in terms of the prime divisors of
the order of the complement. Finally, the chapter returns to representation theory by de-
scribing the irreducible representations of a Frobenius group over an algebraically closed

field whose characteristic does not divide the order of the group.



Chapter 1
Preliminary concepts

In this chapter we collect definitions and basic results that will be used throughout the
thesis and are needed to understand the subsequent arguments. Throughout the thesis, we
use standard notation. For the results recalled in this chapter, we refer to [JL0O4, Isa94] for
the material on complex representations and character theory, and to [Ros09, Isa94] for

the background on group actions and finite group theory.

1.1 Characters and representations

Definition 1.1.1 (F'-algebra). Let F' be a field. An F'-algebra is an F-vector space A

equipped with a multiplication map
Ax A— A, (a,b) — ab,
which is F-bilinear. That is, for all a,b,c € Aand all A € F,
(a+b)c = ac+ be, a(b+ c¢) = ab+ ac, (Aa)b = a(A\b) = A(ab).

We say that A is:
* associative if (ab)c = a(bc) for all a, b, c € A.
e commutative if ab = ba for all a,b € A.

* unital if there exists an element 14 € A such that 1 4a = al4 = aforall a € A.

We now introduce a fundamental example of an F'-algebra, which is associative and

unital: the group algebra of a finite group.



Definition 1.1.2 (Group algebra). Let F’ be a field and let GG be a finite group. The group
algebra FG is the F'-vector space with basis { g | ¢ € G }. Thus every element of F'G

can be written uniquely as a finite formal sum

a:Zagg where ag € F.

gelG

Addition and scalar multiplication are defined coefficientwise. Moreover, the product in

F@ is defined as follows: for any

a:Zagg and 5:thh,

geCG heG

we set

aff = Zzagbh (gh),

geG heG

where gh denotes the product of g and h in the group G. With this multiplication, F'G is
an associative F'-algebra. Moreover, it is unital, and its identity element is the identity 14
of G.

For our purpose, we will mainly work over the field C.

Definition 1.1.3 (Complex representation). Let GG be a finite group. A finite-dimensional

complex representation of (G is a group homomorphism
p:G— GL(V),

where V' is a finite-dimensional vector space over C and GL(V') denotes the group of
invertible linear maps from V' to itself. If dim¢ V' = n, then, after choosing a basis of V/,
the group GL(V) is isomorphic to G L, (C). Thus, equivalently, one may regard p as a
homomorphism

p:G— GL,(C).

The integer n = dim¢ V' is called the degree of p.

Definition 1.1.4 (Character). Let p : G — GL(V') be a complex representation. The
character associated with p is the function

Xo:G—C,  x,(9) =tr(p(g)),

where tr denotes the trace of a linear operator. In this case, we say that p affords the
character x,, or that x, is afforded by p. We write Char(G) for the set of complex

characters of (.



If p: G — GL(V) is a complex representation with character x,, then
Xp(1) =tr(p(1)) = tr(Idy) = dime V-

Thus the value x,(1) is equal to the degree of the representation p. It is also called the
degree of the character ..
We now single out the representations which cannot be decomposed into smaller G-

invariant pieces.

Definition 1.1.5 (Irreducible representation and irreducible character). Let G be a finite
group and let p : G — GL(V) be a finite-dimensional complex representation of G. We
say that p is irreducible if V' has no proper nonzero G-invariant subspaces, that is, the
only G-invariant subspaces of V" are 0 and V.

A character y € Char(G) is called irreducible if it is afforded by an irreducible
representation of G. We denote by Irr(G) the set of all irreducible characters of G.

One of the fundamental results concerning representations of finite groups is Maschke’s

theorem.

Theorem 1.1.6 (Maschke). Let G be a finite group and let p : G — GL(V') be a finite-
dimensional complex representation of G. Then p is completely reducible. In other words,

V' can be written as a direct sum
V=& oV,

where each V; is an irreducible G-invariant subspace of V.

The first consequence of Maschke’s Theorem 1.1.6 is that complex characters decom-

pose as sums of irreducible characters.

Corollary 1.1.7. Every complex character of G is a nonnegative integer linear combina-

tion of irreducible characters. More precisely, if x € Char(G), then

X = Z my1, m, € L.
nelrr(G)

The integer my, is called the multiplicity with which n occurs in x.

Proof. Let x € Char(G), and let p : G — GL(V) be a representation affording . By
Maschke’s theorem 1.1.6, we may write

V:‘/l@'@‘/;‘a



where each Vj is an irreducible G-invariant subspace of V.

For each 7, let x; be the character afforded by the representation

pi: G— GL(V;),  pi(g) = plg)

V’i .

Then each y; is irreducible.

For each i, let B; be a basis of V;. Then B = B, U --- U B, is a basis of V. Since
each V; is G-invariant, with respect to this basis 5 the matrix of p(g) is block diagonal,
with blocks p1(g), ..., p-(g). Hence x(g) = x1(9) + - - - + x»(g) forevery g € G, and so

X = X1 + - - + X». Grouping together equal irreducible characters, we obtain

X = My, My, € L.
nelrr(G)
This completes the proof. O
A fundamental property of characters is that their values are constant on conjugacy

classes. We use the notation g* = 2~ 'gx for the conjugate of an element g € G by an

element x € (. This motivates the introduction of the space of class functions.

Definition 1.1.8 (Class functions). Let GG be a finite group. A function f : G — C is

called a class function if it is constant on conjugacy classes of G, that is,

f(g®) = f(g)  forallg,z € G.

We denote by cf(G) the set of all class functions G — C. With pointwise addition and
scalar multiplication, cf(G) is a complex vector space with dimension the number of

conjugacy classes of G.

Every character is a class function. Indeed, if p : G — GL(V') is a representation and
x,g € G, then

p(z~ gx) = p(x) ' p(g)p(z),

so p(x~1gx) is similar to p(g). Since the trace is invariant under similarity, we have

xp(x " 'gx) = x,(g). Therefore
Irr(G) C Char(G) C cf(G).

Definition 1.1.9 (Inner product on cf(G)). For «, § € cf(G), we define

1 __
(a, B) = €] > alg)Blg).

geG

9



This defines a Hermitian inner product on cf(G). Indeed, for every A € C and every
a, 3,7 € cf(G), we have

Aa+ B,7) = E:MM (9)7(9) = Ma,7) + (8,7),

gEG

so the form is linear in the first variable. Moreover,

(0, A8 +7) = }: +7(9) = Ma, B) + (,7),

gEG

so it is conjugate-linear in the second variable. Finally, («, ) = (f, ) and

(o, @) |G‘Z|o¢ ) >0,

gelG

with equality if and only if o = 0.

Irreducible characters play a central role in character theory. We now recall two of
the basic results of character theory, which will be used repeatedly in what follows. Their
proofs can be found, for instance, in [JL04]. We denote by k(G) the number of conjugacy
classes of G.

Theorem 1.1.10 (Orthonormality relations for irreducible characters). Let G be a finite
group. If x, v € Irr(QG), then

L, ifx =1,
0, ifx #.

) =

In particular, distinct irreducible characters are orthogonal.

Theorem 1.1.11. The number of irreducible characters of G is equal to the number of

conjugacy classes of G. In other words,
IIrr(G)| = k(G).

We now obtain the following consequence for the space cf(G).

Corollary 1.1.12. The set Irr(G) is an orthonormal basis of cf(G). In particular, every

class function a € cf(G) can be written uniquely as

a= Y (o)X

X€EIrr(G)

10



Proof. By Theorem 1.1.10, the elements of Irr(G) form an orthonormal set in cf(G).
Moreover, by Theorem 1.1.11, the number of irreducible characters of G is equal to the
number of conjugacy classes of G.

On the other hand, by Definition 1.1.8, the dimension of c¢f(G) is the number of con-
jugacy classes of G. Hence Irr(G) is an orthonormal set whose cardinality is equal to
dimc cf(G). Therefore Irr(G) is an orthonormal basis of cf(G).

Every class function o € c¢f(G) can be written uniquely as a linear combination of

o= Z Ay X-

x€lrr(G)

irreducible characters,

Taking the inner product with a fixed ¢ € Irr(G), and using orthonormality, we obtain
(0, ) = < > ax w> = D a ) = ay.
x€Irr(G) x€Irr(GQ)

Thus a,, = («, 1) for every ¢ € Irr(G), and therefore

a= Y (ox)x

Xx€lIrr(G)

]

We have seen that every character is a class function. We now give a criterion to

determine when a class function is a character.

Corollary 1.1.13 (Character criterion). Let o € cf(G) be nonzero. Then « is a character
of G if and only if
(o, X) € Zsoy  forevery x € Irt(G).

Moreover, if x, 1 € Char(G), then

<X7 ¢> € ZZO-

Proof. By Corollary 1.1.12, every class function o € ¢f(G) has a unique decomposition

a= Y {ax)x (1.1.1)

xEIrr(G)

If o is a character, then by Corollary 1.1.7 it is a nonnegative integer linear combination

of irreducible characters. By uniqueness of the decomposition (1.1.1), we have

(o, x) € Z>g for every x € Irr(G).

11



Conversely, if (o, x) € Z>o for every x € Irr(G), then the expression (1.1.1) shows
that o is a nonnegative integer linear combination of irreducible characters. Hence « is a
character.

Now let y, 1 € Char(G). By the argument above, we may write

X= > am U= > b

nelr(G) nelr(G)

with a,, b, € Z>q. Using the orthonormality of irreducible characters Theorem 1.1.10,

we obtain

(X, ) = Z anby € Ly,

n€lrr(G)

and this completes the proof. 0

We now introduce the regular character and collect some basic properties that will be

used later.

Example 1.1.14 (The regular character). Let G be a finite group and consider the complex

vector space CG with basis GG. For each a € G we define a C-linear map
T, : CG — CG
by prescribing its action on the basis elements:
T,(z) = ax (z € G),

and extending by C-linearity to all of CG. Since T,,(z) = abx = T, o Tj(x) for all

a,b, x € G, the assignment
Preg - G — GL(CG)7 preg(a) = Taa

is a group homomorphism. We call p,e, the (left) regular representation of GG. The char-

acter associated with p,¢, is denoted by X, and is called the regular character of G.

Proposition 1.1.15. The regular character of a finite group G satisfies

Xreg(1) = |G| and Xreg(g) =0 forall g € G\ {1}.

Proof. We use the basis G of CG. For z € G, the linear map p,e () permutes the basis
elements by g — xg. Hence the trace equals the number of fixed basis vectors. If z = 1,
every basis element is fixed, so the trace is |G|. If z # 1, then xg # g for all g € G, so

there are no fixed basis vectors and the trace is 0. O]

12



Proposition 1.1.16. For the regular character X,o; we have the decomposition

Xreg = Z X(1>X

x€lrr(G)
Equivalently, for every x € Irr(G),
<Xreg7X> = X(l)'

Proof. By Corollary 1.1.12, it is enough to compute the coefficients (xyes, x) for any
X € Irr(G). Using xyeg(1) = |G| and xyeg(g) = 0 for g # 1, we get

1 — 1 —
(e X) = 157 D Xees(9)x(9) = 1 1GIx(1) = x(1),
P> ]
since (1) is a nonnegative integer. O

Corollary 1.1.17. For every finite group GG, we have

Gl= > x(1)”

x€lrr(G)

Proof. We consider the value of the regular character at the identity element. By Propo-

sition 1.1.16, we have

Xeex(1) = > x(x(1) = > x(1)*

Xx€lrr(G) Xx€lrr(G)

On the other hand, by Proposition 1.1.15, X,es(1) = |G/|. This completes the proof. [

Character-theoretic information naturally determines normal subgroups of the group.

Lemma 1.1.18. Let G be a finite group and let x € Char(G). Define

ker(x) ={g€G|x(9)=x1)}, Zx)={g€C|Ix(g)=x1)}

Then ker(x) and Z(x) are normal subgroups of G, and

Z(x)/ ker(x) < Z(G/ker(x)).

Proof. Let p : G — GL(V) be a finite-dimensional complex representation affording y,
so that x(g) = tr(p(g)) forall g € G, and let n = x (1) = dim¢ (V).

13



We show that ker(x) = ker(p). Since p : G — GL(V) is a group homomorphism, its
kernel ker(p) is a normal subgroup of G. Therefore, once we prove ker(x) = ker(p), it
will follow immediately that ker(x) is normal in G.

If g € ker(p) then p(g) = Idy, hence x(g) = tr(Idy) = n, so g € ker(). Conversely, as-
sume that x(g) = n. Over C, the matrix p(g) is diagonalizable and all its eigenvalues are
roots of unity, hence have absolute value 1. Write these eigenvalues as ¢4, . . . , €, counted

with multiplicity. Then x(g) = tr(p(g)) = €1 + - - - + &,,. By the triangle inequality,
X(9)| =ler+ - Fen] <leaf+ -+ len] =n.

Since x(g) = n, equality holds and therefore all ¢; must be equal. Thuse; = -+ =¢, = ¢

for some complex number ¢ with || = 1, and
x(g)=e1+:+e,=ne=n.

Hence ¢ = 1 and so p(g) = Idy, i.e. g € ker(p). We have shown that ker(y) = ker(p),

and in particular ker(y) is normal in G.

Next we describe Z(x). Assume that g € Z(x), thatis, [x(g)| = n. With the same

notation as above, let ¢4, . . ., €, be the eigenvalues of p(g). Then
ler 4+ +eu=n and le;| =1 forall 4.

Again, equality in the triangle inequality implies that all the eigenvalues are equal. Hence
g1 =+ =g, = ¢ for some ¢ € C with |¢| = 1. Therefore p(g) = e Idy .
Conversely, if p(g) = e Idy with |e| = 1, then x(g) = tr(p(g)) = ne, and hence |x(g)| =
n. Thus

Z(x) ={9 € G|plg) =eldy forsomee € C*}.

Moreover, since ker(x) = ker(p), we have ker(y) < Z(x). Indeed, if g € ker(y),
then p(g) = Idy, so in particular p(g) is scalar.
Now set
K = ker(x) = ker(p).

By the first isomorphism theorem, the map
G/K —p(G),  gK— plg),

is an isomorphism.
Let
S ={eldy | e € C*} N p(G).

14



By the description above, we have p(Z(x)) = S. Moreover, under the isomorphism
G/K ~ p(G), the subgroup Z(x)/K corresponds exactly to S.
Since scalar operators commute with every linear operator, S is contained in the center
of p(G):
S < 7(p(G)).

It follows, through the isomorphism G/K =~ p(G), that Z(x)/K < Z(G/K). Since
K = ker(x), this is precisely

Z(x)/ ker(x) < Z(G/ ker(x))-

This completes the proof. 0

Corollary 1.1.19. The intersection of the kernels of the irreducible characters of G is
trivial:
ﬂ ker(y) = 1.
X€Elrr(G)
Proof. Let g € (), cp(c) ker(x). Then x(g) = x(1) for every x € Irr(G). Consider the
regular character x,.,. On the one hand, by Proposition 1.1.16

Xreg = Z X(l)X

Xx€Elrr(G)

It follows that for g € [ ker(y) we have

xElrr(G)

Xegl9) = D x(x(e)= D x(1)*#0.

x€Irr(G) x€Irr(G)

On the other hand, the regular character satisfies y,e. () = 0 for all z # 1, hence we must
have g = 1. O

1.2 Group actions and structural results

In this section we recall some basic notions on group actions and some structural results
on finite groups. We first consider actions on arbitrary sets, and then we specialize to
actions on groups by automorphisms.

Let €2 be a nonempty set. A permutation group on ) is a subgroup G < Sym(£2),
where Sym(€2) denotes the group of all permutations of 2. Equivalently, one may view

G as a group acting faithfully on (2.

15



Suppose now that a group G acts on a set ). For o € 2, the orbit of « is the set
a“={g-algeq},
while the stabilizer of a is
Stabg(a) ={g € G| g-a = a}.

The action is said to be transitive, or equivalently G is said to act transitively on (), if for
every o, 3 € ) there exists g € G such that g - « = 3. Equivalently, o = () for every
a € .

If g € G, the set of fixed points of g is

Fixo(g) ={ae€Q|g-a=a}.

We will also use the orbit-stabilizer theorem.

Theorem 1.2.1 (Orbit-stabilizer theorem). If a finite group G acts on a finite set (), and if

o € S), then
G|

Gl = . a A = —F——7——-

In particular, if the action is transitive, then
|Q| = [G : Stabg(«)]

for every v € ().
Assume that GG acts transitively on €2, and fix a € ). Then the map

{gStabg(a)|lg € G} — Q, gStabg(a) — g -

is a well-defined bijection. Thus, whenever G acts transitively on (2, the action can be

studied as the natural action of GG on the set of left cosets of a point stabilizer.

We now turn to actions on groups. In this setting, we will mainly be interested in
actions which preserve the group structure, namely actions by automorphisms.
Let A and N be groups. An action of A on N by automorphisms is a group homomor-
phism
¢ : A — Aut(N).

For a € A, we write
Fixy(a) = Fixy(p(a)) = {n € N [ ¢(a)(n) = n}.

16



A fundamental example of an action by automorphisms is given by conjugation. Let
G be a group, let N << G, and let H < G. Since N is normal in G, for every h € H the
map
¢ N— N, cn(n) = hnh™,

is an automorphism of NV with inverse c;-1. Hence we obtain a group homomorphism
v: H— Aut(N), o(h) = cp.

Definition 1.2.2 (Internal semidirect product). Let G be a group, let N<G, andlet A < G.
We say that G is the internal semidirect product of N by Aif G = NAand NN A= 1.
In this case, every element of GG can be written uniquely in the form na, with n € N and

a € A, and we write
G=NxA.

In this situation, the subgroup A acts on N by conjugation.
We now introduce a special class of automorphisms.

Definition 1.2.3 (Fixed-point-free automorphism). Let N be a group and let o € Aut(N).
The set of fixed points of ¢ is Fixy (o) = {n € N | o(n) = n }. We say that o is fixed-
point-free if

Fixy (o) = {1}.

We now extend this notion to actions by automorphisms, which will play an important

role throughout the thesis.

Definition 1.2.4 (Fixed-point-free action by automorphisms). Let A and N be groups,
and let ¢ : A — Aut(NN) be an action of A on N by automorphisms. The action is
called fixed-point-free if, for every a € A\ {1}, one has

Fixy(a) = {1}.

We shall also use the following elementary properties of fixed-point-free automor-
phisms; see [Hup25, Theorem 8.9(b),(c)].

Proposition 1.2.5. Let N be a finite group, and let 0 € Aut(N) be a fixed-point-free
automorphism. Then the following hold.

1. Themap u: N — N, pu(n) = n"ta(n), is a bijection from N onto itself.

2. If nand o(n) are conjugate in N, then n = 1.
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Proof. We first prove that 4 is injective. Let ny, ny € N, and suppose that 11(ny) = p(ns).

Then n; 'o(n1) = n; 'o(ny). It follows that
-1 _ -1 _ -1
nony = o(ng)o(ny) = o(ngni ).

Thus ngnl_l is fixed by 0. Since o is fixed-point-free, we get ngnl_l = 1, and hence
ny = no. Therefore y is injective. Since N is finite, u is also surjective. Therefore
every element of N can be written in the form n !
N={n"to(n)|ne N}

We now prove the second statement. Suppose that n and o(n) are conjugate in N.
Then there exists z € N such that

o(n) for some n € N. Equivalently,

By the first part, the map p is surjective. Hence there exists y € N such that x = pu(y) =

y~'o(y). Therefore, we obtain

a(n) = (y~'o(y)) "y toly) = o(y) tyny o (y).

Hence

o(yny™') = o(y)a(n)o(y) ™ =yny "

Thus yny ! is fixed by o. Since o is fixed-point-free, we get yny~! = 1, and therefore
n=1. 0

Remark 1.2.6. Let H act on N by conjugation, that is, h - n = hnh~! for h € H and
n € N. In this situation, fixed points can be described in terms of centralizers.
For a fixed element h € H, the set of points of N fixed by / is

Fixy(h) ={n &€ N | hnh™' =n}.
Since hnh~! = n is equivalent to hn = nh, this set is precisely the centralizer of i in N:
Fixy(h) = Cy(h).
Dually, for a fixed element n € N, the stabilizer of n in the action of H on N is

Staby(n) ={h € H | hnh™' =n}.
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Again, hnh~! = n is equivalent to hn = nh, and therefore
Stabg(n) = Cg(n).
In particular, the conjugation action of H on N is fixed-point-free if and only if
Cn(h) =1 forevery h € H \ {1}.

Equivalently,
Cu(n)=1 foreveryn € N\ {1}.

We now recall some standard results on coprime actions, which will be used to study

the behaviour of fixed points under quotients.

Definition 1.2.7 (Coprime action). Let A and G be finite groups, and suppose that A acts
on G by automorphisms. The action is called coprime if (|A|, |G]) = 1.

For an action of A on GG, we write ¢g* for the image of g under the automorphism

induced by a. We denote by
Co(A)={geG|g*=gforeveryac A}

the subgroup of elements of GG fixed by every element of A.
The following result describes the behaviour of cosets under coprime actions. A proof
can be found in [Isa08, Theorem 3.27].

Theorem 1.2.8. Let A act by automorphisms on a finite group G, and set C = Cg(A).
Let H < G be an A-invariant subgroup. Assume that (|A|,|H|) = 1 and that either A or
H is solvable. Then the A-invariant left cosets of H in GG are exactly the left cosets of H
which contain an element of C.

Equivalently, a left coset gH is A-invariant if and only if
gH N Cq(A) # 0.

The same statement holds for right cosets.

We will mainly use the following consequence; see [Isa08, Corollary 3.28]. It states
that, for coprime actions, fixed points in a quotient are induced by fixed points in the

original group.

Corollary 1.2.9. Let A act by automorphisms on a finite group G, and let N < G be an
A-invariant normal subgroup. Assume that (|A|,|G|) = 1 and that either A or N is
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solvable. Then
Ca/n(A) = Ca(A)N/N.

Proof. Since N is A-invariant, the action of A on G induces an action on the quotient
G/N, given by
(gN)* = g"N

for every g € GG and every a € A.
Let gN € G/N. The coset gN is fixed by every element of A if and only if

(gN)* = gN

for every a € A. Equivalently, g° N = gN for every a € A, which means precisely that
gN is an A-invariant coset.

By Theorem 1.2.8, applied with H = N, the A-invariant cosets of NV in G are exactly
those containing an element of C;(A). Hence g is fixed by A if and only if there exists
¢ € Cg(A) such that

gN = cN.

Therefore the fixed points of A on G/N are exactly the cosets of the form ¢/, with
c € Cz(A), and so

Cg/N<A) = {CN | cE Cg(A)} = Cg(A>N/N
0

We now recall some basic structural notions on finite groups that will be used later.

We first fix the notation for commutators. For x,y € G, we write

1 1

[z,y] = ey = a7 al.

The subgroup of G generated by all commutators is denoted by G’ = [G, G| and is called
the (first) derived subgroup of G. It is a characteristic subgroup of G.

The derived series of G is the descending sequence of subgroups defined as follows:
GO =g, G = (GDY  for every i > 0.

Definition 1.2.10 (Solvable group). A group G is called solvable if its derived series

eventually reaches the trivial subgroup, that is, if there exists an integer n > 0 such that
G =1.
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Intuitively, solvable groups are groups that can be constructed from abelian groups by

successive extensions. In particular, every abelian group is solvable, since
G =[G,G]=1.

Nilpotency is a stronger condition than solvability. We first introduce the main notion
needed to define it.
The lower central series of a group G is the descending sequence of subgroups defined

inductively by:
1(G) =G, Yi+1(G) = [7:(G),G]  forevery i > 1.
Thus
12(G) =[G,G] =G,
and each subsequent term measures how far the previous one is from being central in G.

Definition 1.2.11 (Nilpotent group). A group G is called nilpotent if there exists an inte-
ger ¢ > 1 such that

Yer1(G) = 1.

The least such integer c is called the nilpotency class of G, and is denoted by c/(G). In

this case, we say that (G is nilpotent of class c.

In particular, a group has nilpotency class 1 if and only if it is abelian: indeed,
2(G)=1G,G] =1

is equivalent to G being abelian.

For finite groups, nilpotency admits an equivalent characterization in terms of Sylow
subgroups: a finite group is nilpotent if and only if all its Sylow subgroups are normal.
Equivalently, a finite nilpotent group is the direct product of its Sylow subgroups; see,
for instance, [Hup25, Theorems 1.9.5 and III.2.3]. We now introduce another subgroup

associated with a finite group.

Definition 1.2.12. Let GG be a finite group. The nilpotent residual of G is the subgroup
Yoo(G) = min{ K <G | G/K is nilpotent }.

Intuitively, 7., (G) measures the obstruction preventing GG from being nilpotent.

Lemma 1.2.13. Let G be a finite group. Then the nilpotent residual .(G) is character-

istic in G.
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Proof. Let a € Aut(G). We show that (70 (G)) = Yoo (G)-
Set R = 7,,(G). By definition, R<G and G/ R is nilpotent. First observe that o ( R)<G.

Moreover, the automorphism « induces an isomorphism
G/R=G/a(R),

given by gR — «a(g)a(R). Since nilpotency is preserved under isomorphisms, G /«(R)
is nilpotent.

Therefore o(R) is a normal subgroup of G whose quotient is nilpotent. By the mini-
mality of R = 7,,(G), we obtain R < «(R). Applying the same argument to o~ !, we also
get R < a'(R). Applying « to this inclusion gives a(R) < R. Thus a(R) = R. Since
this holds for every o € Aut(G), we conclude that v, (G) is characteristic in G. O

We shall also use the following classical result; see, for instance, [Isa08, Corol-
lary 1.9].

Theorem 1.2.14 (Cauchy’s theorem). Let G be a finite group, and let p be a prime divid-

ing |G|. Then G contains an element of order p.
We next introduce a standard normal subgroup associated with a prime p.

Definition 1.2.15 (p’-core). Let G be a finite group, and let p be a prime. The p’-core of
G, denoted by O,/ (G), is the largest normal subgroup of G whose order is not divisible
by p. Equivalently,

Oy(G) = (K <G | pt|K]).

Definition 1.2.16 (Minimal normal subgroup). Let GG be a group. A subgroup U < G is
called a minimal normal subgroup of G if U # 1 and the only normal subgroups of G

contained in U are 1 and U itself.

Proposition 1.2.17. Let U be a solvable minimal normal subgroup of a finite group G.

Then U is elementary abelian. Equivalently,
u=cy

for some prime p and some integer n. > 1.

Proof. Since the derived subgroup U’ is characteristic in U and U is normal in G, we have
that U’ is normal in GG. By the minimality of U, either U’ = 1 or U’ = U. The second
possibility cannot occur because U is solvable. Hence U’ = 1, and so U is abelian.

,andset S = {z € U | z” = 1}. Since U is abelian,

S is a subgroup of U. Moreover, S is characteristic in U, because every automorphism

Now let p be a prime dividing |U
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of U preserves the orders of elements. Therefore S is normal in G. Moreover, S # 1 by
Cauchy’s Theorem 1.2.14. Hence, by the minimality of U, we have S = U. Thus every

element of U has order dividing p, and consequently
U=cCy

for some integer n > 1, as desired. O]

We now recall the notion of a complement. Let G be a group and let N < G. A
subgroup H < G is called a complement of N in G if

G=NH and NNH=1.

In this case, G is the internal semidirect product of N by H. If, in addition, H <G, then H
is called a normal complement of N in GG. The following result is the Schur—Zassenhaus
Theorem. It gives the existence of complements for normal Hall subgroups and gives

conditions under which such complements are conjugate; see [Isa08, Section 3B].

Theorem 1.2.18 (Schur—Zassenhaus). Let G be a finite group and let N < G. Assume that
ged(|N|,|G/N|) = 1. Then N has a complement in G, that is, there exists a subgroup
H < G such that G = NH and N N H = 1. Moreover, if either N or G/N is solvable,
then all complements of N in G are conjugate in G. In other words, if Hy and Hy are

subgroups of G such that
G =NH,=NH, and NNH =NNHy,=1,

then there exists an element g € G such that Hy = HY .
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Chapter 2
The Frobenius Theorem

Our objective is twofold: to develop the main tools needed for Frobenius’ Theorem and to
establish the theorem. The result describes a remarkable situation in which a finite group
G contains a proper subgroup H whose conjugates intersect trivially, and shows that this
condition forces a strong structural decomposition of G. More precisely, under this hy-
pothesis one can identify a distinguished normal subgroup N < G such that G = NH
and N N H = 1. The proof of this result relies on character theory, and in particular
on the interaction between characters of G and characters of its subgroups. Frobenius’
theorem is a classical example of a group-theoretic result whose known proofs essen-
tially use character theory. The material in this chapter follows the presentation in [Isa94,
Chapter 15].

2.1 Induced characters and Frobenius reciprocity

In this section we introduce the operations of restriction and induction of class functions,
which allow us to relate functions defined on a subgroup H to functions on the whole
group GG. A central result is Frobenius reciprocity, which establishes a precise compat-
ibility between these two operations and will play a key role in the proof of Frobenius’

Theorem.

A first guiding question is the following: given a finite group GG and a subgroup H of

G, how are the characters of GG related to the characters of H?

Definition 2.1.1 (Restriction of class functions). Let H < G and let ¢ € cf(G). The

restriction of ¢ to H is the function
oy H—C, vn(h) =¢(h) Vhe H.

Observe that the restriction of a class function is again a class function. Indeed, if
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x,h € H, then x~1hx is also a conjugate of h in (G, and hence

pr(r” ha) = p(a~ he) = (h) = or(h).
A stronger property holds for characters.
Proposition 2.1.2. Let H < G and let x € Char(G). Then y gy € Char(H).

Proof. Letp : G — GL(V') be a complex representation of G affording x;, so that y(g) =
tr(p(g)) for all g € G. The restriction p|y : H — GL(V') is again a representation of H

since H is a subgroup. Its character is the function
h— tr(plu(h)) = x(h) ~ heH,

which is precisely x g. Therefore yy is a character of H. [

However, the restriction of an irreducible character of GG to a subgroup H need not be
irreducible. For example, let G = S3 and H = Ajs. Let x be the irreducible character of

S3 of degree 2. Its values are
x(1) =2, X (transposition) = 0, x(3-cycle) = —1.
Restricting x to H = {1, (123), (132)}, we obtain

xe(D) =2,  xu((123)) = -1,  xx((132)) = —1.

Thus x gy has degree 2. Since A3 ~ (3 is abelian, all its irreducible complex characters

have degree 1. Hence y z cannot be irreducible.

2mi/3

Indeed, if w =e and ¢ is the character of A3 defined by

p() =1,  o((123) =w,  ¢((132)) =",
then its complex conjugate character @ is given by
p(1) =1,  2((123)) =w®,  P((132)) = w.

Therefore
(p+p)(1) =2,

while
(p+9)((123)) =w+w* = -1
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and
(o +7)((132)) = w? + w = —1.

Hence xp = ¢ + .
Therefore the restriction of an irreducible character may be reducible.

Conversely, it is natural to ask how a class function defined on H < G can be extended

to a class function on G.

Definition 2.1.3 (Extension by zero). Let H < G and let ¢ € cf(H). We define the
function ¢* : G — C by

wlg), ifgeH,

0, ifgeH.

¥(9) =
In general, ©° need not be a class function on G, because a conjugate of an element

of H may lie outside H. By definition, if H = G, then ¢° = .
Definition 2.1.4 (Induced class function). Let H < G and let ¢ € cf(H). We define the

induced class function o¢ : G — C by

ng rgr) Vg € G.

xeG

The function ¢ is a class function on G. Indeed, for t € GG we have

POt gt) = Zs@ Nt gt)w ’H’Zso v 'gy) = ¢%(9),

xEG yeG
where we used the change of variables y = tx.

Lemma 2.1.5. Let H < G and let p € cf(H). Then

P (1) =[G+ H] o(1).

Proof. Since 1* =1 € H for all z € GG, we have

)= 11 S A0 = g S A0 = () =[G Hlgh).

zeG
]

We now present a fundamental result, known as Frobenius reciprocity, which ex-

presses the compatibility between induction and restriction; see [Isa94, Lemma 15.19].
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Proposition 2.1.6 (Frobenius reciprocity). Let H < G, let ¢ € cf(H) and let ¢ € cf(G).

Then

(% ¥)e = (@, Ym)m
where (-, )¢ denotes the inner product on cf(G), while (-, -) g denotes the inner product
on cf(H).

Proof. By definition of the inner product on cf(G) and of the induced class function on
G the following holds

(0%, h)g = ’G‘g;w |G’;<’H’§¢ @ 993) ¥(g).

Interchanging the sums gives

(0% Ve ZZ@% 'gx) ().

xEG geqG

For each fixed z € G, make the change of variables y = 2 'gz. Then g = xyz~! and,

since 1 is a class function on G, we have ¥)(xyz~') = ¥ (y). Hence

@ gr)vlg) =D "Wy ) =Y W)

geG yeG yeq

Therefore we obtain

1 . o
(sOG,¢>G=|G||H|ZZ " (y) Y (y |H|Zso y) by

zeG yelG yeG

Finally, since ¢"(y) = 0 fory € G\ H, the sum reduces to the contribution given by the

elements in H and

(% ¥)a = ’H’ZSO = (p, ¥ m,

yeH

as claimed. ]

Corollary 2.1.7. Let H < G and let o € Char(H). Then the induced class function ¢
is a character of G, that is, o € Char(QG).

Proof. By Corollary 1.1.13, it suffices to show that

(¥%,X)a € Zxo for all x € Irr(G).
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Moreover, observe that ¢“ # 0 since by Lemma 2.1.5 ¢%(1) = [G : H] ¢(1) # 0.
Fix x € Irr(G). By the Frobenius reciprocity Proposition 2.1.6, we know that

<<PG7X>G = (0, Xm)n-

Since xy € Char(G), Proposition 2.1.2 implies that xy € Char(H). Therefore both ¢
and yy are characters of H. By Corollary 1.1.13, we see that (¢, x )y is a nonnegative
integer. Hence (o, X)¢ € Zs for all x € Irr(G), and the result holds. O

2.2 Frobenius complements and key lemmas

As we have just seen, induction yields not only a class function: when we start from
a character of H, the induced function is again a character of G. In general, however,
restriction and induction are not inverse operations. Under a suitable hypothesis on the
subgroup H < G, the two operations behave much more rigidly, as the next lemma shows.

We first introduce the key concept of Frobenius complement.

Definition 2.2.1 (Frobenius complement). Let G be a finite group and let 1 < H < G be

a nontrivial proper subgroup. We say that H is a Frobenius complement in G if
HNH =1 forevery g € G\ H,

where HY = g 'Hg.

Lemma 2.2.2. Let H be a Frobenius complement in G, and ¢, 6 € cf(H) with ¢(1) = 0.
Then the following holds:

L (¢9)m = ¢
2. <9G790G>G = <97 ()0>H

Proof. We first establish 1. and then turn to 2.
Let ¢ € cf(H) with ¢(1) = 0. Recall that

1 _
v%(9) = ] Y agr)  Vged,
z€eG

where ¢? is the extension by zero outside H. Let h € H.
If h = 1, then by Lemma 2.1.5,



Suppose now that h € H with h # 1. We compute ¢ (h). Letz ¢ H. Thenx~' ¢ H,
since H is a subgroup. Hence the Frobenius complement condition applies to 2!, and so
HNH*"' =1.Since h € H and h # 1, it follows that h ¢ H* ' = zHz'. Equivalently,
x~'hx ¢ H, and therefore ©°(z~'hz) = 0, whenever = ¢ H.

Thus, in the sum defining ¢ (h), all terms with = ¢ H vanish. Hence

-1 -1 -1
LS e he) = o 3 e he) = S ot
|H‘ zeG ‘Hl T€H ’H’ reH
Since ¢ is a class function on H, we have ¢(z~'hx) = p(h) for all z € H. Thus
|H]| Z p(h
reH

This completes the proof of 1.
We now turn to 2. Let ¢, 0 € cf(H) with ¢(1) = 0. By Frobenius reciprocity Propo-

sition 2.1.6, we have
(09, 0% 6 = (0, (%) u) .

By item 1., we have (0%); = ¢, hence

<HG7 (pG>G = <97 90>H7
as required. O

The behaviour described in Lemma 2.2.2 is a special case of the following more gen-
eral result, known as the Brauer—Suzuki Theorem. A proof can be found in [Gor80, The-
orem 4.6]. In this theorem, the subgroup H is the normalizer in GG of a subset A which
is disjoint from its conjugates outside /. Lemma 2.2.2 corresponds to the special case
where A = H \ {1}, with H a Frobenius complement of G.

Theorem 2.2.3 (Brauer—Suzuki). Let G be a finite group and let A C G.
Set H= Ng(A)={g € G| A9 = A}, where A9 = g~ Ag. Assume that

ANAYI =2 forallg e G\ H.

Let x,0 € cf(H) be such that x(h) = 0(h) =0 forall h € H\ A.
Then:

1. x%(a) = x(a) for every nonidentity element a € A.

2. x(1) = 0, then (x,0)u = (x“, 0%
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Observe that the function ¢ appearing in Lemma 2.2.2 is not, in general, a character,
because of the condition ¢(1) = 0. Indeed, if x is a nonzero character of a finite group,

then (1) equals the degree of , and therefore
x(1) > 0.

For this reason, it may at first seem unclear how Lemma 2.2.2 can be applied in the study
of characters. To overcome this difficulty, we introduce a notion that generalizes the
concept of character.

A generalized character of a finite group G is a function ¢ € cf(G) of the form

p = Ay X s ay € Z.
x€lrr(G)

This notion is essential for the next lemma. Starting from an irreducible character of
a subgroup H of a group GG, we will construct a generalized character ¢ satisfying the
hypothesis ¢(1) = 0 of Lemma 2.2.2. This will allow us to prove not only the existence

of an irreducible character of (&, but also to obtain an explicit construction of it.

Lemma 2.2.4. Let H < G be a Frobenius complement and let x € Irr(H). Then there
exists x* € Irr(G) such that:

2. ker(x*) contains all elements of G that are not conjugate to any element of H.

Proof. We will deal with the construction of the character x*. If x = 1y, we simply take
the character with constant value one, y* = 1g. Then (x*)y = (1¢)w = 1y = X, and
condition 2. is also satisfied, since ker(1¢) = G contains every element of G.

Assume now that y # 1y, so x is a nontrivial irreducible character of H. Set
p=x—x(1)1g € cf(H).

Then ¢ is a generalized character of H (i.e. an integer linear combination of characters).
Moreover, ¢(1) = x(1) — x(1) = 0, so Lemma 2.2.2 applies.

Consider the induced function . Since ¢ is a difference of characters of H, and
since, by Corollary 2.1.7, the induced function of a character of H is a character of G, it
follows that ¢ is a generalized character of G.

We now compute the coefficient of the trivial character 15 in ¢“. By Frobenius reci-
procity Proposition 2.1.6,

(0% 1a)a = (0. (Le)m)m = (@, 1u)m = (¢ m)m — x(D)(Le, 1a)u.
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Since x € Irr(H) is nontrivial, we have (x,ly)y = 0, and of course (1y,1y)y = 1.

Hence
(. 1m)r = (x —x(D)1g, 1g)g =0 —x(1) - 1 = —x(1).

Therefore (0%, 1) = —x(1), and we may write
P =x"—x(1)1e,

where x* is a generalized character of G with no trivial constituent, equivalently (x*, 1¢)g =
0. Therefore

X' =%+ x(1) L.

Finally, by Lemma 2.2.2(1) we have (%) = ¢, and hence

(e = )r+x()(1e)a = ¢+ x(1) 1g = x.

To conclude the proof of 1. it remains to show that x* is an irreducible character of G.
By Lemma 2.2.2(2), we have

(% 0% e = (e, o)m = (x —x(Wlg, x —x(D1lg)g = (x, ) + x(1)> =1+ x(1)*.

Hence
(% N a =1+ x(1)% 2.2.1)

On the other hand,
(0% ¢%a = (" = x(Wle: X = x(Dlehe = (X', x ) + x(1)* (222)
Combining (2.2.1) and (2.2.2), we conclude that
(X" x")e =1.
Since x* is a generalized character of (G, we can write

X = Z Ay P with ay € 2.
Yelrr(Q)

Using the orthonormality of Irr(G) Theorem 1.1.10 we obtain

L= xDe= > a,.

Yelrr(Q)
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It follows that exactly one coefficient is nonzero and it must be 1. Hence x* = 41 for
some ¢ € Irr(G). Finally,

X (1) = ¢(1) + x(1) =[G+ H]p(1) + x(1) = x(1) > 0,

and we cannot have x* = —1), but necessarily we have y* = ¢ € Irr(G). This completes
the proof of 1.

We now prove assertion 2.. Let ¢ € G be an element that is not conjugate to any
element of H. We claim that g € ker(x*). Indeed, we recall that

G 1 0/,..—1
0 (g)zl—H,Z¢ (x"gx),

zeG

and, since ¢ is not conjugate to any element of H, we have 2 gz ¢ H for any z € G.
Therefore ©°(z~'gz) = 0 for all x € G, and this yields that

©“(g) = 0.

By definition, x* = ¢“ + x(1)1g. Thus, if g € G is an element that is not conjugate

to any element of H, then

X*(9) = ¢“(9) + x(D)1c(g) = 0+ x(1) = x(1).

Moreover,
XH(1) = ¢“(1) + x(1) = [G': Hlp(1) + x(1) = x(1),

since ¢(1) = 0. Hence x*(g) = x*(1), and so g € ker(x*) as claimed.

2.3 The proof of Frobenius’ Theorem and examples

We are now ready to prove the main result of this chapter, Frobenius’ Theorem [Isa94,
Theorem 15.1].

Theorem 2.3.1 (Frobenius). Let G be a finite group and let H < G be a Frobenius

complement. Then the subset
N ={g € G| g is not conjugate to any nonidentity element of H}

is a normal subgroup of G, G = NH, and N N H = 1.
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Proof. Werecallthat HN HY =1 VYg € G\ H. Let us consider the set

N = (G\ UH9> U {1},

geG
and show that N is a normal subgroup of G.
Let x € Irr(H). By Lemma 2.2.4, there exists x* € Irr(G) such that ker(x*) contains

every element of (G that is not conjugate to any element of /. In particular, every element

of G\ U,e H? is not conjugate to any element of H, hence

N C ker(x") for every x € Irr(H). (2.3.1)
Let
M = m ker(x").
x€lrr(H)

Each ker(x*) is normal in G, so M is normal in G. Moreover, from (2.3.1) we have
N C M.

We claim that M N H = 1. Indeed, if h € M N H, then h € ker(y*) for every
x € Irr(H), so x*(h) = x*(1) for all x € Irr(H). Restricting to H and using the fact
that x3, = x by Lemma 2.2.4(1), we obtain x(h) = x(1) for all x € Irr(H). Hence
h € ﬂxEIrr( ) ker(), whenever h € M N H. It follows from Corollary 1.1.19, applied to
H, that

MnNH= ﬂ ker(y) = 1.
x€lrr(H)

Since M < G, we have M N HY = (M9 N H)Y = (M N H)? = 1, for every g € G.
Therefore no element of M \ {1} lies in any conjugate H9, which means

Mc(G\|JH)U{1} =N,

We conclude that M = N. In particular, N <G and N " H = 1.
It remains to prove that G = N H. Since we already know that N<<G and NN H =1,
it is enough to compute | V| and show that | N| = |G| /| H|. First observe that

Ne(H) = H. (2.3.2)

Indeed, if g € Ng(H), then H9 = H, and hence H N H9 = H # 1. So by the Frobenius
complement condition we must have g € H. Now consider the action of GG by conjugation
on the set of subgroups of G. Under this action, the orbitof H is HY = {gHg™! | g € G}.
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Moreover, the stabilizer of [ is precisely its normalizer:
Stabg(H) ={g9€ G| H = H} = Ng(H).
Hence, by the orbit-stabilizer Theorem 1.2.1 and (2.3.2), we have
|HY| =[G : Stabg(H)] =[G : Ng(H)] = [G : H].

Therefore the number of distinct conjugates of H in G is [G : H]|.

Moreover, if HY # H k_then their intersection is trivial. Indeed,

H'NH"= (HnHY ),

1

and H*" = H implies kg~' ¢ H, hence H N H*~

condition. Consequently,

= 1 by the Frobenius complement

(H\ {1}) n (H*\{1}) =@ whenever HY # H".

Thus the union of the sets H9\ {1} is a disjoint union over the [G : H] distinct conjugates.
We obtain

J@n ()] =[G 1 1),

geG

and so

N:(G\UH9>U{1}:G\U(H9\{1})7

geG geG
SO
N =161 = | (A (1)| = 161 - 6+ H](1H] = 1) =[G ],

geG

Finally, since NN H = 1, we have [INH| = |N||H| = |G|, and hence NH = G. [

Theorem 2.3.1 isolates a class of finite groups in which the existence of a suitable

complement forces the presence of a distinguished normal subgroup.

Definition 2.3.2 (Frobenius group). A finite group G is called a Frobenius group if it

admits a Frobenius complement H with
1< H<G.

In this case, the normal subgroup N provided by Theorem 2.3.1 is called the Frobenius

kernel of GG. In particular, the Frobenius group G is the semidirect product of its Frobenius
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kernel NV and a Frobenius complement H:
G=NxH.

Theorem 2.3.1 also gives a natural decomposition of the elements of a Frobenius

group. Recall that a partition of a finite group G is a collection II of nontrivial proper

¢=Jx

Xell

subgroups of G such that

and
XNY =1 foralldistinct X, Y € Il

Definition 2.3.3 (Frobenius partition). Let G be a Frobenius group with Frobenius kernel

N and Frobenius complement H. The collection
I={N}U{H?|g € G}
is called the Frobenius partition of GG. Equivalently, the elements of G decompose as

G=NulJ#H\{1}).

geG

The union in Definition 2.3.3 is disjoint: if H9 # H*, then HY N H* = 1, hence
(H9\ {1}) N (H*\ {1}) = @. This is the same counting argument used in the proof of
Theorem 2.3.1.

Frobenius partitions provide an important tool for studying the structure of Frobenius
groups. They describe how the elements of the group are distributed between the kernel
and the conjugates of a complement.

A natural question is whether this partition is uniquely determined by the group, or
whether different Frobenius partitions may exist. Answering this question requires further

structural properties of Frobenius groups and will be addressed later.

We conclude this chapter with concrete examples illustrating Frobenius’ Theorem.

Example 2.3.4 (The group S3). Consider the symmetric group G = Sj3, the group of all
permutations of the set {1, 2, 3}. Recall that |S3| = 6.
Let H = ((12)) ={1,(12)}. Then H is a subgroup of order 2.

We now compute the conjugates of H in S5. Since conjugation preserves cycle type,
the conjugates of the transposition (1 2) are precisely the transpositions of S3. Hence the

conjugates of H are

((12)),  (@3)),  (23).
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Any two distinct conjugates of H intersect trivially. By Frobenius’ Theorem 2.3.1, G
admits a normal subgroup N such that G = NH, N N H = 1. In this example,

N =((123)) = {1,(123),(132)}.

Indeed, N is the unique subgroup of order 3 of S5, hence it is normal. Moreover,
|IN||H| =3-2=6 =155, and since N N H = 1, it follows that

53 =N xH.
Thus S3 is a Frobenius group with Frobenius kernel

N

((123)) = Cs

and Frobenius complement

This is the smallest nontrivial example of a Frobenius group. It also provides a first

illustration of the semidirect product decomposition described by Frobenius’ Theorem.

Example 2.3.5 (Groups of order pq). The previous example can be generalized in a nat-
ural way. We now construct a family of Frobenius groups of order pq, where p and ¢
are distinct prime numbers satisfying p | (¢ — 1). Recall that the multiplicative group
(Z/qZ)* has order ¢ — 1. Since p | (¢ — 1), Cauchy’s Theorem 1.2.14 implies that there
exists an element r € (Z/qZ)* of order p. Equivalently, 7 = 1 (mod ¢), while

r"™Z£1 (mod q) forall 0 < m < p.
Consider the non-abelian group of order pg, where p|(q — 1)
G={a,b|la’=bW=1,b""tab=a").
The subgroup N = (a) has order ¢, while H = (b) has order p. Since the relation
b~ tab=a"

shows that conjugation by b sends powers of a to powers of a, the subgroup /N is normal
inG. Thus G =N x H.

We now verify that H is a Frobenius complement for G.

Letg € G\ H. Since G = NH = HN, every element of G can be written uniquely
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in the form

g = b'a", 0<t<p 0<u<g.

Since g ¢ H, we have u # 0.
Let h = b™ € H be nontrivial, so 0 < m < p. We compute the conjugate of i by g:

g 'hg = (b'a™) " (b'a") = a b~ Wb a" = a b a". (2.3.3)

From the relation b~'ab = a” it follows that b~ 1a’b = a*" for every v € Z. Equiva-
lently,

a’b = ba"".

Iterating this identity, we get
a’b™ = bma"" for every v € Z.

Taking v = —u, we obtain

a”™ = b"a
Therefore (2.3.3) becomes

g thg = a”"™a" = b"a " 0t = bma ),

Now 0 < m < p, and r has order p modulo ¢q. Therefore v # 1 (mod gq), so
1 —r™ 0 (mod q). Since also u # 0, we conclude that u(1 —r™) £ 0 (mod ¢). Thus
a*1="™) =£ 1, and consequently g"'hg ¢ H.

We have shown that no nontrivial element of H belongs to H N HY when g ¢ H.
Therefore

HNH=1 forevery g € G\ H.

Hence H is a Frobenius complement in &, and G is a Frobenius group with Frobenius

kernel

and Frobenius complement

The example of S5 considered above corresponds to the special case ¢ = 3 and p = 2.
Indeed, S3 = (3 x (5. This family provides one of the simplest and most important
classes of Frobenius groups. In particular, it shows how Frobenius groups naturally arise

as semidirect products.
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Chapter 3
Frobenius groups

The purpose of this chapter is to study Frobenius groups from a more structural point of
view, and to present the equivalent formulations that occur in the literature. Besides the
definition given in Chapter 2 in terms of a Frobenius complement, there are two further
viewpoints that are especially useful in the study of Frobenius groups. Mainly, one can

consider:

* an automorphism description, where the Frobenius complement acts on the Frobe-

nius kernel by conjugation through fixed-point-free automorphisms;

* adescription in terms of group actions on finite sets, where Frobenius groups arise

from suitable transitive actions.

We will show how these viewpoints are related, and how each of them highlights different

aspects of the same structure.

3.1 Fixed-point-free automorphisms and centralizers

We first study Frobenius groups through the action of the complement on the kernel. This
point of view follows directly from Frobenius’ Theorem. Indeed, if G is a Frobenius
group with Frobenius kernel N and complement H, then by Theorem 2.3.1 N < G, and
conjugation defines an action of  on N by automorphisms. The material in this section
mainly follows [Isa08, Section 6A].

More precisely, the next theorem shows that the conjugation action of 4 on N is
fixed-point-free and that Frobenius groups can be characterized in terms of such actions;
see [Hup25, Theorem 8.5].

Theorem 3.1.1. The following conditions are equivalent:

1. G is a Frobenius group with Frobenius complement H and Frobenius kernel N.
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2. We have G = NH for some N,H < G, with N < G and 1 < H < G and the

conjugation map
v: H— Aut(N), o(h)(n) = hnh™*,

is an isomorphism from H onto a fixed-point-free subgroup of Aut(N).

Proof. Assume 1., that is, that GG is a Frobenius group with Frobenius complement H
and Frobenius kernel N. By Frobenius’ Theorem 2.3.1, we have G = NH, with N < G
and N N H = 1. We prove that the conjugation action of H on N is fixed-point-free.
Equivalently, for every h € H \ {1},

Fixy(h) ={n € N | hnh™' =n} = {1}.

Let h € H \ {1} and suppose that n € N satisfies hnh™" = n. Then h = n~'hn, so
h € H". Hence h € HN H".

If n # 1, thenn ¢ H because N N H = 1, and the Frobenius complement condition
gives H N H™ = 1, contradicting h # 1. Therefore n = 1, and so Fixx(h) = {1}. Thus
every nonidentity element of /7 induces a fixed-point-free automorphism of NV.

Therefore ¢ is an isomorphism from H onto the fixed-point-free subgroup ¢(H) <
Aut(N). Thus condition 2. is proved.

Conversely, assume that G = NH, with N H < G,with N Gand 1 < H < G,
and the conjugation action of A on N is fixed-point-free.
We first show that NN H = 1. Letx € NN H. Since x € H, it acts on N by

1

conjugation, and since x € N, we have zxx~" = z. Hence z is a fixed point of the

automorphism induced by x. If z # 1, this contradicts the fixed-point-free assumption.
Therefore x = 1,andso NN H = 1.

We now prove that H is a Frobenius complement in (-, namely that H N HY = 1 for
allg e G\ H.

Let g € G\ H. Since G = NH, we can write g = nh forsomen € N and h € H.
Because g ¢ H and N N H = 1, necessarily n # 1. We may rewrite

g =nh=hh™'nh = h(h™'nh).
Setting f = h~!nh which belongs to N because N <1 G, we obtain g = hf. Finally,
f # 1because f =1 would imply n = hfh~! = 1, contradicting n # 1.
We claim that H9 = H/. Indeed, using g = hf we have

HY = H" = (H").
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But h € H, hence H" = H,so HY = H'.
Now let hy € H N HY. Since HY = H’, we have hy € H N HY, and therefore there
exists hy € H such that
hy =hd = f'hof. (3.1.1)

By (3.1.1) we obtain
hihy' = (fthaf) byt (3.1.2)

Then
[foha'] = f () fhyt = f T hafhy

and combining with (3.1.2) we get

hihy' = fthafhyt = [f, hyt]. (3.1.3)

Since hq, ho € H, the left-hand side of (3.1.3) lies in H. On the other hand, f € N and
N <G, so f'2' € N, and therefore the right-hand side of (3.1.3) [f, h; '] € N. Thus

hihy' € HNN.
But HNN =1, so hlhz_1 = 1 and hence h; = hs. In combination with (3.1.1) we have

hl = f71h1f7

which is equivalent to fh; = h; f, and therefore to f* = f. Since f # 1 and the action
of H on N is fixed-point-free, this forces h; to be 1.
Thus we have shown that H NN = 1and H N H? = 1 forall g ¢ H. Therefore G is

a Frobenius group with complement A and kernel /V. [

As an important consequence of Theorem 3.1.1, we translate the fixed-point-free ac-

tion associated with a Frobenius group into a property of centralizers.

Corollary 3.1.2. Let GG be a Frobenius group with Frobenius kernel N and complement
H. Then Cn(h) = 1 forevery h € H\ {1}.

Proof. By Theorem 3.1.1, the action by conjugation of // on N is fixed-point-free. Hence
Fixy(h) = {1} forevery h € H \ {1}.
By Remark 1.2.6, we have Fixy(h) = Cy(h), and therefore Cy(h) = 1 for every h €

H\ {1}, O
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Theorem 3.1.1 and Corollary 3.1.2 show that the action of the complement on the
kernel can be described equivalently in terms of fixed points or in terms of centralizers.

This motivates the following terminology.

Definition 3.1.3 (Frobenius action by automorphisms). Let 4 and N be finite groups,
and suppose that H acts on /N by automorphisms. We say that the action of H on N is a
Frobenius action if

Cn(h) =1

forevery h € H \ {1}.

Equivalently, no nonidentity element of / fixes a nonidentity element of N.

Corollary 3.1.2 shows that no non-trivial element of /I centralizes a non-trivial el-
ement of N. The next proposition strengthens this observation by extending it to the
whole group: we show that no element outside /V, equivalently no element contained in
a non-trivial conjugate of /1, can centralize a non-trivial element of N. This is a standard

property of Frobenius groups; cf. [Gor80, 7.6(4)].

Proposition 3.1.4. Let G be a Frobenius group with Frobenius kernel N and Frobenius
complement H. Then for every n € N \ {1} one has

Cg(n) < N.

Proof. Letn € N\ {1} andletz € C(n). We prove that = € N.
Suppose, by contradiction, that x ¢ N. By the Frobenius partition given in Defini-
tion 2.3.3,

G=NulJ(#H\{1}),

geG

there exist g € Gand h € H \ {1} such that x = h9 = g 'hg.

Since « € Cg(n), we have
-1

r 'nz = n.
Substituting z = g~ !hg, this becomes (¢~ 'hg)'n(g~'hg) = n. Equivalently,

g 'hrgngthg = n.
Multiplying on the left by ¢ and on the right by g, we obtain

htgng™'h = gng™'. (3.1.4)

Since N<G andn € N, we have gng~! € N. Moreover, since n # 1, also gng=! # 1.
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Thus the equality (3.1.4) tells us that the non-trivial element h~! € H fixes the non-
trivial element gng~' € N under the conjugation action of H on N. This contradicts
Theorem 3.1.1, which says that the conjugation action of H on N is fixed-point-free.
Therefore our assumption = ¢ N is false. Hence x € N. Since every element of C(n)
lies in [V, the result holds. OJ

We now present a general consequence of fixed-point-free actions by automorphisms,
expressed through the equivalent centralizer condition. The result shows that these actions

are necessarily coprime.

Lemma 3.1.5. Let H be a finite group acting on a finite group N by automorphisms, and
assume that Cy(h) = 1 for every h € H \ {1}. Then

IN|=1 (mod |H|).

In particular, |H| and |N| are coprime.

Proof. Consider the action of [ on the set N. The identity element of N is fixed by every
element of H, so {1} is an orbit of this action.

Let n € N\ {1}. We claim that the stabilizer of n in H is trivial. Indeed, if h €
Stabg(n), then h - n = n. Thus n is a fixed point of h. If h # 1, this contradicts the
hypothesis Cy(h) = 1. Therefore h = 1, and hence Staby(n) = 1. Therefore, by the
Orbit-stabilizer Theorem 1.2.1, the orbit of every element n € N \ {1} has size

|H : Staby(n)| = |H].

Thus N \ {1} is a disjoint union of orbits, all of size |H|. Hence |H| | (|N| — 1),
thatis |N| =1 (mod |H|). In particular, if a prime divides both | H| and | N|, then it also
divides |N| — 1, and therefore it divides 1. Hence (|H|, |N|) = 1. O

As an immediate consequence of Corollary 3.1.2 and Lemma 3.1.5, we obtain the

following divisibility property.

Corollary 3.1.6. Let G be a Frobenius group with Frobenius kernel N and Frobenius
complement H. Then
[H] | ([N =1).

In particular, H and N are Hall subgroups of G.

Proof. By Corollary 3.1.2, the action of H on N by conjugation satisfies Cy(h) = 1 for
every h € H\ {1}. Hence Lemma 3.1.5 gives |N| = 1 (mod |H|). Thus |H| | (|]N|—1),
and consequently (|H|, |N|) = 1. Since |G| = |N||H|, both NV and H are Hall subgroups
of G. ]
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We now record two consequences of the same centralizer condition. They show that

this property is preserved when passing to subgroups of A and to suitable quotients of V.

Corollary 3.1.7. Let H and N be finite groups, and suppose that H acts on N by auto-
morphisms. Assume that the action is Frobenius, that is Cy(h) = 1 for every h € H\{1}.
If B < H, then the induced action of B on N is also Frobenius.

Proof. Letb € B\ {1}. Since B < H, we also have b € H \ {1}. Therefore, by
hypothesis, C'x(b) = 1. Hence the action of B on N is Frobenius. O

Corollary 3.1.8. Let H and N be finite groups, and suppose that H acts on N by au-
tomorphisms. Assume that this action is Frobenius. Let M be an H-invariant normal
subgroup of N. Then the induced action of H on N/M is Frobenius, that is,

Cnm(h) =1 foreveryh e H\ {1}.

Proof. Since M is H-invariant, the action of / on /N induces an action on the quotient
N/M. We have to show that, for every h € H \ {1},

Cn/m(h) = 1.

Let h € H\{1}. Since Cy(h) = 1forevery h € H\ {1}, by Lemma 3.1.5 the orders
of H and N are coprime; in particular, |(h)] is coprime to |M|. Writing N = N/M, and
applying Corollary 1.2.9 to the action of (h) on N, we obtain

Cx((h)) = Cn((h))M/M.

Since Cx((h)) = Cx(h) and Cn((h)) = Cn(h), it follows that Cx7(h) = Cn(h)M /M.
By hypothesis Cy(h) = 1, and therefore

Cx(h) = M/M = 1.

Thus the induced action on N/M is a Frobenius action by automorphisms as desired. []

3.2 Frobenius actions and Frobenius permutation groups

We now turn to the point of view of group actions on finite sets. While the previous
section described Frobenius groups through the action of the complement on the kernel
by automorphisms, we now show that the same class of groups can also be characterized
by a special kind of transitive action on a finite set.

We first introduce the notions of semiregular and regular actions.
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Definition 3.2.1 (Semiregular and regular actions). Let GG act on a finite set 2. The action

is said to be semiregular if every nonidentity element fixes no point, i.e.
Fixq(g) = @ forall g € G'\ {1}.

The action is regular if it is both transitive and semiregular.

If the action of GG on {2 is regular, then for every «, 3 € () there exists a unique element
g € G such that g - « = f. Indeed, transitivity gives the existence of such an element.
If g1, 92 € G both satisfy g; -« = 3 = g5 - o, then (g5 'g1) - @ = «. Since the action is
semiregular, this implies g, g1 = 1, hence g; = g».

We now isolate the action-theoretic condition that characterizes Frobenius groups; see
[Ros94, Exercise 248].

Definition 3.2.2 (Frobenius action). Let G act on a finite set 2. The action is said to be
a Frobenius action if it is transitive but not regular, |2| > 1, and, for every two distinct

elements «, 8 € €, one has
Stabg(a) N Stabg(5) = 1.

Equivalently, the action is transitive but not regular, |©2| > 1, and every nonidentity

element of GG fixes at most one point of €2, that is,
g#1 = |Fixa(g)| < 1.

Indeed, an element fixes two distinct points « and [ if and only if it belongs to the inter-
section Stabg(a) N Stabg ().
We now show that this formulation is equivalent to the definition of Frobenius groups

given in Chapter 2; this equivalence is stated in [Hup25, Theorem 8.2].

Theorem 3.2.3. 1. Let G < Sym(2) act on a finite set ), and assume that the action
is a Frobenius action. Fix o € §) and set H = Stabg(«). Then G is a Frobenius

group with Frobenius complement H. Moreover, if
F={geG|Fixq(g) =2} U {1},

then F' coincides with the Frobenius kernel of G, and F acts regularly on ).

2. Conversely, let G be a Frobenius group with Frobenius complement H and Frobe-
nius kernel N. Consider the action of G on the set § of left cosets of H in G by left

multiplication. Then the action of G on () is a Frobenius action.
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Proof. 1. Fix o € Q2 and set H = Stabg(«). We first prove that
HNHY=1 forallg € G\ H.

Letg € G\ H. Then g=' ¢ H, and hence g~' does not fix a. Thus 3 = g~ -« is
different from a.

Letz € HN HY. Since x € H = Stabg(«), we have = - & = «. On the other hand,
x € HY9 means that grg~' € H = Stabg(«), hence

(9rg7") - a = a. (3.2.1)

Applying g~! to both sides of (3.2.1) and using the action property, this becomes

that is z - f = (. Therefore x € Stabg(a) N Stabg(B). Since a # 3, the definition
of Frobenius action gives v = 1. Thus 4 N HY = 1. Since the action is transitive and
|2| > 1, the stabilizer H is proper in GG. Moreover, since the action is not regular, H # 1.
Therefore 1 < H < (G, and so G is a Frobenius group with Frobenius complement H.

Let NV be the Frobenius kernel given by Frobenius’ Theorem 2.3.1, so that

N = (G\ Um) U {1}.

zeG

We claim that F' = N, where F' = { g € G | Fixq(g9) = @ } U {1}.
To prove the claim, we first show that an element g € G fixes some point of €2 if and
only if it belongs to a conjugate of H. Since the action of G is transitive, every point of 2

is of the form z - o for some x € G. Now g fixes x - « if and only if
g-(z-a)=z-a < (z7'gz) - a=a < v 'grec H < ge H" .
Since 27! ranges over G as x ranges over G, we get

{g€G|Fixalg) #2} = | H".

zeG

Taking complements in GG and then adding {1} yields

F:(G\UHI) U {1} =N,

zeG
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as claimed. In particular, by Theorem 2.3.1, Fis normal in G.

Finally, we show that F' acts regularly on (). By definition of F', every nonidentity
element of I fixes no point of €2, so the action of F' on {2 is semiregular. Moreover, by
Frobenius” Theorem 2.3.1 we have G = F'H and F' N H = 1. Therefore

[F': Stabp(a)]=[F: FNH|=|F|=[G: H) = |9|

because the action of G is transitive, and so [ acts transitively on () as well. Thus F' is

both transitive and semiregular, i.e. it acts regularly on €2, as desired.

2. Let GG be a Frobenius group with complement H and kernel N, so 1 < H < GG and
HNH =1 forallg € G'\ H.

Consider the action of G on Q2 = {gH | g € G} by left multiplication. This action is
transitive because for any two left cosets zH and yH we have (yz=') - (zH) = yH.
Moreover, |Q2] = [G : H|] > 1, since H < G. The action is not regular because the
stabilizer of the coset H is exactly H, and H # 1.

It remains to prove that the stabilizers of two distinct points of {2 have trivial intersec-
tion. Let v H, yH €  with xtH # yH. We claim that

Stabg(zH) N Stabg(yH) = 1.
Indeed, for any g € GG, we have
g € Stabg(zH) <= g-(zH)=2H <= a1 'gzteH <= geH" .
Thus Stabg(zH) = H* ', and similarly Stabg(yH) = HY . Therefore
Stabg(zH) N Stabg(yH) = H* A HY ' = (Hn HY )"
Since *H # yH, we have y~'z ¢ H. Hence, by the Frobenius complement condition,

HNHY *=1.

It follows that Stabg(xH) N Stabg(yH) = 1. Therefore the action is transitive but not
regular, |)] > 1, and the stabilizers of any two distinct points have trivial intersection.

Hence the action of GG on {2 is a Frobenius action. O

Next we illustrate Theorem 3.2.3 with the natural action of S3 on the set {1,2, 3}.
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Example 3.2.4 (The natural action of S3). Let G = S3 and consider the set (2 = {1, 2, 3}.

The group S5 acts naturally on €2 by evaluation: for o € S5 and i € (2, we set
o-i=0(i).

We show that this action is a Frobenius action. First, the action is transitive. Indeed, given
i,j € Q with i # j, the transposition (i j) € S3 sends i to j.
Moreover, the action is not regular. Indeed, the stabilizer of the point 3 is

Staba(3) = ((12)) # 1.

We now check the fixed point condition. The nonidentity elements of S5 are the three
transpositions
(12),  (13),  (23),

and the two 3-cycles
(123), (132).

Each transposition fixes exactly one point:
(12) fixes 3, (13) fixes 2, (23) fixes 1.
On the other hand, the elements
(123), (132)

do not fix any element of (2. Hence every nonidentity element of S5 fixes at most one
point. Therefore the natural action of S5 on €2 is a Frobenius action.
By Theorem 3.2.3, the stabilizer of a point is a Frobenius complement. In particular,

choosing the point 3, we obtain
H = Stabg(3) = ((12)).

Moreover, the Frobenius kernel is the set of elements which fix no point, together with
the identity. Hence
N = {1,(123),(132)} = (123)).

Thus we recover the Frobenius group structure S3 = N x H, where N = (3 and
H = (.

We conclude the section by presenting a more general construction of Frobenius
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groups obtained from affine transformations over finite fields.

Example 3.2.5 (Affine group over a finite field). Let X' = I, be the finite field with ¢
elements, where ¢ = p® for some prime number p and some integer s > 1, and assume

that ¢ > 2. Consider the set
G={fap: K = K| fop(x) =ax+b, ac K*, be K},

where K* = K \ {0} is the multiplicative group of the field. We endow G with the
operation of composition of maps.

The identity element of G is f o, that is, the map x — . Moreover, if f,; € G, then
fap = fat —a1p, since fo1 _qg1p(2) = a”!

The group G acts naturally on K by evaluation: for f,;, € G and x € K, we set

x—a 'bh.

fap - x = fap(x) = ax +b.

We show that this action is a Frobenius action.

First, the action of G on K is transitive. Indeed, if z,y € K, then the map
Jiy— K = K| f1,y_g;(2)=z—|—(y—:1c),

belongs to GG and sends z to y.
The action of G on K is not regular. To see this, consider the stabilizer of 0. An
element f,;, € G fixes 0 if and only if b = 0. Therefore the stabilizer of 0 is

H={f.o|lae K"}

Since g > 2, the group K * has order ¢—1 > 1. Thus H # 1, and the action is not regular.

It remains to check that every nonidentity element of GG fixes at most one point of K.
Let f,, € G. A fixed point of f,, is an element z € K such that f,;(z) = ax + b = x.
Equivalently, (a — 1)x = —b.

If a # 1, then a — 1 # 0, and this equation has exactly one solution:

If a = 1, then
fap(z) =2 +0.

When b = 0, f,; is the identity map. When b # 0, the equation x 4+ b = x has no solution.

Therefore every nonidentity element of G fixes either one point or no point.
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Therefore GG acts transitively and not regularly on K, and every nonidentity element
of GG fixes at most one point. Hence the action is a Frobenius action. By Theorem 3.2.3,
G is a Frobenius group.

The Frobenius complement of G is the stabilizer of 0, namely
H={foo|aec K"}

The elements of G which fix no point of K are precisely the nonidentity translations,

hence the Frobenius kernel is the set
N={fip|be K}.

Indeed, the identity map corresponds to the translation with b = 0, while the translations
with b # 0 have no fixed points.
Thus G = N x H, where N = (K,+) and H = K*. In particular,

|N|:(J7 |H|:q_1’

and
|G| = q(q—1).
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Chapter 4
The Thompson Theorem

The purpose of this chapter is to investigate some of the main structural properties of
Frobenius groups, with particular emphasis on the Frobenius kernel. More precisely, we
will prove that the Frobenius kernel is always a nilpotent group. This is one of the deepest
structural properties of Frobenius groups and was first proved by J. Thompson in his
doctoral thesis [Tho59].

The proof will proceed in several steps. We first establish the result under the addi-
tional assumption that the kernel is solvable. Then we remove this hypothesis and pass
to the general case by using a deep theorem of Thompson. Finally, we briefly discuss a
stronger version of Thompson’s result and some of its consequences.

The exposition in this chapter follows mainly Isaacs’ treatment of Frobenius actions

and the Thompson subgroup in Chapters 6 and 7 of [Isa08].

4.1 Solvable Frobenius kernels

We begin with the case in which the Frobenius kernel is assumed to be solvable. We first
present a group-theoretic result that will play a crucial role in the proof of the nilpotency

of solvable Frobenius kernels.

Lemma 4.1.1. Let II be a partition of a finite group G, and suppose that G acts by
automorphisms on a finite abelian group V. If V' has an element whose order does not

divide |T1| — 1, then there exists a member X € 11 such that
C\/(X) > 1.

Proof. Assume that Cy(X) = 1 for every X € II.
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For every subgroup H < G and every element v € V, define

Vg — H Uh.
heH
This element vy of V' is well-defined because V' is abelian, and therefore the order of the

factors does not matter.
We first observe that, for every H < G, the element vy is fixed by H. Indeed, if

k € H, then
(’UH)k _ H(Uh)k _ H Uhk.

heH heH
As h runs through H, also hk runs through H. Hence the last product has the same
factors as vy, only possibly in a different order. Since V' is abelian, we conclude that
(vg)* = vy, as claimed. Thus vy € Cy(H). In particular, if X € II, then vy € Cy(X).
By our assumption Cy(X) = 1, we obtain vx = 1 forevery X € Il and every v € V.
Now fix v € V and multiply these equalities over all members of the partition II.

Since each vy is equal to 1, we have

1= ] ovx=]1II» (4.1.1)

Xell XellzeX

We now rewrite the right-hand side of (4.1.1). Since II is a partition of GG, every
nonidentity element of GG belongs to exactly one member of II. Therefore, in the double
product each factor v9, with ¢ € G\ {1}, occurs exactly once. On the other hand, the
identity element 1 € G belongs to every subgroup X € II. Hence the factor v! = v

occurs once for each member of I, that is, |TI| times.

Thus the double product contains all the factors occurring in

vG:va

geG

and, in addition, it contains |IT| — 1 extra copies of the factor v = v'. Since V is abelian,

we may rearrange the factors and obtain

I I = ver™ " (4.1.2)

XellzeX

Combining (4.1.2) with (4.1.1), we get

1 = vgulll—! (4.1.3)
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Choose v € V such that v/~ =£ 1, which is possible by hypothesis. Then the

equality above gives vg # 1. Since every member X € II is a subgroup of GG, we have
Vg € Cv(G) < Cv(X)

Thus vg € Cy(X) for every X € II. Since vg # 1, this shows that there exists some
X € II such that
Cv(X) > 1.

]

As observed in Definition 2.3.3, Frobenius groups provide a natural example of par-
tition. Indeed, if G is a Frobenius group with Frobenius kernel N and complement H,
then the collection consisting of /N and of all distinct conjugates of H is the Frobenius
partition of (G. We are now ready to prove the main result of this section. It shows that the
nilpotency of the Frobenius kernel can be obtained under the additional assumption that
the kernel is solvable. The solvable case is already contained in Higman’s work on groups
admitting fixed-point-free automorphisms of prime order [Hig57]. In the following proof,

we follow the presentation given in [[sa08, Chapter 6].
Theorem 4.1.2. Let N be a solvable Frobenius kernel. Then N is nilpotent.

Proof. Since N is a Frobenius kernel, there exists a nontrivial group H acting on N by

automorphisms in such a way that the action is Frobenius. In other words,
Cy(h) =1 forevery h € H\ {1}.

By Cauchy’s Theorem 1.2.14, H contains a subgroup of prime order p, say Hy < H with
|Hy| = p for some prime p. By Corollary 3.1.7, the restriction of a Frobenius action
to a subgroup of H is still Frobenius. Thus H also acts on N as a Frobenius group of
automorphisms.

Replacing I by Hj, we may therefore assume, without loss of generality, that
|H|=p

is prime. We now form the semidirect product G = N x H. Thus N <G, H < G, and the
action of / on N is the given Frobenius action.

If N = 1, then there is nothing to prove. Suppose, by contradiction, that 1 # N is
not nilpotent. We argue by induction on |N| and assume that NV is a counterexample of
minimal possible order. This assumption will allow us to apply induction whenever we

obtain a solvable Frobenius kernel of order strictly smaller than | N|.
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Since N # 1, we can choose a nontrivial subgroup U < N which is minimal normal
in GG. Such a subgroup exists because N < G, so the set of nontrivial normal subgroups of
GG contained in N is nonempty.

We now consider the quotient N/U. Since U < G, in particular U < N. Moreover, U
is H-invariant: indeed, H < G, and normality of U in G implies that U" = U for every
h e H.

Therefore the action of H on NN induces an action of H on N/U. By Corollary 3.1.8,
this induced action is again Frobenius. Hence N/U is again a Frobenius kernel.

Furthermore, N/U is solvable because it is a quotient of the solvable group N.

Since |[N/U| <

By the Definition 1.2.12 of the nilpotent residual, and since /N is not nilpotent by

N/, the inductive hypothesis of N implies that N/U is nilpotent.

assumption, we have
Yoo (N) # 1.

Since N/U is nilpotent and U < N, the definition of 7. (V) gives 7o (N) < U.
Moreover, by Lemma 1.2.13, 7., (V) is characteristic in N. Since N < G, it follows
that 7., (N) < G.
Since U was chosen minimal normal in G, and 1 # v, (N) < U, we necessarily

obtain
Yoo (N) = U.

Therefore U is the unique minimal normal subgroup of GG contained in N. Indeed, let
V' < N be another minimal normal subgroup of G. Repeating the same argument with
V' in place of U, we obtain that N/V is nilpotent. Hence, by the definition of 7., (V),
Yoo(IN) < V. Since V' is minimal normal in G' and v,,(N) # 1, it follows that V' =
Yoo(IV). Hence V' = U.

Since U is a solvable minimal normal subgroup of GG, Proposition 1.2.17 implies that
U is elementary abelian. Thus there exists a prime ¢ and an integer m > 1 such that
U = C7". In particular, U is an abelian g-group.

Since N is not nilpotent, it cannot be a g-group. Hence there exists a prime r # ¢
dividing |N

R to be H-invariant. Indeed, since H acts on N by automorphisms, it permutes the Sylow

, and therefore /V contains a nontrivial Sylow r-subgroup R. We may choose

r-subgroups of N. As |H| = p is prime, every orbit of this action has length either 1 or p.
Since the action of H on N is Frobenius, the orders of H and N are coprime. As |H| = p,

we have p 1 |N|. It follows that p cannot divide any divisor of | V|, and therefore

p1ISyL(N)].

Consequently, not all orbits can have length p, and therefore there exists an orbit of length
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1. This means that some Sylow r-subgroup R satisfies
R"=R

for every h € H. Hence R is H-invariant, as claimed above.

We now show that R is not normal in /N. Suppose, by contradiction, that R < N.
Since all Sylow r-subgroups of N are conjugate, a normal Sylow r-subgroup must be
unique. Hence R is the unique Sylow r-subgroup of /V, and therefore R is characteristic
in N. Since N < (G, every characteristic subgroup of N is normal in G. Thus R < G.
Now R < N and R # 1, so R contains a minimal normal subgroup of GG, say V. Since
V' < R < N, the uniqueness of U implies that V' = U. Hence U < R. But U is a g-group,

while R is an r-group with r # ¢. This is impossible. Therefore
R is not normal in N, 4.1.4)

as claimed.

We now consider the subgroup of N generated by R and U, RU = (R,U). Both R
and U are H-invariant, and therefore RU is H-invariant as well. Hence H acts on RU.
This action is Frobenius, because for every h € H \ {1} we have Cry(h) < Cx(h) = 1.
In particular, RU is again a Frobenius kernel.

Furthermore, RU is normal in N. To see this, consider the quotient RU/U. Since
U< N, RU/U is a Sylow r-subgroup of N/U. But N/U is nilpotent, and therefore all its
Sylow subgroups are normal. Hence RU/U <« N/U.

It follows that
RU is normal in V. 4.1.5)

We now prove that RU = N. Suppose, by contradiction, that RU < N. Since
RU is H-invariant and the action of H on RU is Frobenius, the group RU is a solvable
Frobenius kernel. Moreover, |RU| < |N|. Therefore, by the inductive hypothesis, the
group RU 1is nilpotent. In particular, every Sylow subgroup of RU is normal in RU.
Since R is the unique Sylow 7-subgroup of RU, we obtain that R is characteristic in RU
and so by (4.1.5) R < N, that contradicts (4.1.4).

We now consider the product RH. Since R is H-invariant, RH is a subgroup of G.
Moreover, the action of H on R is Frobenius, because & < N and the action of H on N
is Frobenius. Therefore RH is a Frobenius group with Frobenius kernel R and Frobenius
complement /.

The Frobenius partition of RH is given by
II={R}U{H" |z € R}.
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Since the number of conjugates of H in RH is | R|, we have |II| = 1+ |R|. Thus |II| -1 =
| R|, which is a power of 7.

The order of every nonidentity element of U is a power of ¢, and therefore it does not
divide |R| = |II| — 1. Thus by Lemma 4.1.1, there exists a member X & II such that

CU(X) > 1.

Now every member of 1I is either R or a conjugate of H in RH. We claim that the
subgroup X given by Lemma 4.1.1 must be R. Indeed, for every z € R, the subgroup
H? 1s a conjugate of H. Since the action of /1 on U is Frobenius, also the action of each
conjugate H” on U is Frobenius. Hence Cy(H*) = 1 for every x € R. Therefore X

cannot be one of the conjugates H*, because we know that Cy(X) > 1. Consequently,
X =R.

Thus
CU (R) >1

and there exists a nontrivial element © € U which commutes with every element of R.

Moreover,
1 < Cy(R) < Z(RU).

Indeed, if u € Cy(R), then u commutes with every element of R. Since U is abelian, u
also commutes with every element of U. Therefore « commutes with every element of
N = RU, and hence u € Z(RU) = Z(N). Thus Z(N) is nontrivial. Moreover, Z(N) is
normal in G, because N < G and Z(V) is characteristic in N. By the uniqueness of U as

the minimal normal subgroup of G contained in N, we must have
U<Z(N).

Therefore U is central in N = RU, and in particular U centralizes R.

Now U < N, and R is a Sylow r-subgroup of N = RU. Since U centralizes R, con-
jugation by elements of U fixes 2, while conjugation by elements of I? clearly preserves
R. Hence R < RU = N. This contradicts (4.1.4) that is R is not normal in N. The con-
tradiction proves that our original assumption was false. Therefore N must be nilpotent,

as desired. ]
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4.2 Thompson’s Theorem: the general case

We now remove the solvability assumption on the Frobenius kernel and prove the result
in full generality. The key ingredient will be the result of Thompson’s doctoral thesis
concerning a criterion for the existence of a normal p-complement, in a finite group,
where p is an odd prime.

Recall that a subgroup K < G is called a normal p-complement of G if p 1 |K| and
|G : K| is a power of p.

For example, if GG is nilpotent, then G has a normal p-complement for every prime p
dividing |G/|. Indeed, a finite nilpotent group is the direct product of its Sylow subgroups.
If P € Syl,(G), then

G=rx]]~R,
q7#p
where P, € Syl (G). The subgroup

K =[]~

q#p

is normal in G, its order is not divisible by p, and the index |G : K| is a power of p. Hence

K is a normal p-complement of .

A fundamental tool for studying normal p-complements is Frobenius’ normal p-complement
theorem. This result gives a criterion for the existence of a normal p-complement in terms
of the normalizers of the nonidentity p-subgroups, the so called p-local subgroups of a
group G. We state it in the form given in [Isa08, Theorem 5.26].

Theorem 4.2.1 (Frobenius’ normal p-complement theorem). Let G be a finite group and

let p be a prime. Then the following conditions are equivalent:
1. G has a normal p-complement.
2. Ng(X) has a normal p-complement for every nonidentity p-subgroup X < G.
3. Ng(X)/Cq(X) is a p-group for every p-subgroup X < G.

This theorem shows that the existence of a normal p-complement in G is determined
by the local structure of its p-subgroups. However, verifying the condition for every p-
subgroup can be difficult, since a finite group may contain many such subgroups.

Thompson considerably strengthened this criterion by proving that, for p # 2, it is
sufficient to restrict the attention to certain characteristic subgroups of a fixed Sylow p-
subgroup of GG. This refinement will be the key ingredient in the proof of the nilpotency

of Frobenius kernels in the general case.
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The following result is stated as [Isa08, Theorem 6.23].

Theorem 4.2.2 (Thompson). Let P € Syl (G), where G is a finite group and p # 2.
Assume that Ng(X) has a normal p-complement for every nonidentity characteristic sub-

group X of P. Then G has a normal p-complement.

The condition p # 2 is essential. Indeed, the statement is false in general for p = 2.
A standard example is given by G = S;. Let P € Syl,(S4). Then P = Dg. Let X be a
nontrivial characteristic subgroup of P. Since X is characteristic in P, it is in particular
normal in P. Hence, as P is a 2-group, we have X N Z(P) # 1. Moreover, Z(P) has
order 2, and therefore Z(P) < X. Hence

Ns,(X) < N, (Z(P)) = P.

Thus Ng, (X) is a 2-group and therefore it has a normal 2-complement, namely the trivial
subgroup. However, S; has no normal 2-complement. Indeed, such a subgroup would
have order 3. A normal subgroup of order 3 would contain all the conjugates of a 3-
cycle, which is impossible since S, contains eight 3-cycles. Therefore the conclusion of

Thompson’s theorem fails for p = 2.

Theorem 4.2.2 is already a strong refinement of Frobenius’ normal p-complement
Theorem 4.2.1, since it restricts the verification to the nontrivial characteristic subgroups
of a fixed Sylow p-subgroup P. Thompson later obtained an even sharper criterion. As
we will see later, this result shows that it is enough to consider only two distinguished
characteristic subgroups of P: its center Z(P) and the so-called Thompson subgroup
J(P).

Before introducing the Thompson subgroup, we define a set of elementary abelian
subgroups that will be used in its construction.

Let P be a finite p-group. Denote by m(P) the largest integer m such that P contains

an elementary abelian subgroup of order p™. We define
E(P) = { A < P| Ais elementary abelian and |A| = p™®) }.

Thus E(P) is the set of all elementary abelian subgroups of P having maximal possi-

ble order.

Definition 4.2.3. Let P be a finite p-group. The Thompson subgroup of P is the subgroup
generated by all elementary abelian subgroups of maximal order contained in P. More

precisely,
J(P)=(A| A€ E(P)).
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We first observe two simple but important properties of J(P).
First, if P # 1, then
J(P) # 1.

Indeed, every nontrivial p-group contains an element of order p. Therefore P contains at
least one nontrivial elementary abelian subgroup, and so F(P) is nonempty. It follows
that the subgroup generated by the members of £(P) is nontrivial.

Moreover, J(P) is characteristic in P. To see this, let ¢ € Aut(P). Since automor-
phisms preserve orders and the property of being elementary abelian, ¢ sends elementary
abelian subgroups of maximal order to elementary abelian subgroups of maximal order.
Hence ¢ permutes the members of £(P). Consequently, it preserves the subgroup gener-
ated by all of them, that is,

Thus
J(P) char P.

We now illustrate the construction of J(P) with a simple example.

Example 4.2.4 (The Thompson subgroup of Dg). Consider
P=Dg=(rs|rt=5*=1,srs=r""),

the dihedral group of order 8.

Since | Dg| = 8 = 23, the only elementary abelian subgroups that can occur in Dy are
elementary abelian 2-groups.

The elementary abelian subgroups of maximal order in Dy are obtained from the cen-
tral involution r? together with a reflection. More precisely, since 72 is central and every

reflection has order 2, the subgroups
Ar=(r*,s) = {1,r% s,r%s}

and

Ay = <T27TS> = {1,7“2,7"3,7’33}

are elementary abelian of order 4.

There is no elementary abelian subgroup of order 8. Indeed, such a subgroup would
have to be the whole group Dsg, but Dy is not abelian. Hence the maximal possible order
of an elementary abelian subgroup of Dy is 4.

Therefore

E(P) ={A1, A2}
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By definition, the Thompson subgroup is generated by the members of £(P). Hence
J(P) = (A1, As).

Since A; contains s and A, contains rs, the subgroup generated by A; and A, contains
both s and rs. It follows that it also contains (rs)s = r. Thus J(P) contains both  and
s, and therefore J(P) = Ds.

We are now ready to prove the main result of this chapter: every Frobenius kernel
is nilpotent. This classical theorem is due to Thompson [Tho59]; for the presentation

followed here, see also [Isa08, Theorem 6.24].
Theorem 4.2.5. Let N be a Frobenius kernel. Then N is nilpotent.

Proof. We proceed by induction on |N|. If | N| = 1, then there is nothing to prove. Thus
we may assume that | N| > 1, and that the result holds for all Frobenius kernels of order
strictly smaller than | N|.

Since N is a Frobenius kernel, there exists a nontrivial group H acting on /N by auto-
morphisms in such a way that the action is Frobenius. As in the proof of Theorem 4.1.2,
by replacing H with a subgroup of prime order, we may assume that |H| = p for some
prime p. We first consider the case where there exists a subgroup M < N such that
1 < M < N with M < N, and such that M is H-invariant. Then H acts on M, and this
action is still Frobenius. Indeed, if h € H \ {1}, then

Cy(h) < Cn(h) = 1.

Moreover, since M < N and M is H-invariant, the action of H also induces a Frobenius
action on the quotient N/M, by Corollary 3.1.8.
Thus both M and N/M are Frobenius kernels. Since

M| <|N| and [N/M] < |N],

inductive hypothesis implies that both M and N/M are nilpotent. In particular, both M
and N/M are solvable. Therefore N is solvable. By Theorem 4.1.2, N is nilpotent and
the result holds.

We can therefore assume that no such subgroup M exists in N. In other words, we
assume that N contains no nontrivial proper H-invariant normal subgroup.

We claim that, under this assumption, N must be an r-group for some prime 7. Once
this is proved, the conclusion follows immediately, since our r-group is obviously nilpo-

tent.
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Suppose, by contradiction, that N is not an r-group for any prime r. Then |N]| is
divisible by at least two distinct primes. Hence at least one odd prime divides | N |; choose

such a prime and denote it by r. Let
R € Syl.(N).

As in the proof of Theorem 4.1.2, we may choose R to be H-invariant, because H per-
mutes the Sylow r-subgroups of N and (|H|,|N|) = 1.
We now want to apply Thompson’s Theorem 4.2.2 to the group N and to its Sylow
r-subgroup 2. Let
1 # X char R.

Since R is H-invariant, the subgroup X is H-invariant as well. Indeed, the action of each
element of H restricts to an automorphism of R, and X is fixed by every automorphism
of R. We first observe that X is a proper subgroup of N. In fact, X < R, and R is an

r-group. If X = N, then N would be an r-group, contrary to our assumption. Hence
X < N.

Moreover, X is not normal in /N. Otherwise, X would be a nontrivial proper normal
subgroup of N which is also H-invariant. This is impossible in the case we are consider-

ing. Therefore X is not normal in V. Equivalently,
Ny(X) < N.

Since X is H-invariant, its normalizer Ny (X) is H-invariant as well. Indeed, every
element of  induces an automorphism of /V preserving X, and therefore also preserves
the set of elements normalizing X. The action of H on Ny(X) is Frobenius. Indeed,
Ny (X) is H-invariant and

Cryx)(h) < Cn(h) =1

forevery h € H \ {1}. Moreover, Ny(X) < N. Thus, by the inductive hypothesis, the
group Ny (X) is nilpotent.
As observed above, every finite nilpotent group has a normal r-complement. Hence
Ny (X) has a normal r-complement for every nontrivial characteristic subgroup X of R.
By applying Theorem 4.2.2 to the group N, with R € Syl (), it follows that N has
a normal r-complement, say /.

The subgroup K is nontrivial and proper in N. Indeed, r divides | V|, while r does
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not divide | K'|. Moreover, since N is not an r-group, the subgroup K is nontrivial.

We now observe that K is characteristic in /N. Indeed, K is the unique normal 7-
complement of N, and every automorphism of N preserves the properties of being nor-
mal, having order not divisible by r, and having index a power of r. Therefore every
automorphism of N must fix K, and hence K char N.

Since H acts on N by automorphisms, it follows in particular that K is H -invariant.
Thus K is a nontrivial proper H-invariant normal subgroup of NV, contradicting the as-
sumption of the case we are considering.

This contradiction shows that N must be an r-group for some prime . Hence N is

nilpotent, and the theorem is proved. ]

After his work on Frobenius kernels, Thompson obtained a stronger normal p-complement
criterion. In 1964, he proved a sharper version of the Theorem 4.2.2, with a shorter proof
[Tho64].

Theorem 4.2.6 (Thompson). Let P € Syl (G), where G is a finite group and p # 2.
Assume that C(Z(P)) has a normal p-complement and that N¢(J(P)) has a normal

p-complement. Then G has a normal p-complement.

This theorem implies Theorem 4.2.2. Indeed, assume that Ng(X) has a normal p-
complement for every nonidentity characteristic subgroup X of P. Since P # 1, both
Z(P) and J(P) are nontrivial characteristic subgroups of P. Hence Ng(Z(P)) and
N¢(J(P)) have normal p-complements. Moreover, C(Z(P)) is a normal subgroup of
N¢(Z(P)), and therefore it also has a normal p-complement. Thus the hypotheses of
Theorem 4.2.6 are satisfied, and so G has a normal p-complement.

Although we do not present the complete proof of Theorem 4.2.6, we briefly describe
its main idea. A complete proof can be found in [Isa08, Chapter 7, Theorem 7.1].

Before sketching the proof, we recall the notion of p-solvability. A finite group G is
said to be p-solvable if it has a normal series 1 = Gg << Gy < --- <1 G, = G such that
each factor GG;/G;_; is either a p-group or a p’-group, that is, a group whose order is not

divisible by p.

Sketch of the proof of Theorem 4.2.6. The argument proceeds by contradiction, assuming
that GG is a counterexample of minimal order. The first part of the proof is devoted to
showing that such a counterexample must satisfy very restrictive structural properties.
In particular, one proves that GG is p-solvable and that it has no nontrivial normal sub-
group of order prime to p, that is O,/(G) = 1. Moreover, one obtains C(Z(P)) = P.
These reductions allow one to show that J(P) < G. Consequently, G = Ng(J(P)). By

hypothesis N¢(J(P)) has a normal p-complement, and therefore G itself has a normal
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p-complement. This contradicts the choice of GG as a counterexample. Hence no such

counterexample exists, and the theorem follows. 0

Theorem 4.2.6 is sharper than Theorem 4.2.2 in two respects. First, it reduces the
verification to the two subgroups Z(P) and J(P). Second, in the case of the center,
it is enough to consider the centralizer C(Z(P)), rather than the whole normalizer
No(Z(P)).

Beyond its role in the study of Frobenius kernels, the Thompson subgroup and the
normal p-complement criterion have further important applications in finite group theory.
In particular, they provide a key ingredient in the group-theoretic proof of Burnside’s

p?q°-theorem, avoiding the use of character theory.

We conclude this section with an example of a Frobenius group whose kernel is nilpo-
tent but not abelian. The same construction also shows that Frobenius kernels can have

arbitrarily large nilpotency class.

Example 4.2.7. Let I1; be the field with 11 elements and consider the group K =

IT3(11), consisting of all upper unitriangular 3 x 3 matrices over Iy, that is,

1
K = X(t,U,U): 0 t7u7UEF11
0

S =+
= <

The order of K is |K| = 113, since each element of K is uniquely determined by the
three entries ¢, u,v € [F1;. The group K is not abelian.
Moreover, K is nilpotent of class 2. Indeed, a direct computation of commutators shows
that every commutator lies in the subgroup Z = {X (0, u,0) | u € F1;} . This subgroup is
contained in the center of K, because its elements commute with all matrices of the form
X(t,u,v). Hence

K, K] < Z(K).

Therefore
v(K) =[K, K], K] =1.

Since K is not abelian, we have [K, K| # 1. Thus the nilpotency class of K is exactly 2.

We now construct a group of automorphisms acting fixed-point-freely on K. Let

€ GL3(11),

2

Il
o o
o w o
s o o
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and set
H = (A).

In the field Fy; we have 3° = 1 and 4° = 1, while 3™ # 1 and 4™ # 1 for every
0 < m < 5. Hence A® = I3, and no smaller positive power of A is the identity. Therefore
H = (A) is a cyclic group of order 5.

The group H acts on K by conjugation. We claim that this action is fixed-point-free.

Let 0 < m < 5. A direct computation gives
A"X (t,u,v) AT = X(37™t, 47w, 5 M),

Suppose now that X (¢, u, v) is fixed by conjugation by A™. Then A" X (t,u,v)A™"™ =
X(t,u,v), and therefore 3™t = t,4~™u = u, and 5~"v = v. Since 37™, 4™, and 5™
are all different from 1 for 0 < m < 5, it follows that ¢ = uw = v = 0. Thus the only
element of K fixed by A™ is the identity matrix. Therefore every nonidentity element of

H acts fixed-point-freely on K. By Theorem 3.1.1, the semidirect product
G=KxH

is a Frobenius group, with Frobenius kernel /K and Frobenius complement /.

In particular, this example gives a Frobenius group of order
|G| = |K||H| = 11% - 5 = 6655.

Its Frobenius kernel is not abelian, but it is nilpotent of class 2.

Remark 4.2.8. The previous example is the first case of a more general construction. Let
n > 3 and let ¢ be a prime such that ¢ > n. Choose a prime p such that ¢ | p — 1, and
work over the field F,. Let

K = IT,(p),

the group of all upper unitriangular n X n matrices over IF,. The same construction as
above, using a suitable cyclic group of diagonal matrices of order ¢, shows that K occurs
as the Frobenius kernel of a Frobenius group. I7,,(p) is nilpotent of class n — 1. Thus, as
n increases, the nilpotency class of the Frobenius kernel K also increases. In particular,

Frobenius kernels can have arbitrarily large nilpotency class.
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4.3 Uniqueness of the Frobenius partition

After proving the nilpotency of Frobenius kernels, we can derive some further structural
properties of Frobenius groups. In particular, this result allows us to complete the discus-
sion on Frobenius partitions started in Chapter 2.

We first prove a useful property concerning the normal subgroups of a Frobenius
group, which will be the key ingredient in establishing the uniqueness of the Frobenius
partition. We follow the presentation of [Hup25, Theorems 8.16 and 8.17].

Lemma 4.3.1. Let G be a Frobenius group with Frobenius kernel N and Frobenius com-
plement H. If M <1 G, then either M < N or N < M.

Proof. Suppose that M is not contained in N. Then there exists an element m € M such
that m ¢ N. By the Frobenius partition 2.3.3,

G=NuUlJ(H*\{1}),

geG

and so the element m lies in a conjugate of H. Hence there exist g € G and h € H \ {1}
such that m = g~ 'hg. Since M is normal in G and m € M, it follows that

h=gmg ' e M.

Thus M N H contains a nonidentity element /.
Since G is a Frobenius group with Frobenius kernel /N and Frobenius complement H,
the action of H on /N by conjugation is fixed-point-free. In particular, the automorphism

of N induced by h~! , namely
ap-1: N — N, ap-1(n) = h~'nh,

is fixed-point-free.

By Proposition 1.2.5 the map
p:N— N, pw(n) =n"tay-1(n) =n"th 'nh,

is bijective. Therefore, for every n € N, we have p(n) = n~*h~'nh. Since h € M, also

h~! € M. Moreover, M is normal in G, so n~'h~'n € M. Therefore
p(n) =n"'h~'nh € M.
Thus p(N) C M. But p is bijective from N onto N, so u(N) = N. Hence N < M.
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Moreover, h € M N H and h # 1, while N 0" H = 1. Hence h ¢ N, and therefore
M # N. We conclude that
N < M.

]

We can now apply this result to prove that the Frobenius partition associated with a

Frobenius group is uniquely determined.
Theorem 4.3.2. Every Frobenius group has exactly one Frobenius partition.

Proof. Let GG be a Frobenius group. Suppose that G has two Frobenius complements
H, and H,, with corresponding Frobenius kernels Ny and N,, respectively. Thus, by
Theorem 2.3.1

G = NiH, = Ny H,,

with Ny N H; = 1and Ny, N Hy = 1. By Lemma 4.3.1, applied to the Frobenius group G
with kernel /V, and to the normal subgroup N; <1 GG, we have either N; < N, or N, < Nj.
Assume that NV; < N, and for contradiction that N; < N,. We are going to show that we
must have N; = Ns,. Indeed, since G = N; Hy, every element of N, can be written as a

product of an element of V; and an element of /. Therefore

Moreover, N, N H; must be nontrivial. Indeed, if N, N H; = 1, then the equality (4.3.1)
would give Ny = Ny, contrary to the assumption N; < Nj.

By Proposition 3.1.6, the orders of /Ny and H; are coprime. Hence the orders of Ny
and N, M H; are also coprime. On the other hand, by Theorem 4.2.5, the Frobenius kernel
Ny is nilpotent. Therefore N is the direct product of its Sylow subgroups. As |N;| and
| Ny N H,| are coprime, the prime divisors of | N;| and of | No N H | are disjoint. Hence the
elements of /V; and those of N, N H; belong to different Sylow components of N5, and
therefore commute. Thus [ N1, N, N H;| = 1 and so every element of N, N H; centralizes
N;. This is impossible because N, N H; is a nontrivial subgroup of H; that acts on the
Frobenius kernel N; by fixed-point-free automorphisms. Thus no nonidentity element of
H; can centralize a nonidentity element of /V;. Thus we must have N; = Ns.

Next we prove that the two complements [, and H, are conjugate in GG. Since N; =
N,, both H, and H, are complements of the same normal subgroup N; in G. Moreover,

by Proposition 3.1.6, we have

(IN:],|G/Ny|) = 1.
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Finally, V; is nilpotent by Theorem 4.2.5, and hence it is solvable. Therefore the hypothe-

ses of Schur—Zassenhaus’ Theorem 1.2.18 are satisfied and H; and H, are conjugate in

G.

Consequently, the set of conjugates of H; is equal to the set of conjugates of Hs. Since

the Frobenius kernels are also equal, the following two Frobenius partitions coincide:

G=NulJ@E\ 1) =Nu @ {1})

geG geG

showing the uniqueness of the Frobenius partition. [
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Chapter 5
Further properties of Frobenius groups

Although a Frobenius group has the form of a semidirect product, the fixed-point-free
action of the complement on the kernel imposes strong restrictions on both factors of the
decomposition. For the kernel, the main structural result is Thompson’s theorem. It is
natural to ask whether analogous restrictions also hold for the complement /.

The examples 3.2.5 and 2.3.4 suggest that the complements occurring in Frobenius
groups have a special form. In the affine group over a finite field X' = [, the Frobenius
complement is isomorphic to K *. Since the multiplicative group of a finite field is cyclic,
all Sylow subgroups of the complement are cyclic. In the group S3 ~ C3 x Cs, the
Frobenius complement itself is cyclic, being isomorphic to Cs.

This phenomenon is not accidental. Although a Frobenius complement need not itself
be cyclic, Burnside’s Theorem shows that the structure of its Sylow subgroups is highly

restricted.

Theorem 5.0.1 (Burnside). Let G' be a Frobenius group with Frobenius kernel N and
Frobenius complement H. If P € Syl,(H), then P is cyclic for p > 2, while for p = 2 it

is either cyclic or generalized quaternion.

We will not include the proof of this theorem; the interested reader can find it in
[Hup25, Theorem 8.7(b)]. Nevertheless, its meaning is important for the structure theory
of Frobenius groups. A general finite p-group can be structurally quite complicated. Burn-
side’s theorem shows that this freedom disappears for the Sylow subgroups of a Frobenius
complement: for odd primes they must be cyclic, and for p = 2 the only further possibility
is the generalized quaternion case.

It is important, however, not to confuse this local restriction with a global descrip-
tion of the complement. Theorem 5.0.1 does not imply that the complement H itself is
nilpotent. In fact, Burnside conjectured that Frobenius complements should be nilpotent,
but this is false: a Frobenius complement need not even be solvable, as the next example
shows [Hup25, Remark 8.8(b)].
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Example 5.0.2. Let p be a prime such that p> = 1 (mod 5). Let V = I} be the elemen-

tary abelian group, written additively. We also consider the special linear group
SLa(p) = {A € GLa(p) | det(A) = 1}.

This group acts naturally on V' by matrix multiplication: if

b
Az(a )ESLg(p) and v:<x)€V,
c d Y
Ao a b T\ _ ax + by '
c d) \y cr +dy

Since every element of SLy(p) is invertible, this gives an action by automorphisms of the

additive group V. For odd p, the center of SLa(p) is Z(SLa(p)) = {I, —1}. The projective
special linear group PSLy(p) is defined as the quotient

then

PSLy(p) = SLa(p)/Z(SLa(p)).

Let
7 : SLa(p) — PSLa(p)

be the natural projection. By [Hup25, Theorem 8.13], the group PSLs(p) contains a
subgroup isomorphic to the alternating group As. Let H < PSLs(p) be such a subgroup,

and set H the full inverse preimage oh H. Since the kernel of 7 has order 2, we have
|H| = 2|H| = 2|As| = 120.

Moreover,
H/ker(m) ~ H ~ As.

In particular, H is not solvable, because Aj is not solvable and every quotient of a solvable
group is solvable.

We now show that this group H can occur as a Frobenius complement. Since H <
SLs(p), the group H acts on V, viewed as the elementary abelian additive group of type
(p, p), by the natural matrix action. We claim that this action is fixed-point-free.

Let h € H and suppose that h fixes a nonzero vector v; € V. Then 1 is an eigenvalue
of h. Since h € SLy(p), we have det(h) = 1, and therefore the other eigenvalue of h is

also equal to 1. Hence, for a suitable vy € V/, the set {vy,v,} is a basis of V/, and with
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respect to this basis the matrix of A has the form

(o)

for some a € F,. In characteristic p, such a matrix has p-th power equal to the identity.
Thus h? = 1. Since p 1 | H|, it follows that h = 1.
Consequently, no nonidentity element of / fixes a nonzero element of V. Equiva-
lently,
Cy(h)=0 forevery h € H \ {1}.

Therefore H acts fixed-point-freely on V. By Theorem 3.1.1, the semidirect product

G =V x H is a Frobenius group with Frobenius kernel V' and Frobenius complement H.

Thompson’s theorem establishes that the Frobenius kernel /N is always nilpotent,
whereas Remark 4.2.8 shows that its nilpotency class may be arbitrarily large. Never-
theless, this class is not completely unrelated to the complement /. The following result
illustrates how the prime divisors of | H| can impose strong restrictions on the nilpotency
class of the Frobenius kernel /V, see [Hup25, Remark 8.8(a)].

Proposition 5.0.3. Let G be a Frobenius group with Frobenius kernel N and Frobenius
complement H. If 2 divides |H

is abelian.

, then H contains a unique involution 1. In particular, N

Proof. Since 2 divides |H|, by Cauchy’s Theorem 1.2.14 there exists an element i € H
of order 2. We first show that 7 acts on N by inversion. By the fixed-point-free property,
the automorphism of N induced by ¢ has no nontrivial fixed points. Hence, by Proposi-
tion 1.2.5, the map

pw:N— N, p(n) =n"tn,

is bijective. Therefore every element of N can be written in the form n~'n’ for some
n € N, thatis, N ={n"'n’ |n € N}.

We now compute the action of i on an element of this form. Since 7> = 1, we have

(nflni)i _ n*"niQ _ nfinl _ (nflnz)fl.

~Int, it follows that 2 = 2! for every x € N.

Since every element of /V is of the form n
We now prove that ¢ is the unique involution in /. Let 71,1, € H be two involutions.
By the previous argument, both ¢; and 75 act on /N by inversion. Hence, for every z € N,

x% = gz~ = 2% Therefore i, '4; acts trivially on N. Indeed, since i, = 45, we have

1

iz — (xh)zQ _ (x—l)ig _ (£i2)—1 _ (x_l)_l .
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Thus iy 'i; € Cq(N). Since i, ', € H, we obtain iy i, € H N Cg(N). The fixed-point-
free action of H on N yields H N Cq(N) = 1. Hence 4, 'i; = 1, and so i; = iy, as
claimed. Thus H contains a unique involution.

It remains to show that /V is abelian. Let x,y € N. Since ¢ acts on N by automor-

phisms, we have
(vy)' = a'y' =21yt (5.0.1)

On the other hand, since 7 acts by inversion on every element of /V,
(zy)' = (xy) ' =y ot (5.0.2)
Therefore by (5.0.1) and (5.0.2) we obtain
ly Tt =gyl (5.0.3)

Taking inverses on both sides of (5.0.3) gives yx = xy. Thus N is abelian, as desired. [

The previous proposition is the first instance of a more general phenomenon. Al-
though Frobenius kernels may have arbitrarily large nilpotency class in general, the prime
divisors of the Frobenius complement impose strong restrictions on this class. More pre-

cisely, we can recall the following results. If 3 divides | H |, then the Frobenius kernel has

nilpotency class at most 2 [Bur55]. More generally, if p is an odd prime divisor of |H

)

then the nilpotency class cl(N) of N satisfies

p—1)¥ -1
p—2 '

cl(N) < ( (5.04)

The estimate in (5.0.4) should be understood as an explicit upper bound, not as the
exact value of the best possible bound. Indeed, Higman’s theorem on fixed-point-free
automorphisms of prime order shows that, for each prime p, there exists a function h(p),
the Kreknin—Higman function, depending only on p, such that every finite solvable group
admitting a fixed-point-free automorphism of order p is nilpotent and its nilpotency class
is at most h(p); see [Hig57] and [HB82, Theorem VIII.10.15]. Moreover, the Kreknin—
Higman function satisfies, for odd primes p,

(p—1*" -1

PR (5.0.5)

h(p) <

In the Frobenius situation this applies as follows. If p | |H|, then H contains an element
h of order p. Since the action of H on N is fixed-point-free, the automorphism of N

induced by h is fixed-point-free and has order p. Therefore, Higman’s theorem implies
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that ¢/(IN) < h(p). Combining this with the explicit Kreknin—-Higman bound in (5.0.5),

we obtain (5.0.4). Among the exact values of i (p) that are known, we recall

These values follow from the classical results recalled in [Hup25, Remark 8.8(a)]; for the
case p = b, see also [Hig57]. Thus the displayed formula gives a general bound, while
the optimal value of A(p) can be much smaller. This shows that the nilpotency of the
Frobenius kernel is not an isolated property: the fixed-point-free action of the complement

has a substantial influence on the internal structure of the kernel.

We conclude with a representation-theoretic property of Frobenius groups. Their spe-
cial structure is reflected not only in the behaviour of the kernel and the complement, but
also in the irreducible characters of the whole group. The next theorem gives a precise de-
scription of Irr((), the irreducible complex characters of G, when G is a Frobenius group
and highlights the relation of Irr(G) with the irreducible representations of the Frobenius

complement.

Theorem 5.0.4. Let G be a Frobenius group with Frobenius kernel N and Frobenius
complement H. Let Irv(H) = {1, ..., ) } be the set of irreducible complex characters
of H, where k(H) denotes the number of conjugacy classes of H. Similarly, let k(N)
denote the number of conjugacy classes of N.

Then the irreducible complex characters of G are exactly the following.

1. There are k(H) irreducible characters j1; whose kernels contain N. Each of these
irreducible characters y; of G is obtained from an irreducible character n; of H as
follows: forn € N and h € H,

wi(nh) = n;(h), i=1,...,k(H).

2. The remaining irreducible characters of G are induced from the nontrivial irre-
ducible characters of N. More precisely, if p € Irr(N) \ {1y}, then the induced
character ) is an irreducible character of G. Moreover, if ), p € Irr(N) \ {1x},
then ¢ = % if and only if there exists h € H such that ¢ = ". In particular this

second family contains
k(N)—1
|H|

distinct irreducible characters of G.

Furthermore, for every 1 € Irr(N) \ {1y}, one has (¢%)n = >, "
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The proof of Theorem 5.0.4 relies on some deep results on induced representations, in
particular the Mackey decomposition formula [Hup25, Theorem 16.9]. We do not develop
these tools in detail, but for the reader’s convenience, we give an overview of the main

character-theoretic ideas of the proof.

Sketch of proof of Theorem 5.0.4. We first consider the irreducible characters which come
from the complement H. Let Irr(H) = {n1, ..., mkm) }- Since G = NHand NN H =1,
every element of GG can be written uniquely in the form nh, withn € N and h € H. For
eachi =1,..., k(H), define a function y; : G — C by

wi(nh) = n;(h) foreveryn € N, h € H.

This is a character of GG. Indeed, it is afforded by the representation of G in which the nor-
mal subgroup N acts trivially and the action of the quotient is given by the representation
affording n;. Moreover, ; is irreducible because 7); is irreducible.

For every n € N, we have

pi(n) = pi(n - 1) = mi(1) = (1),

and therefore N < ker(y;).
Thus the characters y; are precisely the irreducible characters of G which are obtained
from the quotient G/N ~ H.

We now turn to the irreducible characters which come from the kernel. Let

Ir(N) = {1n,%a, .., Yk }-

Since H acts on N by conjugation, every element & € H induces a permutation of the
conjugacy classes of V. If h # 1, then the only conjugacy class of N fixed by A is the
class {1}. Indeed, suppose that the conjugacy class of an element n € N is fixed by h.
This means that n” is conjugate to n in N. Since the action of H on N is fixed-point-
free, the automorphism n — n” is fixed-point-free for every h € H \ {1}. Hence, by
Proposition 1.2.5, we obtain n = 1.

Thus every nonidentity element of H fixes exactly one conjugacy class of N, namely
the class of the identity. Since the irreducible characters of N form a basis of the space of
class functions on /N, the same permutation action may be considered on Irr(N). More
explicitly, for ¢ € Irr(N) and h € H, we write

Y"(n) = ¥(h~'nh) for every n € N.
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By Brauer’s theorem on automorphisms, the number of irreducible characters of /V fixed
by h is equal to the number of conjugacy classes of N fixed by h; see [Hup25, Theo-
rem 13.5]. It follows that the only irreducible character of N fixed by A is the trivial
character 1. Hence the action of H on Irr(V) \ {1y} is semiregular. In particular, every

orbit has length | H |, and therefore the number of such orbits is

k(N) —1
| H]

Let now v;,v; € Irr(N) \ {1x}. We compute the inner product of the corresponding

induced characters. By Frobenius reciprocity Proposition 2.1.6,

W, U5 e = (Wi (VT )N)N-

At this point we use the Mackey decomposition formula [Hup25, Theorem 16.9]. Since
G=NH,N <G,and N N H = 1, it gives the following restriction formula:

(W) = Z W,

heH

Therefore

W W) e = <w Zw?> = (Wi ). (5.0.6)
N

heH heH
By Theorem 1.1.10, each summand in (5.0.6) is equal to 1 if ¢); = j-l, and is equal to 0
otherwise. Moreover, because the action of H on Irr(N) \ {1y} is semiregular, there is

at most one element i € H such that ¢; = 1/15?. Hence

(W8, G = 1, if ¢p; = ) for some h € H,
Y 0, otherwise.

Taking ¢ = j, we obtain

Thus ¢ is irreducible. Moreover, two induced characters ¥ and ij are equal if and
only if ¢; and 1); lie in the same H-orbit.

It remains to observe that these induced characters are distinct from the characters ;
obtained from H. Let ¢ € Irr(N) \ {1y}. By Frobenius reciprocity Proposition 2.1.6,

WGa Mi)G = (¢, (Mi)N>N-
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Since N < ker(y;), the restriction of ; to N is (u;)n = pi(1)1y. Thus

<¢G,Nz‘>G = m(l)w, 1N>N =0,

because 1) # 1. Hence the two families of characters are disjoint.
Finally, we show that no irreducible characters of G have been missed. The sum of

the squares of the degrees of the characters y; is

k(H) k(H)
> w(1)? =) m(1)* = |H]|. (5.0.7)
=1 =1

For the second family, choose one representative from each H-orbit on Irr(N) \ {1y}.
Since each orbit has length |H|, the sum of the squares of the degrees of the induced

characters can be written as
1 G 2
TH]| Z (™ (1))
Yelr(N)\{1n}

By Lemma 2.1.5, for every ¢ € Irr(N) we have

Therefore
1 1
|H| > W)y = ~1H| D HP(L)? = H] Y w(1) (5.0.8)
Y#IN Y#ly

Since

Y. v)P=IN|

Yelrr(N)

and 15(1) = 1, (5.0.8) becomes
1 G1V)\2
_ 1)) = |H|(|N| —1). 5.0.
|H|Z(¢()) [H[(IN| = 1) (5.0.9)
Y#IN
Summing (5.0.7) and (5.0.9), we obtain

k(H)

Zuz |H| > W) = [H|+ |H|(IN| -1) = [H|IN| = |G].
Y#IN

By Corollary 1.1.17, this proves that the characters listed in the theorem exhaust all irre-
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ducible characters of G. O

We conclude this chapter by stating the general description for the irreducible repre-
sentations of GG over any algebraically closed field whose characteristic does not divide
the order of the group GG. The proof of this more general formulation requires additional
results from modular representation theory and will not be included in this thesis. The
interested reader can find it, for example, in [Hup25, Theorem 16.13].

Here Irrx (X)) denotes the set of irreducible characters of X over K.

Theorem 5.0.5. Let G be a Frobenius group with Frobenius kernel N and Frobenius
complement H, and let K be an algebraically closed field such that char K t |G|. Then
the irreducible K-characters of G are exactly the following.

1. There are k(H) irreducible characters ji; whose kernels contain N. If Irri (H) =
{m,....nkm)}, then these characters are defined by

wi(nh) =mn;(h)  foreveryn € N, h € H.

2. There are
k(N)—1

|H|
irreducible characters of the form 1'%, where 1 runs through a set of representatives
of the H-orbits on Trr i (N) \ {1y5}. Moreover, )¢ = 1/1]6’v if and only if 1; = Y} for
some h € H, and

()N =) Wl

heH

In addition, if V is an irreducible K G-module on which N acts nontrivially, then
the restriction Vi is a direct sum of regular K H-modules. In particular, Vi contains a

submodule affording the trivial representation of H.
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