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Introduction

For centuries, scientists have sought to identify mathematical laws capable of
describing and predicting the behaviour of a physical system starting from em-
pirical data and observations. For example, Johannes Kepler discovered the fa-
mous third law of planetary motion, which would later bear his name, by iden-
tifying patterns in experimental data collected by astronomers in the preceding
decades; similarly, Max Planck initially proposed his law as a mathematical trick
to fit experimental data on black-bod%l radiation, without yet understanding its
revolutionary conceptual importance!l.

This optimization process, based on experimental data and human intuition,
is known as symbolic regression>>*31, Such an approach aims to generate simple
symbolic formulas, in contrast to alternative models, such as deep learning mod-
els, which tend to provide more complex results, favouring predictive power
at the expense of interpretability. The production of interpretable results could
be crucial for the theoretical development of pure sciences such as physics and
chemistry.

The symbolic regression process can be very time-consuming even for low-
dimensional systems!®l. All the more so, when working with modern high-
dimensional datasets, it becomes impossible without resorting to an automated
mechanism. Over the years, dedicated symbolic regression applications have
been developed, which are capable of producing one or more analytical for-
mulas starting solely from a set of descriptors and an objective function, with-
out any prior knowledge of the system’s physics or geometry!”l. Most of these
tools, including PySR®?! and SISSO!'%!1], are based on genetic algorithms and
tree-based structures['?], in which the best formula emerges through a process
of natural selection among populations of candidate expressions, minimizing a
given loss function. These software packages tend to suffer from formula bloat,
meaning they produce overly complex expressions when optimized solely for
accuracy!'®l, and they lack a mechanism for uncertainty estimation.

The present work aims to develop an error estimation method for formulas
generated by symbolic regression software packages such as SISSO. To this end,
a Bayesian extension of the symbolic regression process[1%1%16] has been imple-
mented: specifically, an approximation of the posterior probability distribution,
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i.e. the probability distribution of the models given an empirical dataset is iden-
tified. This approach makes it possible to associate each generated symbolic for-
mula with a probability density describing the likelihood of the model given the
empirical estimates. Once the posterior probabilities of each model are known,
we can identify the most probable formula through a maximum a posteriori es-
timate and obtain an error estimate for the predictions, both at the model level
and for the associated parameters.

The developed strategy is then applied to a dataset of physical interest con-
taining data on sodium diffusivity in amorphous crystals['”l. This field presents
challenges both from a theoretical perspective, since the transport of Na® in
solid-state electrolytes is not yet fully understood, and from an applied stand-
point in optimizing material fabrication and synthesis processes. An approach
of this kind, leading to the production of symbolic expressions supported by
robust uncertainty estimation, could foster progress in both directions.



Chapter 1

Symbolic Regression

This chapter provides an overview of the fundamental topics addressed in this
work. In section 1.1, we introduce and define symbolic regression. In section 1.2,
we present the Genetic Programming algorithm, which plays a central role in
the symbolic regression methods considered in this study.

1.1 Symbolic Regression

Symbolic Regression[>345! (SR) is a class of machine learning techniques aimed
at discovering mathematical relationships and patterns within data. Unlike tra-
ditional regression methods, SR seeks to identify a compact, human-readable
mathematical expression that accurately captures the underlying relationship
between input features and the target variable, while maintaining interpretabil-
ity.

Over the years, various approaches have been proposed to uncover these rela-
tionships. A widely used technique for searching symbolic expressions is evolu-
tionary Genetic Programming[lz] (GP). GP is an iterative algorithm inspired by
biological evolution. In the context of symbolic regression, candidate solutions
are typically represented as tree-structured graphs, where nodes correspond to
input variables, operators, and basic algebraic functions. During the evolution-
ary process, individuals (i.e., mathematical expressions) are evaluated according
to a fitness function, and the fittest ones are more likely to be selected for repro-
duction, thus surving into the next generations. New offspring are generated
through genetic operations such as recombination (crossover), which combines
parts of parent structures, and mutation, which introduces random modifica-
tions to nodes. This process gradually improves the population of expressions
over successive generations. A more detailed description is provided in sec-
tion 1.2. In the present work, we will focus on two state-of-the-art codes for
practical SR with GP-based search algorithms: PySRI®?1 and SISSO!10111,
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More formally, given some observed dataset D = {(x;, yi)}ﬁvjl of paired ex-
amples, with features x € RNx and target y € R, the goal of SR is to identify a
closed form mathematical model space M : RNr — R, mapping the inputs to the
outputs. SR operates under the assumption that the underlying data-generating
mechanism can be described by a sparse and algebraic input-output relationship
able to generate the observations in D:

yi =m(x;,0) + €, (1.1)

where m (x,0) € M is a possible closed-form model within the space of candi-
dates, 0 = 0 (m) € RNe(") are a set auxiliary model-dependent parameters, and
e ~N (O, (72) is an observational noise, assumed to be normally distributed.

SR seeks the most representative model function (equation), which best maps
the inputs to their corresponding output, by searching the space of expressions,
M, and parameters, 0. This substantially translates into solving the following
optimization problem:

it = argmin {preq [m (%, 0) ,y] + AC (m), (1.2)
meM
thus finding the model 7z which minimizes the chosen predictive loss, e.g. mean
squared error, plus a regularization penalty which depends on a measure of the
complexity of the model, C (m). The penalty constrains the search toward rela-
tively simpler expressions to favour interpretability.

Complexity

Controlling the complexity level of the produced symbolic expressions is crucial
to retain interpretability and avoid formula bloat. Different approaches have
been attempted in that sense over the years.

Complexity can be controlled through feature selection, i.e. limiting the num-
ber of surviving features after the evolutionary process. This allows for some
user control on the complexity, but it produces an element of operator-induced
bias in the generated symbolic expressions.

Alternatively, the solution to a SR problem can be considered as a family of
Pareto-optimal solutions:

mle) — arg min Epred [m(x,0),y] suchthat C(m)=c, (1.3)
meM

where 71(¢) refers to the best fitting expression with complexity c. Thus, the op-
timal expression is found by striking a balance between two objective functions:
goodness of fit (error reduction) and function complexity c, see Figure 1.1. This
approach removes any explicit user control on the number of selected features
or on the complexity level per se, but curbs complexity bias.
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T

Error

test
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- '
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Figure 1.1: Illustration of a Pareto curve for solutions to a SR problem. The Pareto
front consists of solutions that achieve an optimal trade-off between the consid-
ered objective functions: error and complexity. In addition to the training error,
which monotonically decreases with increasing function complexity, the figure
also depicts a hypothetical test error which highlights the onset of overfitting at
higher levels of complexity. Picture adapted from[?].

1.2 Genetic Programming

In the natural world, complex and intricate structures do not arise via explicit
design or from the application of human intelligence, but they evolve over a
period of time as the consequence of Darwinian natural selection and sexual
recombination, responding to stimuli applied by the surrounding environment.

Since computer programs and algorithms can be as complex and intricate as
some natural phenomena, so arose the idea of devising an analogue of natural
selection and genetics for the automatic creation of a program that would en-
able a computer to solve a specific problem. Thus, first Genetic Algorithms[1l
(GA) and then Genetic Programming!?! (GP) were born. The difference between
the two lies mainly in the nature of the solutions they evolve. GA represents
solutions as fixed size character strings, while GP uses a hierarchical tree-based
representation with an indefinite size an shape, which more naturally describes a
computer program. Although the distinction is conceptually clear, the two terms
are nowadays used interchangeably in the literature.

GP is an evolutionary algorithm based on tournament selection for individ-
ual draft!’?% and genetic operations, like mutations and crossovers, for gener-
ating new individuals. It starts with an initial population of randomly generated
computer programs, composed by a combination of functions such as arithmetic
operations, programming operations, mathematical and logical functions. Each
individual member of the population is measured in terms of how it performs
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in the particular environment of interest. This measure is called fitness measure,
and its nature varies with the problem. It can describe the error produced by the
computer program or another parameter describing the correctness of the pro-
duced result. Thus, the closer this measure is to zero, the better the program. In
other cases, it could be a gauge of the parsimony or efficiency of the program,
e.g. in a problem of optimal control the fitness may be the amount of time, fuel
or money needed to bring the system to a desired target state. The smaller this
amount, the better. The GP process can be described as follows.

* Random Initial Population. The first generation of programs will have ex-
ceedingly poor fitness. Nonetheless, some individuals will perform slightly
better, and thus be slightly fitter, than their peers. These minute differences
are leveraged to create a new offspring population based on the Darwinian
principle of survival of the fittest through reproduction and the genetic op-
eration of sexual recombination (crossover).

Reproduction. The reproduction process involves selecting a computer
program from the current population on the basis of fitness (i.e. the higher
the fitness measure, the more likely it is to be selected) and allowing it sur-
vive into the next generation either as an exact copy or with slight random
modifications introduced through mutation.

Crossover. The genetic process of sexual recombination or crossover gener-
ates offspring programs from two parental programs, selected on the basis
of fitness. The generated offsprings are composed of subexpressions: sub-
trees, subprograms, subroutines and building blocks, acquired from their
parents. The idea being that if a program is fitter than its peers, the merit
lies in some of its parts. Thus, crossover creates new computer programs
using efficient parts of pre-existing parental programs, allowing them to
survive into future generations.

New Population. After the operations of reproduction and crossover are
completed on the current generation, a new generation of programs is cre-
ated and the process can be repeated. This algorithm will produce popula-
tions of computer programs which, over many generations, tend to exhibit
increasing average fitting in dealing with their environment. The single
best individual in the given generation is usually designated as the result
produced by GP.

Level Tree Representation of a Symbolic Expression

A Level Tree is a special data structure used for data storage purposes. It is com-
prised by a collection of nodes and links. The hierarchical ordering of the nodes,
conveys a causative parent-child relationship.
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Symbolic Regression

When applied to the context of SR, the nodes indicate the instructions to be
executed, while the links indicate the arguments for each instruction, see Fig-
ure 1.2. A node can have many children (two at most, if the tree is binary), but at
most one parent. The topmost node, without a parent node, is called root, while
the downmost nodes are called leaves. The height of a tree is defined as the
length of the longest path from its root to one of its leaves, counting the number
of values on the path.

\ \/j

."lnll.l \i
Figure 1.2: Level tree representation of the symbolic expression 3x + sin (x + 1).
Here, the leaves are circled in red and the root, the topmost "+", identifies the

mathematical operator connecting the two subtrees. The height of the above tree
is 4. Picture adapted from[?!],



10



Chapter 2

Search Algorithms

In this chapter, we describe the search algorithms implemented in the software
packages SISSOHOMI (section 2.2) and PySR[S'g] (section 2.3). But first, in sec-
tion 2.1, we provide an overview of the compressed sensing mechanism that
underlies the feature selection process employed by SISSO.

2.1 Compressed Sensing

Data based and Artificial Intelligence (AI) approaches are becoming a vital tool
for describing physical and chemical processes. The main advantage of the Al
approach is its ability to find correlations between different sets of properties
without needing to know which ones are important beforehand. Among the
sets of methods for interpretable Al we have Symbolic Regression (SR)!234°, in
which the underlying algorithm identifies the optimal symbolic expression for a
given target property from a set of input features, also called primary features.

The Sure-Independence Screening and Sparsifying Operator!1°1 (SISSO) approach
provides an algorithm for practical SR, purportedly specialized in materials de-
velopment. SISSO employs a compressed-sensing based methodology for fea-
ture selection[?2231, specifically for identifying descriptors, i.e. sets of parameters
capturing the underlying mechanisms of a material’s property, such as atomic
radii, ionization energies, valences, bond distances and so on.

Mathematical Description

Let us assume to have a set of properties P, ..., Py € IR, and a set of descriptors
dq, ..., dn € RM thatwe presume are related. In the spirit of symbolic regression,
we want to look for an interpretable equation P = f(d), connecting the given
property to a small number of significative descriptors. In order to achieve that
goal, some constraints are imposed to find a low-dimensional linear solution
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for P = f(d). By introducing non-linear transformations to the vector d, the
resulting expression will effectively become a linear superposition of non-linear
candidate descriptors, thus accounting for non-linear contributions.

When looking for a linear dependence P = f(d) = d - ¢, the most simple
approach is the Method of Least Squares:

2
N M
arg min Z <Pj — Z dj ck) = arg min ||P — Dc”% , (2.1)
k=1

cERM  j=1 c€ERM

where P = (P, ..., Py)" is the column vector of the outputs, D is the (N x M)-
dimensional matrix of the inputs (sensing matrix) and c is the unknown column
vector. Equation 2.1 can be solved analytically by

-1
c*::(DTD> DTP, (2.2)

provided that DD is non-singular. Since the problem is convex, the solution
can be computed efficiently even for large-dimensional sensing matrices. The
vector c is subject only to the requirement of linearizing P while minimizing the
Euclidean norm.

Some previous insight can be added into Equation 2.1 through regularization.
For example, if we prefer to have solution vectors ¢ which are small, i.e. shrunk
toward zero magnitude, we can add a ¢, norm, also called Tikhonov norm, and
perform a so-called Ridge Regression:

argmin(HP—DCH%—l—/\HCH%), (2.3)
ceRM
where the penalty parameter A € RY, weights the magnitude of the vector c.
The larger A, the smaller the vector ¢, while for A — 0 we retrieve the solution of
Equation 2.1.

In this case, we aim for f(d) to depend only on a small number of significant
descriptors d to promote interpretability. This requires that most components of
the solution vector ¢ be zero. We denote the number of non-zero components of
c by

lellg = #{j : c; # 0}, (2.4)
where {j : ¢; # 0} is the set of indices j corresponding to non-zero components
cj, and # denotes the cardinality of that set. The quantity [/c[|, is commonly
referred to as the £y norm of c. We say that a vector ¢ € RM is Q-sparse if ||c||, <
(), i.e., if at most () of its components are non-zero.

When trying to regularize Equation 2.1 such that it yields sparse solutions,
one has to minimize:

argmin(||P—Dc|y§+A||c||O). (2.5)
cERM
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Though conceptually straightforward, solving Equation 2.5 quickly becomes com-
putationally unfeasible as M and () increase. For example, a brute-force ap-
proach would require examining all subsets of indices T C {1, ..., M} of size one
and minimizing over vectors supported on that set, then repeating the procedure
for subsets of size two, three, and so on up to (). This exhaustive search eventu-
ally leads to a so-called NP-hard problem[?*], meaning that while solutions can
be verified in polynomial time, finding them generally requires non-polynomial
time.

A compromise between convexity and sparsity can be struck by using the
Least Absolute Shrinkage and Selection Operator (LASSO) approach[®], in which
the ¢y norm of Equation 2.4 is replaced by the ¢; norm (||c||; = Yx |ck|):

argmin(||P—Dc||§+A||c||1). (2.6)

ceRM

The optimization problem is now convex/?®l and by looking at the geometry of
the /1-unit surface, one can show that it promotes sparsity!?”?8l. As for Equa-
tion 2.3, the larger the A, the smaller ¢, and vice versa.

The minimization problem of Equation 2.6 is an approximation of the one
in Equation 2.5, but there is no guarantee that the two results will necessarily
coincide. They can coincide under certain conditions dictated by the notion of
Null Space Property (NSP) defined within the theory of Compressed Sensing 272821
(CS). Let D € RN*M and let Q) € {1,..., M} be an index. Then D is said to have
a NSP of order Q) if:

Y lojl <Y lvjl Vv#0st Dv=0,VTC{l,..., M} with#T <, (27)
jeT j¢€T

which means that any null-space vector (v # 0 s.t. Dv = 0), on any subset of
the indices (VT C {1,..., M} with #T < Q)), never concentrates too much, i.e.

the /1 norm of the vectors within the subset (Z]-GT |vj|> is always smaller than

the /1 norm on the rest of the coordinates (Z]-ﬁ |v]-|> , no matter how large the

subset. Even if you pick the largest s < () entries, the null-space vectors do
not concentrate, they spread out. In the limit case of 3 = #T = M, the strict
inequality in Equation 2.7 becomes the 0 = 0 identity. This condition is never
met in CS, where we always have () < M.

It can be shown[®"! that every Q-sparse vector x is the unique solution of
Equation 2.6 with P = Dx if, and only if, D has the NSP of order (). As a
consequence, if D has the NSP of order (), the convex ¢; minimization of Equa-
tion 2.6 recovers all ()-sparse vectors, just as the ¢y minimization in Equation 2.5.
Unfortunately, given a specific matrix D, it is not trivial to check whether it has
the NSP of order (2, but some guidance regarding the admissible dimension M

of D can be extracted from the CS theory 23301,
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2.2 SISSO

The Sure-Independence Screening and Sparsifying Operator!'9 (SISSO) approach,
combining genetic algorithms-based SR with compressed sensing!?’?%?1, pro-
vides a deterministic way of performing feature selection?>?3, i.e. determin-
ing which among the primary features are the most descriptive, without any
pre-existing knowledge about their relative importance, and then finding a set
of symbolic expressions relating the target to selected features. The SISSO al-
gorithm provides a tool for practical SR in which the complexity level of the
produced expressions is controlled indirectly through the feature selection step.
SISSO has been used in numerous materials-science related applications 3132331,

The SISSO search algorithm starts from an initial feature space ®¢, which is
formed by all the descriptors (primary features) that are hypothesized to be rele-
vant to describe the desired target. Then, a set of unary and binary mathematical
operators (e.g. addition, multiplication, logarithm, trigonometric functions,...) is
exhaustively applied to the initial feature space, extending it. In this so-called
feature creation step, a pool of generated features is built through the combination
of these mathematical operators with the primary features:

A = {I, +,—,%,/,exp,log,| — |, Vo, } (1, P2], (2.8)

where ¢; and ¢, are elements of the feature space ® (for unary operations only
¢1 is considered) and the superscript (") indicates that dimensional analysis is
performed at each step to retain only dimensionally meaningful combinations
of features. This step is iteratively repeated, applying the mathematical opera-
tors AH™) to the previously created generated features, leading to a recursively
growing feature space:

R
R = U [4)1,4)2 Vq?l,gbz e d;_;. (2.9)

The number of feature creation steps is called rung. If we were to use trees
to represent the generated features, the rung would coincide with the height
of the resulting binary expression tree. At each step, higher-rung features are
constructed by combining lower-rung features with arithmetic operations. As
the rung R of each candidate descriptor increases, the number of elements in the
feature space increases combinatorially, in a way which depends on the number
of primary features and on the cardinality of the set of mathematical operations.

A sparse-solution algorithm is then employed to extract simple and inter-
pretable expressions from the feature space. A Sparsifying Operator>#%1 (SO)
combined with a Sure Independent Screening 2! (SIS) procedure were adopted,
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since they have been shown to effectively reduce the dimensionality of ultra-
high dimensional features spaces!®>%1. SIS evaluates all generated features us-
ing the Pearson correlation coefficient and retains only the top-ranking ones!®*,
which together define a subspace §. After the reduction, compressed sensing
(SO) is used to identify the best n-dimensional linear model by performing an
{y-regularized optimization on S, as in Equation 2.5. This process is repeated for
multiple feature space dimensions until the leftover residual error falls within a
certain threshold.

Out of a huge feature space, the SIS procedure, applied to the target material
property P, will produce a subspace S1p containing the 1D features which are
most correlated with such property. From S1p, SO(lp) finds the best 1D descrip-
tor which, in this case, is trivially the first ranked formula. The residual error for
an n-dimensional model is generally defined as

AgD =P - PgD =P —d,pcip, (2.10)

where PgD = d,pc,p is the estimate of the best n-dimensional model, d,;p is

the column matrix of the selected features and ¢,p = (dZanD) 1 d,ZDP is the
least-square solution of fitting d,,p to P. If the root-mean-square of the residual
goes below a certain threshold, then the descriptor is considered fit. Otherwise
the model recursively considers an higher dimension, constructing a space &,
out of the best generated features that can explain the knowledge gap left by the
previous step, and so on. In general at dimension 7, SIS selects the subspace S;,p
with response A(()n_l)D, ranking the features using a projection score

¢ =R (80, 1p.dy), 2.11)

where R is the Pearson correlation coefficient, and then SO selects the best nD
descriptor, from the union of all previously selected subspaces

SioJSap U Snp- (2.12)

This process is represented in Figure 2.1.
In recent versions of the software[!ll the residual definition is extended and
uses the best r residuals to calculate the projection score:

0 .1 r—1
max <s]~,sj,...,s]. ), (2.13)

where s} accounts for the leftover error of the second best (n — 1)-dimensional

model and so on. The value of r for a calculation is set as a hyperparameter via
cross-validation, i.e. the dataset is divided into a training set and a validation
set, that are used respectively to train and test the model for a set of values of
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r. The hyperparameter with the lowest average validation error is selected and
used to retrain the model over the full dataset.

This multiple-residual approach prevents early greedy choices from block-
ing better higher-dimensional feature combinations by evaluating candidate fea-
tures against several promising residual directions instead of just the best one.

huge features-space: @
SIS(P) l SIS(A,p) l SIS(A¢-1yp) l

subspace: S, subspace: S,p subspace: S,

/ ! }

Sp——» SpUSyp — 5 i — 5 SpUS,pU--US,,

J sol S0 l
1D descriptor 2D descriptor nD descriptor

Figure 2.1: The original SISSO method combines unified SIS-generated sub-
spaces having the largest correlation with either P or the residual errors A, with
SO (sparsifying operator) to further extract the best descriptor from the union of

all previously selected subspaces, Equation 2.12. Picture adapted from[1°l.

SISSO++

The software SISSO++[113] enhances the original SISSO algorithm and imple-
ments it through a C++ code with Python bindings. In the newer implementa-
tion, features are represented as binary trees instead of strings, which purport-
edly yields an higher data storage capability and reduces the overall computa-
tional cost of the calculations. Units are treated more accurately and the resulting
expressions are explicitly checked for physical consistency, namely addition and
subtraction are allowed to act only on features of the same units and all transcen-
dental operations must act only on a unitless quantity. Ranges are also added to
prevent an operation from occurring when it would violate its mathematical def-
inition, such as taking the square root of a negative number or dividing by zero.

The search algorithm has now a fully parallelized feature creation step 3],
which is embedded with a parametric extension to automatically include scale
and bias terms for each of the generated expressions!“’l. For a generic generated
feature fl(x) S ﬁ(m), with a set of scale and bias parameters, P, the parametriza-
tion scheme updates the operator to be:

h(x) = hP (aax + B1), (2.14)

where a7 is the scale parameter and 3 is the bias term. These new operators are
then combined with each other and with the predefined set of mathematical op-

erators, to create new parametrized generated feature qAbP (x), as is normally done
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in SISSO. This process introduces a new hyperparameter called parametrization
depth, dp, which controls the level at which the parametrization procedure is
operated. An example of which is provided in Figure 2.2.

|~
N0

dP:Q: Olexe SITL (“1 1(1,_ + j)z)+ _.-'fl)‘f' B

dp: ]_: Vet SIT ((1'1 X ‘ .’172 + ‘,:"_‘))'| ) -- -‘Scxt

Figure 2.2: A graphical representation of some of the novelties introduced by
SISSO++: the binary tree representation of a symbolic expression and the ef-
fect of the parametrization depth. If dp = 1 only the last generated fea-
ture, x1xp, gets parametrized. Whereas, if dp = 2 both operations are sep-
arately parametrized: first x» — a»x2 + 2, and then the resulting product
x1 %z (x2 4+ B2) — a1x1 (x2 + B2) + B1. An external parametrization (aext, Bext)
is always applied on the final expression. Picture adapted from[!1].

Once the parametrized generated feature ¢” (x) is defined, all parameters
p € P are optimized using the non-linear optimization library NLopt[*!l. The
Cauchy loss function is used as the objective function for the parameter opti-
mization since it is believed to be more robust against outliers in the dataset,
than the mean square error loss function.

min f(P,47),
Tsam o (2.15)
(o) = o (287 ),

where P is a property vector, ¢ is a scaling factor set to 0.5 for all calculations and
Nsamp is the number of samples.
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The parametric extension, though crucial for some applications, will signifi-
cantly increase the time needed to generate the feature space, and it may con-
strain the resulting expressions into an artificially linearized form.

2.3 PySR

PySR[® is an open-source library for practical symbolic regression. Its search
algorithm is based on a multi-population evolutionary algorithm with multiple
evolutions performed asynchronously and independently on each population.
The main loop of PySR is based on a modified version of the classic evolutionary
genetic programming algorithm, summarized in Figure 2.3.

Mutation

or
—[ T ]or[ []Or..._
trtwo) Grossover

or

Randomly Slmplg':_catlon
Subsample

Optimize
Constants

Replace
Oldest

Figure 2.3: Representation of the main loop of PySR, which is applied inde-
pendently to each population. A subsample of individuals is randomly drawn
within each population. Starting from the fittest, each of these individuals have
a probability p of undergoing a randomly-selected variation from a set of pos-
sible alterations: mutation, crossover, simplification and constants optimization;
otherwise the individual is removed from the subsample. Then, the eldest mem-
ber of the current population is replaced with the mutated individual. Once this
process is completed a new generation is formed. Picture adapted from[®l.

The PySR algorithm operates several modifications to the original evolution-
ary algorithm. The algorithm is parallelized, making the process computation-
ally efficient, by evolving each subsample of individuals independently. After a
specified number of rounds of evolution, an asynchronous migration of individ-
uals between the groups is performed.

A process of simulated annealing!*?! is applied to the mutation probability p.
Given a temperature T € [0,1], a mutation is accepted with some probability

p = exp (—LF {X_TLE > , (2.16)

related to the change in the fitness measure after the mutation, with Lr and Lg
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being respectively the fitness of the muted and original individual, and « a hy-
perparameter. The parameter a controls the temperature scale: as aT — oo, all
mutations are accepted regardless of fitness change, whereas as aT — 0, only
mutations that increase fitness (i.e., with Ly — L > 0) are accepted, and all oth-
ers are rejected. This allows the evolution to alternate between high temperature
phases, increasing individual diversity, and low temperature phases, narrowing
in on the fittest individuals, in different moments of the evolutionary process.

Then, instead of replacing the weakest individual, i.e. the least fit, in the
subset, as it was originally done, PySR replaces the eldest member. This age-
regularized evolution!*3] prevents the population from specializing too early and
getting stuck in a local minimum of the search space.

With the third applied modification, the genetic algorithm is embedded inside
an evolve-simplify-optimize loop. This serves to further specialize the algorithm to
deal with symbolic expressions.

* “Evolve” applies the tournament selection-based evolution thousands of
times for a set of mutations (and crossover), evolving the entire population.
The temperature of the system is set to decrease over time, allowing for
more drastic variations at the beginning, to widen the search space, and
then focusing on fine tuning in the final iterations. Amongst the possible
mutations we have: constant mutation, which creates a random multiplier;
operator mutation, in which one mathematical operator is switched with
another of the same degree, e.g. + — X; node addition inside the the
expression or to the features, e.g. x; — sin(x1); subtree modification or
deletion; creation of an entirely new tree.

¢ “Simplify” here refers to equation simplification. Equations are simplified
to an equivalent algebraic form using a set of equivalences.

* “Optimize” consists of a few iterations of a classical optimization algo-
rithm, e.g. BEGS[*4], to explicitly optimize the constants in every equation.
This final part of the algorithm significantly improves the discovery of real
constants within the symbolic expression, which is one of the strong suits
of PySR. The simplify-optimize stage is applied after several mutations have
been performed, because some equations are accessible only after some re-
dundant, but necessary, intermediate steps take place.

Finally, a novel adaptive parsimony metric is adopted. Traditionally, as seen
in Equation 1.2, the mechanism to account for complexity would comprise of a
constant parsimony, involving a function of the complexity C (1) and a constant
factor A. Instead, PySR adaptively tunes a per-complexity penalty such that the
number of expressions at each complexity is approximately the same. This is
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expressed as:
{(E) = Cored (E) - exp (frecency [C(E)]), (2.17)

where the "frecency” of C(E) is some combined measure of the frequency and
recency of expressions E occurring at complexity C(E) in the population. Com-
plexity in PySR is by default equal to the number of nodes in an expression tree,
regardless of the node’s content. Frequency is accounted by counting the num-
ber of expressions within a given time frame and diving it by a tunable constant.
Punishing complexities adaptively by how frequent they are in the population,
the evolutionary search is encouraged to explore the problem employing simul-
taneously simple but less accurate expressions, as well as complex and more
accurate expressions, preventing the system from getting stuck in local minima.
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Chapter 3

The Bayesian approach

In this chapter we are going to summarize the ideas of Bayesian statistics, in
section 3.1, and then describe the state-of-the-art Bayesian approach methods to
symbolic regression, section 3.2. In section 3.3, we provide an overview of the
statistical methods employed in the post-hoc analysis of the results.

3.1 Bayes’ Theorem

Nearly all physical activities, especially in the scientific world, require some abil-
ity to reason in presence of uncertainty. Probability theory was developed ex-
actly to deal with uncertainty in different contexts. For events like drawing a
certain hand of cards from a deck, the uncertainty estimate is simpler due to
their intrinsically repeatable nature. Thus, we can state that an outcome has
probability p of occurring if, repeating the experiment infinitely many times, a
proportion p of the repetitions would result in that outcome. Mathematically,
the probability of an event A is defined as

p=P(A) = lim , (3.1)

where Ny (1) indicates the number of outcomes favourable to A over the n trials.
This approach is called frequentist probability.

The frequentist interpretation though becomes ill-defined when applied to a
non-repeatable event, like a horse race or the chance of a patient having flu. In
these cases, the probability P is interpreted as a degree of belief, with 1 indicating
absolute certainty that the given event will occur (e.g. the horse will certainly
win the race or the patient has definitely the flu) and 0 indicating absolute cer-
tainty that the given event will not occur. This alternative interpretation is called
Bayesian probability*5).
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To evaluate the probability of a hypothesis, using Bayesian inference, one has
to specify a prior probability. This, in turn, is then updated to a posterior prob-
ability in the light of new, relevant data, called evidence and of a likelihood
function, derived from a statistical model of the observed data. This updating
process is mathematically expressed by Bayes” Theorem:

P(B|A)P(A)

P(AIB) = =5

(3.2)

where A, the hypothesis, and B, the evidence, are two probabilistic events.

P(A|B) is called posterior probability and it represents the probability of the
hypothesis given the observed evidence. P(B|A) is called likelihood and it repre-
sents the probability of the evidence given that the hypothesis is true. P(A) is
called prior probability and is the estimate of the probability of the hypothesis A
before the data B, the current evidence, is observed. P(B) # 0 is called evidence
probability or marginal likelihood, due to its possible definition as a marginalization
of the likelihood P(B) = [ dA P(B|A)P(A), it is constant for all hypotheses.

3.2 Bayesian Symbolic Regression

In SR, given some observed dataset D = {(x;,y;) f\]:"l, we aim to identify the

closed form mathematical model m € M responsible for the generation of some
observed variables y;, through the process

yi=m (x;,0) + €;. (3.3)

Here the model m is a function of the model-dependent parameters 8 = 6 (m) €
RNe(") and of independent variables x € RMr, and ¢; ~ N (0,0?) is an obser-
vational noise, assumed to be normally distributed. Given that both the dataset
and the model are affected by uncertainty, the most complete description of the
SR problem is probabilistic.

The Bayesian approach to SRI'41516] referred to as Bayesian SR, involves esti-
mating the joint posterior distribution over models, m, and parameters, 8, given
an observed data, D, by application of Bayes’ theorem:

D[0,m) P (6,m) _ P(D|6,m) P (6m)P (m)
P (D) P (D) '

P (6, mD) = 2L (3.4)
where P (0, m|D) is the model-parameter joint posterior, P (D|6, m) is the likeli-
hood, P (6, m) = P (6|m) P (m) is the joint prior and P (D) is the evidence.
Given that the ultimate goal of SR is to identify models matching the data
and that exploration in the trans-dimensional space of models and parameters
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is complicated, Equation 3.4 can be marginalized over the parameter dimension,
resulting in a posterior computed only over models

P (m|D) =/

RNB(M

P(6,mD)d6 P(m)/

g P (D10, ) P (0]m) dti, (3.5)

Marginal Likelihood

where P (m|D) is the model posterior, P (m) is the model prior and the integral
identifies the marginal likelihood. With this marginalization we can explore the
model space without requiring trans-dimensional jumps in the parameters 6,
leading to a more efficient approximation of the posterior using standard sam-
pling algorithms like Markov Chain Monte-Carlo methods or Sequential Monte-
Carlo, discussed in section 3.3. However, this advantage comes at a cost: the
marginal likelihood must be evaluated for each candidate model m, leading to a
computationally demanding double loop. In other words, we trade improved ef-
ficiency in model-space exploration for increased computational cost per model.

Little prior information is usually available on 0, since the model form is un-
known a priori. Therefore, the prior is often chosen to be an uninformative,
improper uniform distribution, constant over RNe(") i.e. P (8|m) « 1, which re-
sults in an indeterminate model-dependent constant appearing in the marginal
likelihood 14647481,

Once the model posterior P (m|D) is obtained, we can determine the most
plausible model 171 given the data, which is identified as the Maximum A Posteriori
(MAP) of the model posterior

1 = argmax P (m|D), (3.6)
meM

or we can make any prediction about the outcome.

Standard Bayesian inference may fail if the probability model m under con-
sideration is wrong yet useful, i.e. it does not correspond to the true model
under which the dataset D is generated but is still representative of such distri-
bution. This so-called Misspecification error, is almost unavoidable in SR. Indeed,
due to the intrinsic simplicity of the produced expressions, they will inevitably
miss some of the complexity of the true behaviour to retain interpretability, thus
leading to a misspecification.

3.3 Post-Hoc Methods

Sequential Monte-Carlo

A direct estimation of the posterior probability distribution, either the joint pos-
terior, shown in Equation 3.4, or the model posterior, shown in Equation 3.5,
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becomes computationally intractable for large dimensional models spaces. In-
deed, as the number of possible symbolic expressions grows, integrating over all
models, which is necessary to compute the evidence, becomes unfeasible. Since
full Bayesian inference is impossible, an approximation is introduced: instead of
estimating the posterior directly, it is reconstructed through sampling.
Sequential Monte-Carlo!*! (SMC) is a population-based sampling algorithm
which combines several statistical ideas, including importance sampling, tem-
pering and Markov Chain Monte-Carlo methods (MCMC). SMC sampling has
been preferred to MCMC in the current work and in various state-of-the-art
works on Bayesian SR, see!'*15], due to its higher candidate acceptance rate and
its intrinsic parallelization, which improves computational efficiency. In the fol-
lowing paragraphs we provide a brief description of the SMC algorithm.

Likelihood-Tempering Let us suppose that we want to sample a target model
distribution P (m|D), like that in Equation 3.5. Instead of sampling it directly,
SMC builds a sequence of easier-to-sample probabilities Py (m|D), ..., Pr (m|D),
with Pr (m|D) = P (m|D), by gradually increasing the likelihood weight using
an auxiliary (inverse) temperature parameter f; € [0,1].

In this process, called likelihood-tempering, the " target distribution is defined
as:

Bt
Py (m|D) o< P (m) {/RNGP(D|6,m)P(6|m)d6 =P (m)P(Dm)P, (37

where P(D|m) denotes the marginal likelihood, and with 0 = By < 1 < ... <
Br = 1, such that the target distributions can smoothly transition from the
known initial prior P (m), at t = 0, to the true posterior P (m|D) of Equation 3.5.
The parameter B; plays the role of an inverse temperature: for gy = 0 (T — o)
the system is fully disordered and the likelihood is ignored, while for B; = 1 the
system is ordered and the likelihood is fully incorporated.

Reweighting At each step, SMC starts from N samples, usually denoted as
particles, mgl, withi =1, ..., N, approximately distributed according to the pre-
vious target distribution P;_1 (m|D). These particles are then reweighted, resam-
pled and propagated (through MCMC), to approximate the subsequent distribu-
tion P; (m|D).

For t = 0, the initial particles are sampled from the prior and are coupled
with normalized weights Wéz) = 1/N, Vi. The particles are reweighted at each
step using importance sampling

i A\ PP
~ wlp (Djm®)
v, WO, (D)) PP
24

wl (3.8)



The Bayesian approach

in which the scaling factor is proportional to the ratio between the target dis-
tributions P (m(i) |D) and the previous one P;_4 (m(i) \D) , computed at subse-
quent tempering steps t — 1 and t. If a particle is good at explaining the data,
the corresponding marginal likelihood will be high and, thus, the corresponding
weight will be high as well.

Bt is adaptively updated °%! in order to maintain a user-specified Effective Sam-
ple Size (ESS), which is defined as:

BS§— b (3.9)

Zjlil (W(j))ZI

for each value of t. The ESS can vary between 1 and N and is an estimate of the
number of expressions with non-negligible weights.

Resampling After the reweighting procedure, we will typically have a few
large-weight particles and a lot of near-zero-weight particles, that lie far from
the region of high posterior density. If the originally-sampled population of ex-
pressions is held fixed as By — 1, it is likely that the ESS will decrease since
many expressions will have W) ~ 0. In the context of SR, this ESS reduction
could lead to a drastic depletion in the number of highly-fit equations in the
population.

To avoid degeneracy, when the ESS goes below a certain threshold, two strate-
gies are implemented in the SMC algorithm. First, the particle population is re-
sampled with replacement[®!l and the weights are renormalized to W) = 1/N.
During replacement, particles with large W() tend to be replicated while parti-
cles with low W) tend to be removed from the population. This, though, leads
to a reduction in the number of unique equations in the population. To coun-
teract this, the second strategy involves short runs of a forward MCMC kernel
to produce a rejuvenated population approximately distributed as the current
target P; (m|D), thus spreading duplicated particles. The combination of resam-
pling and MCMC moves promotes diversity and global exploration.

. . N
When Br = 1, the final set of particles and weights { <m§3), Wj(f)> } . is used
1=
to approximate the true posterior as a discrete distribution:

N
~ OF
P (m|D) ~ 1; Wy 5m¥> (m), (3.10)
concentrated at the particles positions, represented by Dirac delta functions 6.

The SMC process is summarized in Figure 3.1.
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Figure 3.1: Representation of the reweighting and resampling procedure of SMC.
In the first subplot, five particles sampled from a target distribution at a given
stage pB: are shown, each assigned equal weights. The second subplot shows
how these particles are reweighted according to the posterior distribution, using
Equation 3.8. The third subplot shows the new initial weights at the (¢ + 1)-
th step, obtained as a result of resampling and MCMC runs on the previous
weights. During resampling, lower-weight particles are discarded while higher-
weight ones are duplicated; MCMC runs broaden the pool of different candidate
models. Picture adapted from %21,

Comparison with Genetic Algorithms SMC samplers can also be interpreted
in the light of genetic algorithms, introduced in section 1.2, by interpreting: Sam-
pling from Priors at By = 0 as Random Initialization; MCMC step as Mutation;
Reweighting as Fitness-Based Evaluation; Resampling as Fitness-Based Selection.

A key aspect of both approaches is maintaining sufficient diversity (mutation)
in order to explore the solution space and hence avoid getting trapped in local
minima. Then, a selection step is performed to probabilistically keep fitter so-
lutions while also keeping some diversity. Being too greedy and short-sighted
could be problematic, bad solutions in a given moment could lead to good solu-
tions in the future. Unlike genetic algorithms, however, SMC provides a princi-
pled Bayesian framework in which the population approximates a sequence of
well-defined probability distributions.
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Marginal Likelihood and Model Selection

The Bayesian approach to model selection involves computing the marginal like-
lihood P (D|m) of each model, i.e. the probability of the observed data given the
model, and compare them to assess which model is better supported by the data.

The marginal likelihood corresponds to the normalizing constant of Bayes’
theorem, Equation 3.2. We can see this explicitly by combining the model-explicit
Bayes’ theorem, in Equation 3.4, with the definition of marginalization:

P (8, m|D) = P (D[o,m)P (0|m) __ P(D|6,m) P (6|m)

~ Jgye P (D)6, m) P (68]m) d6 P (D[m) , (3.11)

where we have conditioned on a fixed model m, so that P(m) cancels out.

Given two models my and my, if P(D|my) > P(D|my), m; would better de-
scribe the data than mj, given the priors. Sometimes the main objective is not to
just keep a single model but instead to compare different models to determine
which ones are more likely and obtain a ranking. The relative hierarchy between
to models can be quantified using Bayes Factors (BF):

P(D|mi)
BF (D)’ (3.12)

i.e. the ratio between the marginal likelihoods of the two models. The larger the
BF the better the model in the numerator, and vice versa. It is customary to use
the best model as a benchmark and compute the BF of the other models w.r.t. it.

It is also interesting to observe the fluctuations in the ranking order as the di-
mension of the probability distribution changes. This can be achieved through
likelihood-tempering, in Equation 3.7, in which the likelihood weight is artifi-
cially controlled by a temperature parameter. Reliable models tend to maintain
a relatively stable ordering over different temperatures.

Ensemble Calibration

An ensemble-based calibration>3 method was employed to assess the predic-

tion accuracy of the models by analysing the relationship between the ensemble
variance and the squared error of the ensemble mean.

To do this, we consider M independent evaluation cases (or validation points),
indexed by j = 1, ..., M. For each point j, an observation j; is available, and the

ensemble provides N model predictions y](.l), v y](N). The ensemble members for

each case can be considered independent draws from a probability distribution
with mean y; and variance 0]2. The average over ensemble members is repre-

sented as (-)y = (1/N) LV, such that the ensemble mean for case j is denoted
k
ibw = (1/N) 2y,
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The ensemble variance is defined as

1 N

_ ® _ (yyn)
=5 X (0 =) (3.13)

and the squared error of the ensemble mean by

& = (7~ (wIn)". (3.14)

In a perfectly reliable ensemble, the exchangeability of observations 7;, and en-

semble members y](.k), implies the following relationships between (7].2, the vari-
ance of the true distribution, and the expected variance of members about the
ensemble mean, 5]2:

18/ N ,

MZ(N 1sj—(7j)—>0 as M — oo, (3.15)
j=1 N

1 M4/ N

MZ(NHe}—af)—m as M — oo, (3.16)
j=1

such that

1 M N+1

Mz(e]?—NJ“ls]?)—m as M — 0. (3.17)
j=1 -

The factors N/(N —1), N/(N+1),and (N +1)/(N — 1) ensure that these ex-
pressions are unbiased with respect to the ensemble size and are required be-
cause the spread and error refer to the ensemble mean (y;)n and not the pop-
ulation mean y;. In other words, in a perfectly reliable ensemble, the average
ensemble variance will converge towards the average squared error of the en-
semble mean, after correction for the finite ensemble size.

One can alternatively define the parameter>4l:

7= i%
M &

, (3.18)

¥
N

—~

which, according to Equation 3.17, is expected to tend to 1, up to a constant
dependent on the ensemble size, as M — oo, for a well calibrated model. Values
of v > 1 indicate that the ensemble spread underestimates the actual prediction
error (under-dispersed ensemble), whereas ¢ < 1 indicates over-dispersion.
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Within Alpha Methods

Predictions from SR or Neural Network models tend to be affected by two types
of uncertainty. First, there is uncertainty associated with the estimated model
appearing in Equation 1.2. This type of uncertainty arises from limited data and
imperfect model estimation and is commonly referred to as model or epistemic
uncertainty. On the other hand, if we want to predict new y-values using the
estimated SR model, we have an additional source of uncertainty due to the
inherent randomness of ¢;, defined in Equation 3.3. The uncertainty due to €; is
often referred to as aleatoric uncertainty. If the distribution of €; does not depend
on the independent variables x;, the noise is called homoscedastic. Otherwise, it is
referred to as heteroscedastic.

For practical applications of the SR models, it is often necessary to quantify
this aleatoric uncertainty. This quantification can be achieved by accompanying
a prediction interval to the estimate.

A (1 — a) - 100% pointwise prediction interval PL*) is a random mapping

PI) (D,U,-) : RN — P (R), such that

Epu [Eye [1{y € P (D, U0} =1-0 W (3.19)

Here PI®) depends on the observed dataset D = {(x;, yi)}f\fl but also on some
random effects of the training process represented by the random variable U.
P (R) is the power set of R and 1{-} represents the indicator function, which
yields 1 if the condition in parenthesis is true and 0 otherwise. Intuitively, Equa-
tion 3.19 says that, by randomly sampling the targets, the probability that an
observation y falls inside the created prediction interval is 1 — «, for all values of
X.

The calibration of the model can be tested using a PI based metric. The idea
is to split the dataset into a training and a test set, create prediction intervals
using the training set and calculate the fraction of test points that fall within
each interval.

The Within-a Probability or Prediction Interval Coverage Probability!>! (PICP),
is the fraction of observations in a test set that falls inside the corresponding
prediction interval:

N test

€ PIO (x,
;]1{%61’1 ()} (3.20)

PICP =
Ntest

For a well calibrated model, the fraction of observations whose true values fall

within the predicted intervals should be close to the nominal coverage value of
(1 — ) - 100%, as shown in Figure 3.2.
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Figure 3.2: Representation of a well-calibrated model according to the PICP met-
ric in Equation 3.20. Ideally, for perfect coverage, all empirical points should lie
exactly on the diagonal line, although minor oscillations are expected due to fi-
nite sample effects.
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Chapter 4
Diffusivity

In this chapter, we introduce the main subject of this work: solid-state elec-
trolytes (see section 4.1). We begin by defining them and discussing their rel-
evance in the context of energy storage devices. We then describe the mech-
anisms of ionic conductivity and its relationship with diffusivity (section 4.2),
followed by a discussion about the general temperature dependence of diffu-
sivity (section 4.3). Finally, in section 4.4, we present the descriptors selected to
characterize diffusivity.

4.1 Solid-State Electrolytes

Energy storage has evolved into a priority area within global research, with gov-
ernments and industry investing heavily to achieve net zero targets. The lithium-
ion (Li") battery technology has been essential to this challenging task and it has
been investigated for many years leading eventually to a major breakthrough:
the invention of solid-state batteries

All-Solid-State-Batteries 5578591 (ASSBs) are promising new technologies that
have the potential to revolutionize the way in which we store and use energy.
Unlike traditional Li*-ion batteries, which use a flammable liquid electrolyte to
transfer ions between the electrodes, ASSBs use a Solid State Electrolyte (SSE),
which offers several advantages over their liquid counterparts!®“®!l, such as an
improved safety, a more environmentally friendly synthesis process and poten-
tially higher energy density. Increased safety results from isolating the electrodes
with the solid electrolyte, avoiding Li* build-up that can trigger short-circuiting.
In addition, ASSBs have the potential to be recharged faster than conventional
batteries in certain conditions and could be used in a wide range of applica-
tions, such as consumer electronics, electric vehicles and various industrial op-
erations (02631,

Sodium (Na*) solid-state batteries[®! are also receiving notable attention for
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safe and economical energy storage. Since sodium is much more abundant in
nature than lithium, it makes for an attracting low-cost alternative, though gen-
erally offering lower energy densities than its lithium counterparts.
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Figure 4.1: Representation of a solid-state battery, highlighting its main com-
ponents and some of the major challenges affecting this technology. Picture
adapted from 0],

Solid-State Batteries: Advantages & Challenges

A solid-state battery, schematically represented in Figure 4.1, has three main
components: the metal anode (traditionally made of lithium metal with lithium
alloy anodes or sodium metal anodes recently emerging as promising alternative
candidates), the solid electrolyte and the cathode, composed by metal oxides,
like Lithium Cobalt Oxide (LCO) or Lithium Nickel Cobalt Aluminum Oxide
(NCA).

Traditional lithium batteries use liquid electrolytes, which allow the ions to
be transported between the electrodes, and a separator layer, which enables ion
transport while preventing electrical contact between the two electrodes. In-
stead, solid-state batteries use a solid-state electrolyte, whose particles are mixed
with those of the cathode to form composite cathodes that serve both purposes:
they help establishing efficient electron and ion conduction pathways, and they
act as a separator layer.

In addition to the safety benefits of using a solid electrolyte in place of a com-
bustible liquid electrolyte, solid-state batteries offer the potential advantage of
using Li or Na metal anodes and high-voltage (> 5V) cathode materials to de-
sign high-energy-density batteries. Inorganic solid electrolytes can also support
battery operation at a wide temperature range (for example, —50 °C to 200 °C
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or more) in which conventional liquid electrolytes would freeze, boil or decom-
pose.

Despite extensive efforts to realize the advantages of solid-state batteries, they
have yet to achieve their full potential. In the following work we will focus ex-
clusively on bulk electrolytes and attempt to derive a symbolic formula for bulk
ionic conductivity. But the performance of solid-state batteries is also limited b
several other critical factors related to the solid electrolyte and its interfaces[>l.
Key issues include:

* Dendrite Propagation. Dendrites can grow out of the anode interface and
propagate through the electrolyte separator, possibly coming into contact
with the cathode and thus causing a short-circuit[0>6¢],

* Crack Propagation. High local current densities and mechanical stresses
can force lithium (or sodium) metal into existing microcracks or grain bound-
aries in the solid electrolyte. This process can widen cracks and lead to the
formation of metallic filaments that propagate through the electrolyte, even-
tually causing internal short circuits.

¢ Interface Resistance. The composition and structure of the electrolyte-elec-
trode interface often deviate substantially from those of the bulk materials,
leading to increased interfacial resistance. Chemo-mechanical challenges,
such as the maintenance of physical contact between solid particles during
electrochemical cycling and the formation of a stable and conductive inter-
phase, are important to enable efficient ion diffusion across the interface.

¢ Grain Boundaries. The internal nanometre-scale to micrometre-scale inter-
faces that exist within crystalline solid electrolytes can cause issues because
they tend to strongly influence the ionic conductivity. In particular, grain
boundaries are known to act as defect sinks and can severely inhibit ionic
conductivity in many solid electrolytes

Materials Modelling for Solid-State Electrolyte

SSEs are the key components of solid-state batteries. It is important to obtain
SSE materials with high ionic conductivity (> 1073S cm~1)[%7] and very low
electronic conductivity (< 1071°S cm~1), a wide electrochemical window (EW),
i.e. the voltage range within which an electrolyte remains stable, neither oxidiz-
ing at the cathode nor reducing at the anode, good chemical compatibility with
the relevant electrodes, excellent thermal stability and mechanical properties!®®],
and that are easy to manufacture on a large scale and at a low cost.

A broad range of SSE materials have been proposed and investigated for
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both lithium and sodium batteries, including pol mers [69.70] and i inorganic ma-
terials like oxides!”, sulphides [721 ' and halides!”3 (1 e. binary chemical com-
pounds, of which one part is a halogen atom, like fluorine, chlorine or bromine,
and the other is an element that is less electronegative than the halogen, in
this case lithium or sodium). Structurally, SSEs are typically categorized as
crystalline, amorphous (glassy), and glass-ceramic (partially crystalline), with
many different compositions being recognized as superionic conductors (o >
1074 S em—1) 74,

In general, two main classes of atomistic simulation techniques have been
used to study SSE materials: electronic structure methods using density func-
tional theory (DFT) and ab initio molecular dynamics (AIMD); and interatomic-
potential-based (or forcefield) methods, including classical Molecular Dynamics
(MD). A rapidly growing addition to these conventional materials modelling
methods is the use of Machine Learning (ML) techniques!”®l. The general ap-
proach in the development of accurate ML potentials for materials modelling
usually involves using diverse and numerous ab initio datasets (typically gener-
ated from high-level DFT calculations or based on available experimental struc-
tures) to train the effective ML model. This training procedure then enables MD
simulations based on ML potentials with orders of magnitude larger cell sizes
and longer timescales than current AIMD, while maintaining near quantum me-
chanical accuracy at reduced computational cost. These simulations generate
valuable outputs on solid electrolyte properties, such as ion conduction mecha-
nisms, stability trends and interfacial effects.

In addition to accelerate the discovery of new solid electrolyte materials, ML-
based modelling methods have also been used to improve the fundamental un-
derstanding of the mechanisms which govern ionic transport, described in sec-
tion 4.2.

Vacancy migration Interstitial migration Concerted migration

® © @ o ® o @ o @ o @ o

e @1 O o @ © O o ® © O
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Figure 4.2: Schematic representations of the three principal ion migration mech-

anisms: vacancy migration, direct interstitial migration, and concerted or inter-
stitialcy migration. Picture adapted from %01,
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4.2 Ionic Conductivity

At the atomic scale (in the order of A), the diffusion of mobile LiT or Na™ cations
within crystalline solids can be visualized as ion jumps or hops between ground-
state sites and / or intermediate sites of the anionic sublattice, typically formed by
anions such as O*~ or S>~. The sites and their energies are mainly defined by
their local ion coordination, that is, bonding environment, which in crystalline
compounds tends to be tetrahedral or octahedral. Consequently, the migration
pathway of an ion in a material is a function of the availability and interconnec-
tivity of different sites as defined by the arrangement of anions!®?.

The three principal migration mechanisms[”®!, schematically represented in
Figure 4.2, are:

* vacancy diffusion, in which an ion migrates into a neighbouring vacant
lattice site;

¢ direct interstitial migration, in which an ion hops between adjacent vacant
interstitial sites;

* concerted or interstitialcy (knock-on) mechanism, where the migrating in-
terstitial ion displaces a neighbouring lattice ion into the adjacent site.

Vacancy and direct interstitial migration are seen as conventional hopping pro-
cesses, whereas concerted migration is a highly correlated process in which sev-
eral ions move together in a concerted manner. Such concerted dynamics can
give rise to high liquid-like ionic conductivity, a key feature for solid electrolytes
in ASSBs.

A key descriptor of ionic transport is the ionic conductivity o. Ionic conductiv-
ity can be expressed using linear response theory and the Green-Kubo formal-
ism[7778] as a time integral over a current-current autocorrelation function,

3ViBT /OOO at (J(t) -J(0)), (4.1)

where V is the volume, kgT is the thermal energy, and J(t) is the total electric
current density of the system at time ¢, which can be expressed as

N
J(t) =€ Z ZiVi(t). (4.2)

Here v;(t) is the velocity of the centre of mass of the i-th ion with charge e -
z;, and N is the total number of ions. The charge constants z; can be treated
as integers, even from an ab-initio perspective, and correspond to the atomic

oxidation numbers!791.
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By making the current dependence on the microscopic ionic motion explicit
(Equation 4.2), the Green-Kubo formula, in Equation 4.1, can be decomposed

into autocorrelation and cross-correlation terms!80]
82 0
o = 3kaTZ / dt Vl t Vl( )> +Wl§]212]/0 dt <V1(t)V](0)>

3-D;

(4.3)

Under the assumption of non-interacting ions, the cross-correlation terms vanish
and thus Equation 4.3 can be approximated by the Nernst-Einstein (NE) equa-

tion
2

€ 2
= —— Y z;N¢Dy, (4.4)
VkpT 4

where the sum now runs over the different ionic species k and Ny identifies their
number. Thus, within the NE approximation, the issue of computing ¢ is re-
duced to the determination of the Self-Diffusion Coefficient or Diffusivity Dy, ob-
tained by integrating the velocity auto-correlation function of each ionic species.

4.3 The Arrhenius Relation

Unlike transport in liquids, where ions can propagate through a continuous
medium, in solids they move via discrete jumps between fixed sites (interstitial
positions, vacancies, or saddle points in a crystal lattice), following the mecha-
nisms described in section 4.2. Initially trapped in a local potential energy min-
imum, in order to move to an adjacent site ions must overcome an energy bar-
rier by acquiring sufficient thermal energy from the environment. The average
height of this barrier is quantified by an effective activation energy E,.

The self-diffusion coefficient D of type-A ions in a metal A, first presented in
Equation 4.4, often follows the Arrhenius relation 81521

AH, AU, + pAV,
D (p,T) = Dy exp <— kBT) = Dy exp (—Tﬁ) , (4.5)

where Dy denotes a pre-exponential factor depending on system-specific de-
scriptors, kgT is the thermal energy, AH, = AU, + pAV, = E, is an activation
enthalpy, i.e. the enthalpy difference between the transition state (saddle point)
and the initial site. p is the pressure, AU, and AV} are respectively the activation
internal energy and activation volume.

The diffusivity generally depends on both temperature and pressure, but
since the pressure term is much smaller than the thermal energy pAV, < kpT,
even at moderately high pressures, the pressure dependence is typically omitted
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and Equation 4.5 is approximated as

D (T) = Dg exp (—ki“T) , (4.6)

where the activation energy E, is approximated by the activation internal energy
AU,. This approximation is good under ambient conditions.

E; and Dy are the so-called activation parameters of diffusion, and their phys-
ical interpretation depends non-trivially on the diffusion mechanism, the type of
diffusion process and the lattice geometry. The aim of the present work is to de-
rive a robust yet interpretable symbolic expression of these two quantities in
terms of descriptors, introduced in section 4.4.

4.4 Descriptors

Table 4.1 summarizes the selected descriptors used in the symbolic regression of
the diffusivity D and the activation energy E,, together with a brief description
of their physical meaning.

Table 4.1: Descriptors used in the symbolic regression of the diffusivity D and
the activation energy E;. N; is the number of atoms of species i, m is the mass, V
is the volume, R; is the atomic radius of atom 7 from the materials science Python
library pymatgen®3l, and X; is the electronegativity of atom i. Charge neutrality
was enforced by adjusting the number of anions based on the most typical oxi-
dation states of the cations and anions in glass systems: {Li+, B3 N°~, 0% ,F,
Na™, Mg?", A>T, Si*T, P°F, 827, C1~, K™, Ca®", Ge*", Br—, I }. dna(s) identifies
the position vector of Na atoms, which depends on the lattice structure s. The
polyhedral distortion Ay is defined in Equation 4.7 and V;, defined in Equa-

tion 4.8, identifies the Voronoi cell.

H Feature Symbol ‘ Formula H
Average Atomic Volume AAV N/V
Volume Per Anion VPA Nanion/V
Na Bond Ionicity NBI Yisna Ni (1 — e_O'ZS(Xi_XNa)2> /N
—0.25(X;—X;)2
Set-of-non-Na-atoms SBI Licjsijea Nil (176 ] )
Bond Ionicity Li<jsi,j#Na NiNj
Ratio of NBI and SBI RBI NBI/SBI
Packing Fraction PF Yi=1 %TER? /V
Density p m/V

Continued on next page

37



PAOLO DUGONI ET AL.

H Feature Symbol Formula H
Weighted Electronegativity WE Y. NiX;/N
B atomic fraction B% Ng/N
N atomic fraction N% NN/N
S atomic fraction S% Ng/N
O atomic fraction 0% No/N
F atomic fraction F% Ng/N
Na atomic fraction Na% Nna/N
Al atomic fraction Al% Nai/N
Si atomic fraction Si% Nsi/N
P atomic fraction P% Np/N
Cl atomic fraction Cl% N¢i/N
Ge atomic fraction Ge% Nge/N
Br atomic fraction Br% Ng:/N
I atomic fraction 1% Ni/N
Cubic Root of the Volume cub-root y1/3
Minimum Na-Na .
interatomic distance Na-Na min;j|dNa,; — dna,;
Maximum Na-Na
interatomic distance Na-Na-max maXicj|dna,; — dxa,j
Average Na-Na 2 Nna o '
interatomic distance Na-Na-avg o (g —T) i< |dNa,i — dna, |
Minimum Bottleneck min(Rpottleneck) | Ming [min;_os (|dna(s) — Ri| — Rna)]
Average Bottleneck <RBottleneck> <mini=O,S (|dNa (S) - Ri| - RNa)>S
Maximum Polyhedral
Distortio}lfn Bmax maxs <Ap°1y (s) >
Standard Deviation of the
Polyhedral Distortion Bstd std (Ap oly (S))
Average Polyhedral
Distortion Bavg (Bpoty ())s
Average Polyhedral
Distortion with Fixed
Structure except for Bavg fix (Bpaly(s))os
O & S atoms
Maximum Face Area between
two Voronoi Polyhedra famax max; [Area (V;N V)]
Average Face Area between
two Voronoi Polyhedra fhavg (Area (V;NV)))s
Minimum Face Area between .
two Voronoi Polyhedra ftmin min; [Area (Vi NV))]

Continued on next page
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Feature Symbol Formula
H | Sy H

Number of Faces between
two Voronoi Polyhedra facount #(ViNVj) > Rna
containing a Na Atom

Pockets per Sodium Ion pocketsy, #Pockets/ NNa
Pockets per Volume pocketsy, #Pockets/V
Paths per Sodium Ion pathsy, #Paths/ N,
Paths per Volume pathsy, #Paths/V

The choice of the descriptors and the corresponding dataset are partially based
on the work of R. Christensen & M. M. Smedskjaer!'l. Additional physical de-
scriptors are included, as they play a crucial role in the microscopic mechanisms
of ionic transport described in section 4.2. These newly-added descriptors in-
clude:

¢ Na-Na, i.e. the relative interatomic distance between Na atoms;

* bottleneck, i.e. the free distance available for a Na* ion to pass through the
narrowest part of a diffusion pathway formed by surrounding framework

atoms (typically O?~, S*7);

* pocket, free-volume region in the crystal structure where a Na* ion can
reside with relatively low energy, typically corresponding to a stable or
metastable Na site;

¢ polyhedral distortion, i.e. the degree to which the bond lengths and bond
angles of a coordination polyhedron differ from those of an ideal reference
polyhedron, measured as the weighted sum

wd Nkly\(I)?lds ’dk _ d0| w9 MNa ’ ’
Aoy = + Y 16; — 6ol 4.7)
poly j
Nlla\g;ds k=1 do Mna j=1

where dy and 6; are respectively the measured bond length and bond angle,
dy and 6, are respectively the ideal bond length and bond angle, N)\@ .
is the number of Na bonds and My, the number of Na bond angles, wy
and wy are weighting parameters. The ionic conductivity is expected to be
sensitive to symmetry breaking in the coordination environment, and thus

to the degree of polyhedral distortion quantified by Apoly;

¢ area of the shared face between two neighbouring Voronoi polyhedra cor-
responding to adjacent Na sites, representing the cross-sectional area avail-
able for Na* migration between those sites;
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* path, i.e. connected sequence of pockets linked by Voronoi faces and con-
strained by bottlenecks, forming a continuous route that allows Na* ions to
move through the crystal lattice.

Here a Voronoi polyhedron or cell is defined as the region of space closer to a
given seed point, than to any other, generalizing the Wigner-Seitz construction
to disordered structures. It is mathematically defined as:

Vi = {x € R | [jx— dna(5)l| < |Ix — dna,(s)[| Vj # i}, (4.8)

where x € R3is a generic point in 3D space and dy, ; identifies the position of
the i-th seed (Na) site.

The activation energy E,, introduced in section 4.3, was included among the
descriptors for the diffusivity, even though E, itself depends non-trivially on
some of the other descriptors in Table 4.1. This choice is motivated by the de-
sire to explicitly look for an Arrhenius-like structure, as in Equation 4.6, in the
learned model.
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Chapter 5

Numerical Experiments

In this section, we present the results of the current study. In section 5.1, we re-
port the symbolic expressions obtained using the SISSO code, along with a post-
hoc analysis of the results. In section 5.2, we compare these findings with those
obtained using PySR. Finally, in section 5.3, we interpret the derived expressions
in the context of the existing literature on the subject.

5.1 SISSO-obtained Models

While SR methods like SISSO and PySR can generate complex expressions, these
models often lack a mechanism for uncertainty quantification. The aim of the
current work is to devise a method for distilling robust yet interpretable sym-
bolic expressions by combining state-of-the-art SR software packages with Baye-
sian post-hoc methods, described in chapter 3.

The current method was tested on SISSO!'%11] and the resulting symbolic ex-
pressions were confronted with those obtained using PySR!8°l. Both are state-of-
the-art SR codes, introduced in chapter 2. The dataset used for training the mod-
els includes sodium diffusivities for solid-state electrolyte candidates, which are
crucial for understanding ionic conductivity in batteries, as described in chap-
ter 4. This dataset incorporates a variety of physical descriptors, summarized in
Table 4.1, and is based on the work of ref!!”], which focuses on material proper-
ties relevant to energy storage applications.

The fitting procedure was divided in two stages to guide the SR process to-
ward physically meaningful expressions. In the first stage, we fit the logarith-
mic diffusivity In(D) using all descriptors in Table 4.1 and the activation energy
E,, introduced in section 4.3. This stage encourages the model to recover an
Arrhenius-like dependence (see Equation 4.6), which is often observed in diffu-
sion processes. The term —E,;/ (kpT) explicitly accounts for temperature depen-
dence, while the remaining symbolic expressions help define the pre-exponential
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factor In(Dy). In the second stage, we perform symbolic regression for E, using
the same set of descriptors. Combining the results of these two stages allows us
to derive a robust symbolic expression for In(D) in terms of the descriptors.

A couple of preliminary steps were also taken. First of all, it was decided to
perform the fit on In(D) instead of D. This allows the expected result to be more
adherent to what SISSO naturally tends to produce, i.e. a linear composition
of non-linear terms, rather than forcing it to reconstruct a complex exponential
dependency. Then, all dimensional quantities in the dataset were standardized
using the zeta-score. This transformation rescales each feature so that its mean
is zero and its standard deviation is one and it is mathematically expressed as:

where f is a given dimensional feature, (f) is its average and o(f) its standard
deviation. Standardization removes units and scale dependencies, ensuring that
all features are treated on equal footing and preventing any individual feature
from disproportionately influencing the regression process, while retaining the
original distributions. Moreover, when performing Bayesian post-hoc analysis,
the Monte-Carlo sampling requires well-behaved input distributions to produce
reliable results and standardizing the features ensures that. The main drawback
is that standardized features generally lead to symbolic expressions which are
different to those obtained with dimensional features, at least in scale.

After obtaining symbolic expressions from SISSO, we apply Bayesian post-
hoc analysis to refine and validate these models. While SISSO provides a ranked
list of symbolic expressions based on their performance, it does not quantify
the uncertainty or robustness of the results. The Bayesian approach addresses
this by assigning a normal distribution to each model, with uninformative pri-
ors based on the SISSO-estimated constants. A likelihood function is centered
on the SISSO predictions, and we compute the posterior distribution using the
Sequential Monte-Carlo method (described in section 3.3). This allows us to esti-
mate not only the constants of the symbolic models but also their uncertainties,
providing a more reliable and interpretable final model.

At the end of the SR process, SISSO produces an user-defined number of
symbolic expressions, typically in the form of linear combinations of non-linear
functions of the descriptors, ranked from most to least descriptive and with an
estimate of the additive and multiplicative constants, without quantifying the
uncertainty or robustness of the results. The Bayesian approach addresses this
by assigning a normal distribution to each model, with uninformative priors
based on the SISSO-estimated constants and a likelihood function centered on
the SISSO predictions. An unnormalized posterior is thus computed by multi-
plying priors and likelihood and it is sampled using the PyMC 2l implementa-
tion of the Sequential Monte-Carlo method, described in section 3.3. This allows
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us to estimate not only the constants of the symbolic models but also their un-
certainties, providing a more reliable final model.

In addition to refining the constants, Bayesian model selection allows us to
evaluate the robustness of the SISSO ranking. By analyzing the posterior distri-
butions, we can assess which symbolic expressions are most likely to represent
the true underlying physical relationships. This provides a more rigorous frame-
work for model comparison.

Model Structure

By construction, SISSO tends to produce symbolic expressions in the form of lin-
ear combinations of non-linear terms, as described in section 2.2. SISSO has two
user-defined parameters that directly determine the structure of the resulting
expressions:

* rung, which controls the maximum height of the binary tree representation
of the produced symbolic expressions;

¢ descriptor dimension, abbreviated as desc_dim, which determines the max-
imum number of generated features linearly combined in the final expres-
sion and consequently the number of coefficients involved.

For example, setting rung = 2 restricts all generated expressions to trees of
height 2. Expressions with low rung correspond to shallow trees and are there-
fore generally simpler and more interpretable than those with higher rung. Sim-
ilarly, setting desc_dim = 3 and rung = n yields expressions that are linear
combinations of at most three generated features, each with a maximum rung of
n.

The best SISSO-derived models for different combinations of these parame-
ters are reported in Table 5.1 and Table 5.2. It can be observed that, when In(D) is
used as the target, the Root Mean Square Error (RMSE) generally decreases with
increasing values of desc_dim. This trend suggests that the logarithmic target
may be better approximated by linear combinations of multiple features. In con-
trast, when E, is used as the target, lower RMSE values are obtained for higher
values of rung. This indicates that more complex, non-linear feature construc-
tions may be required to accurately model this quantity.

Different combinations of rung and desc_dim lead to different symbolic ex-
pressions. This introduces a heuristic component in the selection of the these
parameters and thus in the final form of the symbolic expressions, as is com-
mon in many symbolic regression approaches. To promote interpretability and
reduce overfitting, only combinations of low values of rung and desc_dim were
considered.
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Model Equation Rung | Desc_dim | RMSE test
_|CO‘ - |a0| : [(OO/O : WE) - (faavg - ET)] 2 1 0.409
—’C(]| + |ﬂo‘ . [(Clo/o + Po/o) — (Alo/o — Bo/o)] +
2 2 0.292
— |ﬂl‘ . [(OO/O/PF) — (faavg — ET)]
—lco| — lao| - (Al% — B%) — |a1| - (O% — NBI)
1 3 0.291
+’112| ) (faavg - ET)
Equation 5.2 1 4 0.273

Table 5.1: Best SISSO-obtained symbolic expressions for different values of rung
and desc_dim using In(D) as target.

Model Equation Rung | Desc_dim | RMSE test
|co| — |ao| - [(WE/RBI) + (faavg + B%)] 2 1 0.701
Equation 5.3 2 2 0.634

o] + |ao| - (Ge% - S%)+
+ ‘tl1| ) <Aavg,ﬁx - SBI) - ’a2‘ : (Pathsv +facount)

‘CO, - ‘a0| ) (faavg ) AAV) + |a1| ) (Ge% : S%) +
+|az| - (Aavglﬁx — SBI) — |az| - (pocketsy, + facount)

1 3 0.661

1 4 0.645

Table 5.2: Best SISSO-obtained symbolic expressions for different values of rung
and desc_dim using E, as target.

Best Model

Among all candidate models obtained from different parameter combinations,
the best model was selected as the one yielding the lowest RMSE on the test set.

According to this criterion, the best SISSO-derived symbolic expression for
In (D) is:

co+ag- (P%-S%) + ay - (Al% — B%) + ap - (O% — NBI) + a3 - (faavg - kE_iF) ,
B

(5.2)
where the parameter values and their uncertainties are reported in Table 5.3, and
the descriptors are listed in Table 4.1. Notably, this expression is consistent with
the Arrhenius law (see Equation 4.6). The presence of the term E,/(kgT) indi-
cates that SISSO can recover a functional dependence consistent with Arrhenius-
type behaviour, lending physical interpretability to the model but only if kT is
explicitly included in the features.
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Parameter | Value with Uncertainty
co —12.43 +0.06
ag 53£0.3
ap —1.69 £0.07
ap —2.43£0.07
as 0.668 £ 0.004

Table 5.3: Values and uncertainties of the parameters of Equation 5.2 obtained
through a post-hoc analysis of the SISSO results using In(D) as target.

Repeating the same procedure using E, as the target yields:

co+ap- [(Ge% . So/o) + (PO/O/WE)] +

+ a1 - [(O% —NBI) - (faayg - NBI)|, ©3)

whose parameter values are reported in Table 5.4.

Parameter | Value with Uncertainty
Co —0.11 +£0.02
ay 9.4+0.6
a 46=+0.1

Table 5.4: Values and uncertainties of the parameters of Equation 5.3 obtained
through a post-hoc analysis of the SISSO results using E, as target.

The parity plots between the two target formulations are shown in Figure 5.1.
The model in Equation 5.2 provides a reasonably accurate fit to the sodium dif-
fusivity test data, whereas Equation 5.3 shows significantly poorer agreement
with the E, test values.

In the former case, the residual discrepancies can be attributed to the in-
herent trade-off in symbolic regression, where interpretability is often favoured
over predictive accuracy. Moreover, the underlying functional form is partially
known (Arrhenius behaviour shown in Equation 4.6), constraining the search
space and facilitating model discovery. The near-identical training and test met-
rics (R? & 0.98) indicate strong generalization and absence of overfitting.

In contrast, modelling E, is more challenging, as the functional relationship
between target and descriptors is completely unknown. The poor observed per-
formance may reflect missing relevant descriptors or limitations of the search al-
gorithm in capturing complex non-linear dependencies, thus producing models
lacking in complexity. Consequently, the derived expression can be interpreted
as an approximate, simplified representation of a potentially more complex un-
derlying relationship.
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RMSE test = 0.273
RMSE train = 0.265
|R? test = 0.980
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R? train = 0.981
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Figure 5.1: Parity plots of the best SISSO-obtained symbolic expressions having
In(D) as target (Equation 5.2) in (a) and E, as target (Equation 5.3) in (b).
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Tempering

After the SR procedure, SISSO produces a set of symbolic expressions, ranked
according to the Pearson correlation coefficient between predictions and ground
truth values. This ranking is subsequently validated by comparing the marginal
likelihoods of the derived models via the Bayes factors (defined in Equation 3.12),
providing a probabilistic measure of relative model evidence. The model with
the highest marginal likelihood is assigned the top rank, with the others ordered
accordingly. The marginal likelihood-based ranking broadly mirrors the original
SISSO ranking, with near-perfect agreement at the top and bottom positions and
some reshuffling in the middle.

A tempering procedure, as described in section 3.3, is then employed to test
the robustness of this ranking for different likelihood temperatures. This is
achieved by introducing a weighting factor, defined in Equation 3.7, into the like-
lihood. Lower values of B correspond to a flattened likelihood, whereas higher
values emphasize sharper distinctions between model predictions. Overall, the
results indicate that the relative ranking of the two target formulations remain
stable across the explored range of f. However, a notable difference emerges
between the two targets: for models with In(D) as the target, the marginal like-
lihoods spans several orders of magnitude, whereas for models with E; as the
target, the variation is considerably smaller. This suggests that, in the latter case,
the descriptive differences between models are limited, while in the former they
are more pronounced.
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Figure 5.2: Rank plots of the 10 best SISSO-obtained symbolic expressions for
different temperature parameter values B, using In(D) as target in (a) and E, as
target in in (b). The number in the marker identifies the position of the given
model in the original SISSO ranking, with the 0-th being the best model and the
9-th the worst.

Calibration

Two complementary calibration methods are employed to assess whether the
uncertainty of the model estimates reflect the true prediction error. The first
method is the ensemble calibration, which checks whether the ensemble vari-
ance correctly reflects the actual prediction error, i.e. the mean-squared-error
between predictions and ground truth values. The second is the Prediction In-
terval Coverage Probability (PICP) or within-x method, defined in Equation 3.20,
which checks whether prediction intervals have the correct coverage, by measur-
ing how often the true values fall within the predicted intervals. Both methods
are described in section 3.3.

Calibration results are shown in Figure 5.3 and Figure 5.4 for the models
trained on In(D) and E,, respectively. The density plots depict the relationship
between residual magnitude and the ensemble standard deviation s, i.e. the
square roots of Equation 3.14 and Equation 3.13, respectively).

Both plots exhibit a mild upward trend: as s increases, the residuals tend to
increase as well. This indicates that higher predicted uncertainty corresponds,
on average, to larger prediction errors. However, the correlation remains weak,
and the spread of residuals at fixed s is large (ranging from 10~ to 1) while the
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Figure 5.3: Calibration plots for the best model obtained with In(D) as target
(Equation 5.2). In (a) we have a density plot illustrating the relationship be-
tween the residual magnitude and the ensemble standard deviation s. Hexago-
nal bins are employed to provide a clear view of data concentration in regions
with many overlapping points. The dashed black line identifies the ideal be-
haviour |y — (y)n| = s, while the red lines mark 4+2s and +3s. In (b) the PICP
result is depicted, confronting the empirical coverage with the nominal predic-
tive interval.

predicted uncertainty spans a relatively narrow range. This compression limits
the discriminative power of the model, i.e. its ability to differentiate between
low- and high-error predictions.

The highest density region sits around the bisector line suggesting that, on
average, the residuals are consistent with the predicted uncertainty, confirming
Equation 3.17. At the same time, the presence of large residuals across all uncer-
tainty levels points to either a heavy-tailed error distribution or model misspec-
ification, indicating that extreme errors are not well captured. Finally, compared
to the In(D) model, the E; model exhibits a more diffuse distribution and weaker
alignment between uncertainty and error, consistent with its poorer calibration
behaviour.

The coverage plots compare nominal and empirical probabilities. For Equa-
tion 5.2, the empirical coverage closely matches the nominal predictive interval,
with only minor deviations, indicating good calibration. This confirms that, on
average, the predictive uncertainty provides an accurate quantification of the
expected error. In contrast, Equation 5.3 shows a tendency toward undercon-
fidence, as the empirical coverage systematically exceeds the nominal level for
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Figure 5.4: Calibration plots for the best model obtained with E, as target (Equa-
tion 5.3). In (a) we have a density plot illustrating the relationship between the
residual magnitude and the ensemble standard deviation s. Hexagonal bins
are employed to provide a clear view of data concentration in regions with
many overlapping points. The dashed black line identifies the ideal behaviour
ly — (y)~n| = s, while the red lines mark +2s and +3s. In (b) the PICP result is
depicted, confronting the empirical coverage with the nominal predictive inter-
val.

several predictive intervals, consistent with the parity plot in Figure 5.1.

Despite a good global calibration, both models exhibit limited local informa-
tiveness. As highlighted by the density plots, the substantial spread of errors
at fixed uncertainty levels indicates weak discriminative power. In other words,
while the models provide reliable uncertainty estimates on average, they are less
effective at identifying which individual predictions are likely to incur in large
errors.

5.2 Comparison with PySR

The symbolic expressions obtained using SISSO were compared with those pro-
duced by a different state-of-the-art practical SR code: PySRI[®?], described in
section 2.3. A direct comparison between the two results is challenging because
SISSO and PySR handle model complexity differently. In SISSO, the complexity
of the generated expressions can be directly controlled through feature selection,
while PySR strikes a balance between complexity and goodness of fit, without
any explicit user-control on the complexity.
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Figure 5.5: Parity plots of the best PySR-obtained symbolic expressions having
In(D) as target (Equation 5.4) in (a) and E, as target (Equation 5.5) in (b).

To facilitate comparison, we aimed to derive the best possible PySR expres-
sions with a similar number of features as those Equation 5.2 and Equation 5.3.
With this ad-hoc definition of complexity, the best PySR-derived model having
In(D) as target is

Al%
NBI

+B% +Cl% —24.711-E, — 1.789 - O% +
+1.203 - faavg — 14.992,

(5.4)

where the non-standardized descriptors are defined in Table 4.1. The derived
model respects the Arrhenius law (Equation 4.6), and by explicitly substituting
kp and T, the multiplicative coefficient of the exponent is ~ 0.639, comparable to
the corresponding parameter (a3) obtained with SISSO (Table 5.3).

A key advantage of PySR is its ability to determine multiplicative constants.
Although the PySR expression has a higher RMSE than the SISSO model in Equa-
tion 5.2, it accurately approximates the thermal energy term kg T without explic-
itly including it as a feature. This behaviour suggests that PySR can implicitly
recover physically meaningful relationships, even when they are not explicitly
encoded in the descriptor set. In applications where interpretability and physi-
cal consistency are prioritised, such behaviour may justify a moderate reduction
in predictive accuracy.

PySR can also generate more flexible expressions, which is useful for mod-
elling complex or non-linear relationships, such as those involving E,. The best
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PySR-derived model for a standardized E, is
VPA  F% + Ge% — SBI + Aayg

_ 5.5
f Aavg + REBI + PE (5.5)
It can also be interesting to look at the result for a non-standardized E,,
—0.204 - SBI — 0.00530 - facount + 0.508, (5.6)

—B% + Aavg + 1.14

the involved descriptors are defined in Table 4.1. The parity plot of Equation 5.4
and Equation 5.5 are shown in Figure 5.5. Consistent with the SISSO results, the
In(D) model in Equation 5.4 provides a satisfactory description of the test data
(R? ~ 0.972), reflecting the known functional dependence of In(D) on tempera-
ture, without overfitting. In contrast, the model in Equation 5.5 underfits the E,
test values, suggesting that the available descriptors or functional forms may be
insufficient to capture the underlying behaviour of the activation energy.

However, a limitation of PySR is that it produces only a single model, whereas
SISSO generates a ranking of models. Therefore, PySR does not enable a direct
Bayesian uncertainty quantification as SISSO does.

5.3 Physical Insights

Both SISSO and PySR are able to derive models that capture physically mean-
ingful relationships in the system. As previously noted, both Equation 5.2 and
Equation 5.4 exhibit Arrhenius-like behaviours, as expected for this kind of sys-
tems. The multiplicative factor of 1 is systematically underestimated (~ 0.65),
which may be attributed to uncertainty in the determination of E, in the origi-
nal dataset. The models correctly capture a positive dependence of In(D) on the
Voronoi face areas and on the S atomic fraction, as well as a negative dependence
on the O fraction. This trend can be rationalized by the higher electronegativity
and, consequently, denser packing of O relative to S, which hinders ionic trans-
port by creating a tighter bottleneck.

The presence of atomic species other than O and S appears to be less sig-
nificant in itself and can instead be interpreted as a broader dependence on
classes of materials. Exchanging elements within the group of network form-
ers/intermediates {B, Al, P, Si, Ge}, or within the set of anions {O, S, N, F, Cl, Br,
I}, results only in marginal variations in model performance (with the partial
exception of O, which leads to slightly poorer results). The selection of specific
elements is therefore likely attributable to local minima in the search space ex-
plored by the algorithm rather than to a fundamental physical distinction.

The symbolic expressions obtained for E; are more complex and not straight-
forward to compare directly, due to the distinct approaches of SISSO and PySR
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and the lack of an established functional form. Nevertheless, some general trends
can be observed across both Equation 5.3 and Equation 5.5. In particular, a more
connected glass network, with higher O content and stronger formers such as
Ge and P, generally increases E,, as ions encounter higher barriers to hopping.
Conversely, features that promote percolation pathways, such as larger Voronoi
face areas, can significantly reduce E, by facilitating ion transport. Thus, E;, re-
flects a balance between global network rigidity, which hinders ion motion, and
local structural features that facilitate it.
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Chapter 6
Conclusions

In conclusion, this work demonstrates that combining symbolic regression with

Bayesian post-hoc analysis can yield physically interpretable results. SISSO is

able to recover expressions that are not only accurate but also consistent with

known Arrhenius behaviour and the inclusion of Bayesian inference significantly
enhances this approach by quantifying parameter uncertainties, validating model
rankings, and offering a probabilistic basis for model comparison, features that

are inherently absent in standard symbolic regression outputs.

The results highlight a clear distinction between modelling the logarithmic
diffusivity In(D) and the activation energy E,. In the former case, the presence
of an underlying physical law for the target guides the regression process and
effectively constrains the search space, leading to well-performing models with
strong generalization, good calibration, and meaningful uncertainty estimates.
In contrast, the lack of an established functional form for E, makes its predic-
tion substantially more challenging, resulting in simpler models with reduced
predictive power and weaker calibration. This suggests that the success of sym-
bolic regression is strongly influenced by the degree of prior physical knowledge
embedded in the problem.

At the same time, the inherently heuristic nature of symbolic regression in
general must be acknowledged. The construction of the feature space, based
on user-defined mathematical operations, and the dependence on user-defined
hyperparameters such as rung and descriptor dimension, introduce a non neg-
ligible bias in the resulting symbolic expressions, hindering their reliability. In
practice, this means that the space of candidate models is strongly shaped by
prior design choices, which may favour certain functional forms over others. As
a consequence, different but equally plausible configurations can lead to struc-
turally different models with comparable predictive performance, limiting the
uniqueness and reproducibility of the discovered expressions. This issue is fur-
ther amplified by the trade-off between interpretability and predictive power:
restricting the search to low-complexity models improves transparency but may

53



PAOLO DUGONI ET AL.

exclude more accurate representations of the underlying physics.

Furthermore, the Bayesian post-hoc analysis itself is not immune to model
misspecification, which must be carefully considered when interpreting uncer-
tainty estimates and model evidence. As a result, the inferred uncertainties pri-
marily reflect parameter uncertainty within a fixed model structure, rather than
the full epistemic uncertainty associated with model inadequacy and lack of de-
scriptors.

The comparison with PySR further reinforces these observations. While SISSO
is limited by its inability to directly determine hidden composite constants (like
kgT) unless explicitly encoded in the feature space, and by its restriction to lin-
ear combinations of non-linear terms, PySR demonstrates a remarkable ability
to implicitly recover physically meaningful relationships and to generate more
flexible symbolic expressions. However, this flexibility comes at the cost of re-
duced complexity control and, crucially, the absence of a model ensemble, which
prevents a straightforward application of Bayesian uncertainty quantification.

Overall, the proposed methodology addresses a key limitation of symbolic
regression by bridging the gap between symbolic model discovery and uncer-
tainty quantification. Although challenges remain — particularly in capturing
complex, poorly understood relationships, improving the local informativeness
of uncertainty estimates, and more broadly assessing the reliability of the de-
rived symbolic expressions — the approach represents a significant step toward
more reliable interpretable and physically grounded data-driven modelling in
materials science.
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Data Availability

The data supporting the findings of this study are openly available on GitHub
athttps://github.com/PDugoni/Symbolic-regression.git.
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