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Abstract

One of the probes used to constrain Dark Matter (DM) is the Cosmic Microwave Background
(CMB) bound, deriving from the small modifications on the CMB spectrum due to the interac-

tions between photons and the free particles produced by DM annihilation.

After a general introduction to Dark Matter physics and the CMB, in this thesis we will analyze
different scalar and fermionic operators entering the interactions between Dark Matter and
Standard Model particles to determine whether the thermally-averaged cross-section (ov) is s-
or p-wave. In particular, we will try to bypass the computation of the total amplitude of the
process, focusing directly on the structure of the DM fermionic bilinear in the non-relativistic
limit.

This study is aimed at determining which DM candidates evade the CMB bound by construction.
Indeed, unlike s-wave annihilation processes, where (ov) is velocity-independent and can be
probed by the CMB bound, p-wave annihilation processes evade it since, in that case, (ov) is

proportional to v?, so it is strongly suppressed by the time of recombination.






Sommario

Una delle sonde usate per vincolare la Materia Oscura (DM) ¢ il limite della Radiazione Cosmica
di Fondo (CMB), che deriva dalle piccole modifiche allo spettro del CMB dovute alle interazioni

tra i fotoni e le particelle libere prodotte dall’annichilazione di DM.

Dopo un’introduzione generale sulla fisica della Materia Oscura e sul CMB, in questa tesi
analizzeremo diversi operatori scalari e fermionici che compaiono nelle interazioni tra particelle
di Materia Oscura e del Modello Standard, per determinare se la sezione d'urto mediata termica-
mente (ov) € in onda s o in onda p. In particolare, cercheremo di evitare di calcolare 'ampiezza
totale del processo, concentrandoci direttamente sulla struttura del bilineare fermionico di DM

nel limite non relativistico.

Questo studio ha lo scopo di determinare quali candidati di DM evadono il vincolo del CMB
per costruzione. Infatti, a differenza dei processi di annichilazione in onda s, in cui (ov) &
indipendente dalla velocita e puo essere sondata dal limite del CMB, i processi di annichilazione
in onda p lo evadono dal momento che, in tal caso, (ov) & proporzionale a v?, per cui & fortemente

soppressa all’epoca della ricombinazione.
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Introduction

What is the universe made of? Although the Standard Model (SM), which describes ordinary
matter, is considered the most precise theory in physics, it does not account for a fundamental
component of unknown nature: Dark Matter (DM), which constitutes about 85% of the matter
content of the universe. Over the course of Chapter 1, after presenting the cosmological and
the astrophysical evidences for its existence, we analyze the properties of Dark Matter, among
which the fact that it is non-relativistic, stable, insensitive to electromagnetism and feebly
interacting apart from gravity. Since no SM particle satisfies all of these requirements, we discuss
the production mechanisms that could generate new particles in the early universe. Among
them, freeze-out gives rise to thermal candidates, such as Weakly Interacting Massive Particles
(WIMPs), while freeze-in and misalignment both produce non-thermal Dark Matter. We then
turn to the strategies used to detect Dark Matter, focusing on WIMPs. In particular, we present
three complementary experimental techniques: direct detection, indirect detection and collider
searches, which all place bounds on DM-SM interactions, obtained under different assumptions

on the velocity regime and the environment in which the interaction is probed.

In Chapter 2, after introducing the Cosmic Microwave Background (CMB) as a map of photons
with slightly different temperatures, emitted around 380,000 years after the Big Bang, we turn
to recombination and last-scattering. These are two phenomena that occurred in the early
universe, which correspond to the formation of the first hydrogen atoms and to the moment
when photons decoupled from any charged particle, respectively. Furthermore, since the universe
is not neutral today, another phenomenon, known as reionization, must have taken place after
recombination. This phenomenon has astrophysical origins, but DM annihilation can still give
a small contribution to the fraction of free electrons after recombination, leaving an imprint
on the CMB spectrum, which allows us to place the so-called CMB bounds. In particular,
these bounds apply provided that DM annihilation occurs in s-wave, which means that the
thermally-averaged cross-section (ov) is constant and does not depend on the relative velocity v
of the incoming DM particles. On the other hand, if DM annihilation proceeds through p-wave,
(ow) is proportional to v?, so it is strongly suppressed by the time of recombination, implying

that the corresponding processes evade the CMB bound.
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Finally, in Chapter 3, we analyze different scalar and fermionic operators entering DM annihila-
tion into SM particles to determine whether the resulting annihilation is s-wave or p-wave and,
therefore, whether the corresponding DM candidates evade the CMB bound by construction.
This can be determined either by computing the total amplitude of the process, since (ov)
depends on it, or, in the fermionic case, by studying the structure of the DM fermionic bilinear
in the non-relativistic limit, which, up to the effects of the mediator, carries the whole velocity
dependence of the amplitude. To complete our analysis, we then consider the case in which
Dark Matter is described by Majorana fermions, in order to determine which of these structures
survive. We also study the role of the mediator and consider the ¢-channel annihilation of DM
into a pair of mediators to determine whether it is possible to separate the s-wave contributions
from the p-wave ones. The detailed derivations of the results used in this chapter are reported

in the Appendix.



1. Introduction to Dark Matter

1.1 Evidences for Dark Matter existence

1.1.1 Cosmological evidences

To date, the Standard Model is the most precisely tested theory in physics. Nevertheless, it
only accounts for a small fraction of the matter content in the universe. Indeed, the Friedmann
equations, which govern the dynamics of spacetime on cosmological scales, require that today’s

matter abundance €,,,, defined as

_ Pm
Qg = pco , (1.1)

where p,,(t) is the matter energy density and
3H?
Pec =
8

(1.2)

is the so-called critical density, is approximately €,,, ~ 0.3.

On the other hand, independent probes of baryonic matter, such as X-ray emission from hot gas
in galaxies, light absorption from quasars, the CMB spectrum and Big Bang Nucleosynthesis,
consistently yield a baryonic (or normal) matter abundance of k% ~ 0.02, where h ~ 0.7 is
a parameter that contains all the errors. As a consequence, since {2, >~ 0.04 once we divide
Q. h? by h?, baryonic matter can only account for about 15% of €,,,. Thus, the remaining 85%
cannot be attributed to normal matter, indicating the existence of an additional non-baryonic

component, that is Dark Matter.

There is also another cosmological evidence for Dark Matter existence, that is based on the study
of the evolution of inhomogeneities in time. Inhomogeneities have been playing an important
role in the history of the universe as their self-gravitation is the cause of the formation of

galaxies.

With that said, an important quantity that we need to compute when talking about inho-

mogeneities is the so-called comoving horizon 7, which corresponds to the comoving distance
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travelled by photons from very early times and is essential for determining the exchange of

information between an inhomogeneity and the outside world.

Considering the one-dominant fluid approximation, today’s comoving horizon is

tdt’ too dz 1
UOZ/[)(M:/Z m“aﬁ’ (1.3)
where aH corresponds to the comoving size of the visible universe. In particular, in order for
a perturbation to be able to exchange information with the environment, we need to require
that its typical comoving size A is smaller than 1/(aH) ()\ < 1/(aH)), which means that the

perturbation is completely inside the horizon.

At this point, by defining the density contrast §(¢,x) as

t — p(t
5(t,x) = M ’ (1.4)
p(t)
it is possible to consider a Newtonian treatment to determine the approximate equation of

motion for that quantity, which turns out to be

a 1. 2 . 4G 4G
L B P P S 1.
. 303 3 P 3 0P (1.5)

Now, since in the early universe perturbations were very small (|6| < 1), we can solve Equation

(1.5) perturbatively, obtaining that, at first order,
0+ 2H6 = 4nGpo . (1.6)

At this point, by studying the previous equation under different fluid dominations, it results

that
log(t) during Radiation Domination
d(t) oc  ¢2/3 during Matter Domination (1.7)
constant during A Domination .

In particular, these solutions only apply to a pressureless fluid, which means that they cannot
describe the evolution of baryons and photons since they were tightly coupled before recombina-
tion and oscillate after crossing the horizon. Indeed, as shown in Figure 1.1, the solid black and
grey lines, representing the baryonic (d;) and photonic (d.,) density contrasts for a representative
Fourier mode, do not have a monotonic behaviour as predicted by Equation (1.7). As we will see
more precisely in Section 1.2, Dark Matter is almost pressureless, so we expect the computation
for 6(t), characterized by a logarithmic behaviour during Radiation Domination, followed by a

power-law growth once Matter Domination begins, to describe dpyy.

4
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Figure 1.1: Evolution of the density contrasts of Dark Matter (black dashed line), baryons
(black solid line), and photons (grey solid line) for k& = 0.25 h Mpc~!. Figure taken from [1].

With that said, there is also another important clue suggesting that the pressureless fluid is
Dark Matter: indeed, if baryons were the only source of matter, their perturbations could only

start growing after last-scattering. As a result, today’s baryonic density contrast d, ¢ would be

Spo = 2 6,15 <01, (1.8)
ars

meaning that inhomogeneities would be too small, so there would not be structures like galaxies
in the universe. On the other hand, by adding a Dark Matter component, it correctly results
that d,0 > 1, which is consistent with structure formation. In particular, after decoupling, the
baryons lose the pressure support of the photons and fall into the gravitational potential wells

created by Dark Matter, as can be seen by inspecting the solid black line in Figure 1.1.

1.1.2 Astrophysical evidences

Besides cosmological evidences for Dark Matter existence, there are also some astrophysical

ones.

First, we should mention the study of the Coma Cluster, performed in 1933 by Zwicky and

based on the comparison between its luminous My, mass and its gravitational Mgg mass.
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Figure 1.2: Scheme representing the weak gravitational lensing effect: light from a distant
background galaxy (source) is deflected as it passes near a cluster of galaxies (lens) and then
reaches the Earth. Figure taken from [2].

In particular, since Coma contains about 103 galaxies and since each galaxy has luminosity
L ~ 85-10" Ly in units of the Sun’s luminosity, it turns out that its luminous mass is

Mpya ~ 8.5 - 101 M.

As for its gravitational mass estimate, we can approximate Coma as a uniform sphere because
stationary clusters (clusters that are neither losing nor gaining stars) can be considered as
spherical objects that oscillate around some equilibrium configuration to a first approximation.
Considering the potential energy of a uniform sphere and using the virial theorem, it results
that

5 (v?)

Mar = zRror—~ 1.9
GR = gToT=~" (1.9)

where the total radius of the cluster Rror and the velocity dispersion of galaxies (v?) are

both quantities that can be estimated from observations. As a consequence, it results that

Mgr > 4.5 - 101 M,

By comparing the two values for the masses, we observe that Mggr > Mpyy. In particular,
more precise estimates tell us that Mgg is approximately eight times larger than M. This
result therefore tells us that there is some source of matter, that does not emit light, suggesting,

once again, the existence of Dark Matter.
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Figure 1.3: Predicted rotation curve (dashed line) and observed rotation curve (solid line) of
spiral galaxies. Figure taken from [2].

Another approach that has provided some of the strongest evidence for Dark Matter existence
is the weak gravitational lensing effect, a prediction of Einstein’s theory of general relativity.
That effect is related to the deflection of light rays from a distant source when they pass near a

massive object that acts as a lens, as shown in Figure 1.2.

Once again, by comparing the values of Mgr with those of My, obtained from this effect for

different galaxies, we get that Mpyy ~ Mgr/10.

The measurement of the rotation velocities of stars in spiral galaxies, which was first performed

by Rubin and Ford in 1970, provides a further probe for Dark Matter existence.

By approximating spiral galaxies as spheres, applying Gauss’s theorem and assuming that
rotation is completely sustained by gravity, the two physicists expected the rotation velocity

v(r) to be proportional to
r ifr <R
v(r) o (1.10)
r12 ifr >R,

where R is the radius of the galaxy.
However, surprisingly, they observed a flat rotation curve for r > R.

The mismatch between the two curves, reported in Figure 1.3, can be explained by the fact that
the mass of spiral galaxies is not only due to stars, but also due to Dark Matter. Thus, not only

clusters but also galaxies are objects completely surrounded by Dark Matter.
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Figure 1.4: The Bullet Cluster. The baryonic gas is coloured in pink, while DM distribution is
coloured in blue. Figure taken from [3].

Finally, we can talk about the Bullet Cluster, an object composed of a pair of colliding sub-

clusters.

Studying where the gravitational potential was generated, physicists were able to observe a
physical separation between Mgr and My, meaning that whatever generates gravity can be
in a different geometrical spot from whatever emits light. In particular, baryonic matter in the
form of hot gas, traced by its X-ray emission, is located in the central region of the cluster,
while DM halos, measured by gravitational lensing, are displaced from the center, as shown in

Figure 1.4.

We can interpret these observations as follows: in the past the system was composed of two
independent galaxy clusters, each with its own DM and baryonic contents, moving towards
one another. Then, during the collision, the baryonic matter from the two clusters interacted
electromagnetically, experiencing a ‘drag force’, that confined it to the central region. In contrast,
the two DM halos, insensitive to electromagnetic interactions, did not experience this drag force

and ended up on opposite sides of the system.
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1.2 Properties of Dark Matter

Having established that Dark Matter must exist, we will now list its properties, that follow

directly from observations, together with some theoretical constraints.

Dark Matter is cold: In order for the smallest structures to form, around 7" ~ keV, we must
require that wpy, >~ 0, where w; is the so-called equation-of-state parameter for the species

i and is defined as

w =2 (1.11)

Pi
This means that Dark Matter is cold, therefore non-relativistic, just like baryonic matter.

In order to understand why we require this property, let us first recall that a density
perturbation of typical size A can only grow gravitationally if the particles within it cannot
escape the potential well before gravity pulls them back together. With that said, if Dark
Matter were relativistic, therefore having an equation-of-state parameter w ~ 1/3, its
particles would move fast enough to escape small- and intermediate-scale perturbations
almost freely, erasing them before they had time to collapse. As a consequence, in that
case only the largest-scale perturbations would survive. On the other hand, if Dark Matter

is non-relativistic, particles can grow at all scales, including the small ones.

In addition, as already discussed in Subsection 1.1.1, Dark Matter is pressureless. This

follows directly from the requirement that wpy, ~ 0, which implies that ppys >~ 0 as well.

Dark Matter is insensitive to electromagnetism: To enable structure growth, the DM fluid
must not be strongly coupled (it must not have strong and frequent interactions) with the

photon fluid.

Recent studies, such as [4], have shown that DM particles may have a small charge (which
is why we talk about millicharged DM candidates). As displayed in Figure 1.5, there are
two allowed regions in the (¢, M) graph that escape all existing bounds. In particular,
the blue region corresponds to very massive particles (M 2> 10'%¢eV) with tiny charge
(¢ £ 107%¢), that have never been thermally produced in the early universe; the green
region, instead, corresponds to lighter particles (10%eV < M < 10'%¢eV) with larger charge
(103e < qg<107te).
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Figure 1.5: Constraints on the mass M and electric charge q of a millicharged Dark Matter
candidate. Blue and green regions denote the surviving, unexcluded parameter space. Figure
adapted from [4].

Dark Matter is stable: Since Dark Matter is observable, it must be present at the astrophysical
level today. Nevertheless, it can still decay, but its average lifetime 7p,; must be larger

than the age of the universe t,,, ~ 13.8 Gyr.

To be more quantitative, as reported in [5], if we denote by I'py; the DM decay width and
by fapar the fraction of decaying Dark Matter, it results that
0.086

t’LLTL

deMFDM <6.3- 1073 Gyr_l S (112)

Thus, if we assume that f;py = 1, meaning that all of the Dark Matter decays, then it

results that 7pyr 2 10t,,.

Dark Matter is feebly interacting: As discussed in Section 1.1, Dark Matter is certainly sub-
ject to gravity. However, it is more difficult to determine whether it is also subject to SM
interactions: we have already stated that the DM electric charge can be tiny, yet non-
zero, implying an electromagnetic coupling. However, that coupling would be extremely

suppressed.

10



1.3 Dark Matter candidates

As discussed in [6], Dark Matter may have a colour charge. In particular, in order to be
compatible with data, Dark Matter must have a mass M 2 12TeV, which is only possible

if it transforms as an octet of SU(3)..

As for Dark Matter self-interactions, observations of the Bullet Cluster have set an upper

bound on the DM-DM scattering cross-section: opy_pay/M < 1em?/g.

Dark Matter is classical today: DM quantum effects cannot interfere with the astronomical
observations of the smallest structures, such as dwarf galaxies. This property sets two

different lower-mass bounds on DM particles, according to their nature:

o if DM is composed of bosonic particles, its de Broglie wavelength A\;p must be smaller

than the size of dwarf galaxies Dy, ~ kpc. As a consequence, since

h
— 1.1
)\dB Mo ) ( 3)

taking v ~ 103km/s, it results that M > 10723 eV;

o if DM is made up of fermionic particles, due to the Pauli exclusion principle, its mass

must satisfy M 2 (10-100) eV. This is known as the Tremaine-Gunn bound.

Galaxy clusters are stable: Dark Matter must be sufficiently small for its gravitational poten-
tial not to destroy clusters. This requirement sets an upper bound on the DM mass to

M < 10° M, ~ 10% 6V,

Correct cosmological abundance: From the statistical properties of the CMB, the DM abun-
dance is Qpyh? = 0.120 £ 0.001.

1.3 Dark Matter candidates

Before introducing new candidates, let us try to determine whether any of the known SM
particles satisfy the properties listed in Section 1.2. We will just restrict ourselves to the neutral
particles of the Standard Model because, although Dark Matter does not necessarily need to
have zero electric charge, there are no particles in the Standard Model with charge values as
small as those allowed in Figure 1.5. In any case, none of the neutral SM particles turn out to

be suitable DM candidates. Indeed:

o photons and gluons are massless, meaning that they are a source of radiation and cannot

11
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therefore be non-relativistic;

7 bosons and Higgs bosons are unstable and have very short average lifetimes (7 < 1s);

« neutrinos are neutral, stable and massive, but their mass m, < 0.1eV is too small to

satisfy the Tremaine-Gunn bound and implies that at 7" ~ keV they are still relativistic.

As a result, Dark Matter must come from outside the Standard Model, so we now turn to

different mechanisms for its production.

1.3.1 Thermal candidates: the freeze-out mechanism

In analogy with the Standard Model, a natural way to produce the observed DM abundance

is to assume that Dark Matter was once in thermal equilibrium with the primordial plasma

and that this abundance was fixed when that equilibrium was lost during the expansion of the

universe. This thermal production mechanism is known as freeze-out.

Let us consider 2-to-2 interactions with DM particles x and y in the initial state and SM

particles SM and SM in the final state:
XX — SMSM

and write down the Boltzmann equations:
x % = ;Y5

%_L €q _ YXYX
T = wYy (1

in terms of the new variable

that we use instead of time, the interaction rate
I'=n% <a (X)Z — SMST\/I>>

X

and the yield

that corresponds to the ratio between the number and the entropy densities.

At this point, by assuming that there is no asymmetry, therefore requiring that

YX — Y)z

12

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)
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25

log1oX

Figure 1.6: Qualitative solutions of the Riccati equation describing the yield Y (z) during
freeze-out for three different values of the interaction rate I' (coloured lines). The grey dashed
line represents the equilibrium yield Ye,. Figure taken from [7].

and by defining
Y=Y, + Y, (1.20)

the Equations (1.15) reduce to the so-called Riccati equation:

ay T Y?
I 76 I 1.21
() 2

which has no analytic solutions and whose qualitative behaviour is illustrated in Figure 1.6.

An approximate solution can be obtained by requiring that Dark Matter is cold and by solving
the Riccati equation before decoupling, after decoupling and exactly at decoupling (or freeze-out),
that is defined by the condition I'(z) = H(z). As a result, the residual DM abundance today is
inversely proportional to the thermally-averaged annihilation cross-section, as expressed by

10727 cm? /s

QDMh2 ~
{ov)Fo

(1.22)

At this point, since we know that Qpyh? ~ 0.12, we can invert Equation (1.22) and obtain that
2.7-107°

(ov)po ~3-10"2° cm?®/s ~ GV

(1.23)

in natural units.

To interpret this result for (ov)ro, let us consider the interaction y Y — SM SM, which can

be represented by the Feynman diagram in Figure 1.7.

13
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X SM

Figure 1.7: Feynman diagram for the annihilation process xx — SM SM, mediated by a generic
particle V' (drawn as a vector for illustration only).

By assuming that g, ~ gsy = g and that M, ~ My = M, where g, and gsas are the coupling
constants of the yxV and SMSMV vertices, while M, and My are the masses of the DM particle
and the mediator, we find that

A
M?2

1079 (107h*
GeV?  (102GeV)®

~ ~

(1.24)

(omad

9
M2
A particular combination of values of g and M that is consistent with Equation (1.24) is

g~ 0.1
(1.25)
M ~ 100 GeV .
Since these are the typical values for g and M that characterize the electroweak interaction
SU(2), x U(1)y, a DM candidate with these properties is generally referred to as a WIMP, a

‘Weakly Interacting Massive Particle’. The fact that electroweak-scale parameters reproduce the

observed DM abundance is known as the WIMP miracle.

In fact, the WIMP miracle is better described as a coincidence since there is a continuum of
values in the (M, g) parameter space that reproduces the same DM abundance, as shown in

Figure 1.8.

1.3.2 Non-thermal candidates: freeze-in and misalignment

Unlike the freeze-out mechanism, that relies on the assumption that Dark Matter was, at some
point, in thermal equilibrium with the primordial plasma, there are also other mechanisms,
among which freeze-in and misalignment, that do not require a thermal bath, making them

non-thermal production mechanisms.

14



1.3 Dark Matter candidates

100§
SN i
10_1§
10_2§
R \\\HH\ \\\HH\ \\\HH\ \\\\Hﬂ
10° 10! 102 102 10%
M [GeV]

Figure 1.8: Combinations of coupling constant g and mass M reproducing Qparh?, following
g*/M? ~ const. The point labeled EW corresponds to g ~ 0.1 and M ~ 100 GeV.

Let us start by discussing freeze-in, which is illustrated in Figure 1.9. In the freeze-in scenario,
the yield starts at a very low value in the early universe, where Y < Y, since thermal equilibrium
is never reached, and then increases until it finally reaches a saturation value Y,,. Its behaviour
is therefore completely different from the one described by freeze-out (see Figure 1.6): indeed, in
that case Y ~ Y., up to decoupling. Thus, although the DM abundance was completely different
in the early universe according to the two mechanisms, they both agree with the observed value

today.

With that said, since in the freeze-in scenario Dark Matter is never able to reach the equilibrium
value (Y < Y,,) when x is small, we assume that the coupling constant A between DM and
SM particles is very small (A < 1). As a consequence, the DM candidates produced by this

mechanism are called FIMPs (‘Feebly Interacting Massive Particles’).
There are two types of freeze-in scenarios:
 IR-dominated freeze-in, which has (ov) ~ \1/T? [8];

o UV-dominated freeze-in, which has (ov) ~ AT?/m{, for dimension-6 operators, where

my is the mass of the mediator [9].

In any case, by solving the Riccati equation for both types of FIMPs, we obtain that
AL gro ~ 0.1, (1.26)

therefore confirming that these DM candidates have really feeble interactions with SM particles.

15
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Figure 1.9: Qualitative behaviour of the yield Y (z) during freeze-in for three different values of
the interaction rate I' (coloured lines). The grey dashed line represents the equilibrium yield Y,.
Figure taken from [7].

Another non-thermal production mechanism is the so-called misalignment, that relies on very

light scalar fields. Such fields, to a good approximation, behave as classical fields, meaning that

they act on states with a very large occupation number from the point of view of Quantum
Field Theory.

Following [10], in the early universe the scalar field ® was displaced from the minimum of its

potential V(®), where it remained throughout the early-time regime, defined by the condition

H > M, where M is the mass of the DM candidate. Later, in the late-time regime, determined by

the condition H < M, the field reaches the equilibrium configuration, where V(®) ~ M?®?/2,

and starts to oscillate around the minimum of the potential as a harmonic oscillator. By

introducing the auxiliary field y as

X(@) = a*2(H)®(x) ,

the equation of the harmonic oscillator is

whose solution is

Y+ My ~0,

X(t) >~ xo cos(Mt + @) .
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As a result, it turns out that

O(t) ~ a3;(20(t) cos(Mt + ) . (1.30)

At this point, by computing the average energy density pg over one period of oscillation, we

3

obtain that (ps) ~ a*, exactly like baryonic matter, meaning that very light scalar fields

behave as non-relativistic particles.

Having discussed several mechanisms to produce the observed DM abundance, we now turn to

how such particles can be experimentally detected.

1.4 Dark Matter detection

We now introduce the experimental techniques used to detect Dark Matter. Since these
techniques rely on a non-negligible coupling between DM and SM particles, we focus specifically
on WIMP detection. Indeed, both FIMPs and particles produced by misalignment require

completely different detection strategies.

Focusing on 2-to-2 processes involving DM and SM particles, we can identify three complementary

techniques, depending on the direction in which the interaction y Y «— SM SM is read:

« Direct Detection (DD), based on xSM — xSM interactions, that can occur on Earth and
that give us information on DM particles by measuring the recoil energy of the final-state

SM particle;

o Indirect Detection (ID), built on xy — SM SM interactions, that are frequent in the
regions of the universe where there is a large concentration of Dark Matter, such as in
the center of the Milky Way or in dwarf galaxies. The SM particles produced are then
detected on Earth, where we expect to observe a number of events per year of the order of
102

o Collider searches, based on SM SM — Y interactions. In this case, since x’s have no
charge (or their charge is very small) and interact very weakly with baryonic matter, mean-
ing that they are almost invisible to detectors, we actually need to look for processes with
one additional SM particle in the final state: SM SM — x ¥ SM. As a result, information

on DM particles will be obtained considering energy and momentum conservation.

Each of these strategies determines bounds on DM-SM interactions, which are obtained under
different assumptions on the velocity regime and the environment in which the interaction is

probed.
17
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Figure 1.10: Upper limits on (ov) as a function of the DM mass for the annihilation channels
bb (left) and 7+ 7~ (right). The black solid line represents the observed combined limit, while
combined upper limits for each individual detector are indicated as solid coloured lines. Figure
adapted from [11].
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Figure 1.11: Planck 2018 constraints on the DM mass and (ov). Solid coloured lines show
joint CMB constraints on several annihilation channels. Figure taken from [12].

As for Indirect Detection, the (ov) bounds, which differ according to the final-state particles,

are illustrated in Figure 1.10.

There is also another bound for ID, known as the CMB bound, that will be discussed in detail
in Chapter 2 and that is displayed in Figure 1.11.

With that said, these two bounds are related to the same quantity but have clearly different
shapes. This is because the first one measures (ov) today (z = 0), while the second one is
related to (ov) measured from recombination (z ~ 1100) to reionization (z ~ 8). We therefore
need to determine when this comparison is sensible. In order to do so, let us organize ov as a

Taylor expansion in powers of v:

ov =a+ b’ +cv' + O, (1.31)
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Figure 1.12: Current experimental parameter space for spin-independent WIMP-nucleon cross-
section. Figure taken from [13].

where odd-order terms are not considered since (ov) is a scalar quantity, while v is a vector,
so we need to take into account only the even powers of v to correctly obtain a sum of scalar

quantities. In particular, when
e 0v = a, the cross-section is s-wave;
e ov = bv?, the cross-section is p-wave;
e ov = cv?, the cross-section is d-wave.
At this point, by thermally averaging Equation (1.31), we obtain

T
(ov) >~ a+ 3b— . (1.32)
my
As a result, back to the (ov) bounds argument, it turns out that the comparison makes sense

only if the cross-section is s-wave because in that case there is no dependence on T and, therefore,

on z.

In the case of Direct Detection, experimental collaborations usually present bounds in the plane
(M, O0yn), Where o, is the elastic-scattering cross-section between a DM particle and a nucleon.
For reference, Figure 1.12 shows the current bounds on the spin-independent WIMP-nucleon

cross-section.
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Figure 1.13: 95% CL expected and observed exclusion regions in the (My,cq, my) plane for
di-jet searches from CMS in the case of an axial-vector (left) and vector (right) mediator. Both

bounds are obtained considering coupling constants gpas = 1 and gsy = g4 = 0.25. Figure taken
from [14].

Finally, collider searches place bounds in the (M;,eq,m,) plane. For reference, Figure 1.13
shows the excluded regions obtained from di-jet searches for both an axial-vector and a vector

mediator.

To conclude, we have presented several evidences for the existence of Dark Matter, listed its
fundamental properties, and then discussed which particles are suitable as DM candidates
and how to detect them. Specifically, DM detection strategies set different bounds on the
thermally-averaged annihilation cross-section. Among these, the CMB bound is particularly
important since it excludes DM candidates with s-wave thermal cross-sections and masses below
a few tens of GeV. We will therefore focus on it in Chapter 2, in order to understand why it is

important to determine whether an interaction is s-wave or p-wave.
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2. The CMB and its limit

2.1 Introduction to the Cosmic Microwave Background

Discovered in 1964 and interpreted the following year by Penzias and Wilson [15], the Cosmic
Microwave Background (CMB) is a flux of radiation with energy in the range of microwaves
that was emitted at the epoch of last-scattering, around 380,000 years after the Big Bang, when

photons decoupled from the primordial plasma.

As shown in Figure 2.1, the CMB is represented by a map, in which each point is coloured
differently according to the energy, hence the temperature, of the photons arriving at Earth from
all directions in space. In particular, regions coloured blue have a lower temperature than the
average CMB temperature (T') ~ 2.7 K, while regions coloured red have a higher temperature

[17]. In any case, by dividing the temperature fluctuation 67 by (T'), we obtain that

-~ 1075, (2.1)

implying that the universe is almost perfectly homogeneous and isotropic at large scales.

Furthermore, the CMB exhibits an almost perfect black-body spectrum [1], expressed by the
following distribution:

0. T) = e (22
This means that, at the epoch of last-scattering, photons were in thermal equilibrium with the
primordial plasma, which was maintained by frequent and quick interactions. Remarkably, the
CMB retains a black-body spectrum even today, although photons have not been subject to any
interaction since last-scattering. This follows from the fact that f(p,7") depends only on the

ratio between E. and T, two quantities that scale with redshift z in the same way [18]:
Ey(2) = (1+2)B,(2 = 0) ;

T)(z) = (1+2)Ty(2=0) .

(2.3)
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Figure 2.1: The Cosmic Microwave Background. Figure taken from [16].

2.2 Recombination and last-scattering

Recombination and last-scattering are two phenomena that appear when the energy of the early
universe is of the order of eV. These processes are particularly important as they determine how

the fraction of free electrons X, evolves with 7. We will describe them following [1].

Qualitatively, as shown in Figure 2.2, above T' ~ 0.29 €V the universe is opaque: indeed, since
there are many charged particles around, photons have a very small mean free path. Then, at

T ~ 0.29¢eV, neutral hydrogen atoms start to form through

p+e— H+ v (2.4)

due to recombination. As a consequence, since the number of charged particles begins to diminish,
the photon mean free path increases. Finally, at T" ~ 0.25 ¢V, last-scattering arises: having no
more charged particles around, photons decouple from any particle and the universe becomes

transparent. This, therefore, corresponds to the moment in which the CMB is generated.

Let us now briefly discuss these phenomena quantitatively through an equilibrium treatment,

also known as the Saha treatment.

Starting from recombination, the equilibrium particle density for species i is

3/2
nt =g (B5) e (M) (25)

where ¢; is the number of degrees of freedom. To remove the dependence on the chemical
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Figure 2.2: Sketch of the recombination of protons and electrons into neutral hydrogen atoms

and the corresponding decoupling of photons. Figure taken from [1].

potentials, since f + jt, = ptg, we consider the following ratio:
3/2
nNg g mg 2 (me—l—mp—mH)
= — exp .
NeMyp J oq GeGp \ MMy T T

Now, since mpy ~ m,, and

gr _ 4
GeJp 2-2
if we define the hydrogen binding energy as

=1,

me +m, —mpg = By ~13.6eV |

nH ~ < 2n )3/2 eBu/T
NeNy eq_ meT ’

At this point, we can define the fraction of free electrons X, as

Equation (2.6) reduces to

_ Ne Ne
XE = = ;
ny +ng Ne + Ny

(2.10)

a quantity that lies in the range [0, 1]. In particular, if X, = 1, the universe is fully ionized, so

there are no hydrogen atoms around. On the other hand, if X, = 0, the universe is completely

neutral as all electrons are bound into H.

Now, since we can approximate the denominator of X, by the baryon density n,, which, in

terms of the photon density n, and the parameter n ~ 10717, is

2(( ) s

Ny = NN~ =

it turns out that

(2.11)

(2.12)
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Figure 2.3: Fraction of free electrons as a function of temperature (or redshift) according to
the Saha equation. Figure taken from [1].

This is known as the Saha equation and its numerical solution is plotted in Figure 2.3.

Now, since the recombination temperature 7., is defined by the condition X.(7}..) = 0.5, using
the Saha equation we obtain that 7,.. ~ 0.32eV, which corresponds to redshift z,.. ~ 1380, a

result that is close to z/,. ~ 1270, derived more rigorously by solving Boltzmann equations.

Last-scattering, or photon decoupling, is the phenomenon corresponding to the moment at
which photons decouple from the surrounding plasma. As in the case of freeze-out, that moment

is defined by the condition I'(T}s) = H(T}s), where the Hubble parameter is expressed by
,I} 3/2
H(T),) ~ Hoy/O () 2.13
(1) = Hoy /o (5 (2.13)

in the one-dominant fluid approximation. On the other hand, the interaction rate is given by

2¢(3)

[y = mpXe(Ths)or =~ 2 norXe(Ti) Ty (2.14)
where o7 is the cross-section for Thomson scattering
e+ v—e+vy (2.15)

that keeps electrons and photons in equilibrium in the early universe. With that said, by equating
Equations (2.13) and (2.14), using the Saha approximation for X, we obtain that Tjs ~ 0.27€V,
while in the more precise treatment we find that decoupling occurs at T}, ~ 0.25eV, which

corresponds to zj, =~ 1090.
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Figure 2.4: Measured fraction of free electrons as a function of redshift for different values of
Pann = fefr{ov)/my. Figure taken from [19].

Last-scattering can also be defined by the condition 7(z;5) = 1, where 7 is the so-called optical
depth, a quantity that counts the number of photon scattering events from some emission time

to today. Formally, the optical depth is expressed by [18§]

NX.(2)
di'T( / dt'n,( —/ gz 0Tz 2.1
/ ne(t)ore 1+ )H(Z) (2.16)

where in the last step we have changed variable according to
dz
dt = ————— 2.17
(14 2') H(2") (2.17)

and used the fact that n, = X.n,. At this point, by approximating the Hubble parameter as

H(z) ~ Ho\/Q (1 + 2)? (2.18)
we obtain that
z 1 / 3X / z
7(2) ~ 7'0/ dz’( ) ;gz) = 7'0/ d2 (14 2)"* X.(¢) , (2.19)
0 (1+2) / 0

where 7; is a factor that collects all the constants.

This computation for 7(z) assumes that X, remains vanishingly small from recombination
to today. However, this is not the case: indeed, precise Planck measurements reveal that,
as illustrated in Figure 2.4, the fraction of free electrons drops to very small values after
recombination before rising back to 1 around z ~ 8. This process, known as reionization, has
astrophysical origins and tells us that today the universe is not neutral, but ionized, similarly to
the very early times. Nevertheless, DM annihilation can still play a minor role in reionization:
indeed, since Dark Matter starts to annihilate during the formation of primordial microhalos at
z ~ 100 — 200, well before reionization, even a percent-level contribution to X, could still be

reflected in the optical depth 7 [20].
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2.3 The CMB limit

Let us study in detail the CMB bound that we have briefly mentioned in Section 1.4 and
represented in Figure 1.11. As discussed in Section 2.2, DM annihilation can give rise to a small
contribution to the fraction of free electrons observed today, which in turn affects the optical

depth. Let us therefore study this contribution, denoted as Ar.

Before doing so, let us first introduce a new quantity. Following [18] and [21], we can express

the equation for the evolution of the free-electron density as
ne + 3Hne = Lsta + Q ’ (22())

where I 4 denotes the contribution due to the standard recombination and ionization, while @)
is the rate at which xx annihilations happen and, according to a formula similar to the one
reported in [22], is given by

2n2(ov)m, 1 — X,
Q = o |
Ey 3

(2.21)

Thus, @ depends on the number of DM annihilations per unit time and volume, 2ni(av>, each
one releasing an energy m, per annihilating particle. In addition, it depends on the hydrogen
binding energy Fy and on the efficiency parameter f, a number lying in [0, 1], representing
the fraction of energy that is absorbed by the baryonic gas. Finally, since the absorbed energy
contributes both to the ionization and the heating of the gas, we insert a factor (1 — X.)/3 to

account only for the former effect.

Now, since the baryon number is conserved, meaning that the baryon density n, satisfies

ny +3Hn, =0, (2.22)
and since
Ne +npg =mny , (2.23)
implying that
X, = e T (2.24)

it turns out that
AX, =<~ (2.25)

This therefore indicates that the time-derivative of the additional contribution AX, to X, due
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to DM annihilation is linearly proportional to @). As a result, if we consider Equation (2.16),

we can determine the analytic expression for A7 from recombination to today [18]:

e oy (Z)AX(2) o pEree L copny () pEe 1 Q(¢)
) = [T = Fa e ) Caroageeg - 2

Now, considering Equation (2.21) for @, if we approximate X, as a step function and, therefore,
the factor (1 — X.)/3 as ¥(2ec — 2)/3, we obtain that

() e 1 2fp o)
Ar(e) = [ de (1+z’)H(2’)/z' AT OHQ 3Eamyml0)

At this point, we can further simplify that expression if we assume that DM annihilation occurs

(2.27)

in s-wave because in that case, according to Equations (1.31) and (1.32), (ov) does not depend
on temperature and, therefore, redshift, so it can be factored out of the integrals. Consequently,

it turns out that

2 agv f CO-TPQ (Z == O) Zrec Zrec
Ar = 3<m>>< e /0 dz' / dc cV? . (2.28)

Finally, as shown in [18], by plugging the known values for the parameters into the previous

equation, we end up with

[ tow)s my ]
A= lg 107 Cm?’/s} [10 Ge\/l O (2:29)

Now, since reionization has mostly astrophysical origins and DM annihilation can only play a
minor role in it, A7 must remain within the experimental uncertainty o, on the optical depth.
Thus, by comparing A7, obtained either through Equation (2.29) or through a more rigorous
numerical treatment, with the observed value for the total optical depth 7 = 0.054 £ 0.007 [12],
we can extract bounds on DM annihilation. Indeed, since A7 depends on both (ov) and m,,
requiring that A7 < o, = 0.007 translates into an upper bound on (ov) as a function of m,,.
With that said, these bounds, represented in Figure 1.11, are known as CMB bounds because
they depend on small modifications of the CMB spectrum generated by the interactions between

CMB photons and the additional free electrons produced after recombination.

In any case, as stated before, the approximate derivation that we have found relies on an
important assumption: the fact that DM annihilation occurs in s-wave, so that (ov) is constant
and can be factored out of the integral. If, however, DM annihilation proceeds through a p-wave
interaction, (ov) o< v? is no longer constant but decreases with the expansion of the universe
since v (1 + z) in the non-relativistic limit. As a consequence, by the time of recombination

the annihilation rate is extremely small compared to its value at freeze-out and the CMB
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bound cannot be applied, which is why p-wave DM candidates evade it. This motivates us to
take a closer look at the nature of DM interactions and, therefore, to determine whether the
annihilation cross-section is s-wave or p-wave for different scalar and fermionic DM candidates

in Chapter 3.
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3. Partial-wave classification of Dark Matter op-

erators

3.1 Overview and preliminaries

In this chapter we focus on 2-to-2 DM annihilation processes and quantitatively analyze which
ones occur in s-wave and which in p-wave for different scalar and fermionic DM operators in

order to determine which structures evade the CMB limit, as previously discussed in Section 2.3.

As shown in standard Quantum Field Theory textbooks, such as [23] and [24], the differential
cross-section do /dS) of the process xx — SM SM is related to the squared amplitude |.AJ* as

do 1 1 ’pSM’

ao _ 2 3.1
dQ 2B, - 2E; [vy — vy om0y (3:1)

where E, and Ej are the energies of the incoming particles, v, and vy their velocities, pgy; the
momentum of one of the outgoing particles and E.,, the center-of-mass energy. This equation
is the starting point for another expression that relates |A|* to ov and that, therefore, allows
us to determine whether an interaction proceeds through s-wave or p-wave just by looking at
its amplitude. To proceed, let us consider the center-of-mass reference frame, defined by the

condition
P, = —DPy - (3.2)

Since the two incoming particles have the same mass, they also turn out to have the same

energy, implying that
Een =E,+Ey =2E, . (3.3)

As a result, we can rewrite one of the factors that enter the differential cross-section as

P, P 2 4lp,|
vy — vxl = fz_ﬁ = Ecm|PX—P;<| = EC:; : (3.4)
Thus,
d 4 E., 1 1
o |pSM| ‘ |2 |pSM||A|2 ) (35>

E B 4- Ecm . Ecm 4|px| 16W2Ecm - 647T2 ECQm |pX|
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At this point, by recalling that DM particles are non-relativistic (see Section 1.2), we obtain

that
Eup = 2B, ~ 2m (3.6)
and that
Pyl = mivy| = -, (3.7)

where m denotes the mass of DM particles, while
0= vy ve =20y, (3.8)

is the modulus of their relative velocity. Furthermore, if we assume that the outgoing particles

are ultra-relativistic, therefore having |pgy| =~ Fswm, it turns out that

Ecm
2

IPsu| = Fsmn = ~m, (3.9)

provided that the final-state particles have the same mass. It is now possible to substitute
Equations (3.6), (3.7) and (3.9) into Equation (3.5), obtaining

do_ 1 1om L MR
dQ 6472 4m?2 mwo 12872m2 v

[ARe = (3.10)

where | A|%R represents the non-relativistic limit of the amplitude. At this point, if we multiply

both sides by v and integrate over the solid angle €2, the previous equation becomes

1 2

Therefore, recalling Equation (1.31), we conclude that whether an annihilation process occurs in

s-wave or in p-wave can be directly determined from its amplitude in the non-relativistic limit.

In the following sections, we will compute the non-relativistic amplitude of the annihilation
process for several scalar and fermionic DM operators (mainly in the s-channel), in order to

classify them as s-wave or p-wave and identify those that evade the CMB bound.

3.2 Scalar Dark Matter operators

Let us start by considering two complex scalar DM particles ® and ®' annihilating into two SM

particles:

d'd — SMSM (3.12)
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o SM

PT SM

Figure 3.1: Feynman diagram for the annihilation process ®'® — SM SM, mediated by a scalar
s.

Represented in Figure 3.1, the simplest case is the one with a scalar mediator s, whose interaction

Lagrangian is

Ling = Ling® + L3°M = —g3 @705 + £5,°M | (3.13)

int int int

where g3 is the coupling constant of the first vertex. In order to classify this kind of interaction,

let us first consider the expression for the amplitude of a generic s-channel process:
iA= JpuD(k)Jsn , (3.14)

where Jpys and Jgy, are the DM and SM currents, respectively, and D(k) is the propagator

with momentum £, which depends on the momenta p and ¢ of the incoming particles through
k=p+q. (3.15)

Now, if we apply the Feynman rules to the interaction in Equation (3.13), we obtain that
i
k? —m?

iA=—ig} Jsar (3.16)

where my is the mass of the mediator. In particular, we have not expanded Jg;; because the
possible v-dependence of the amplitude arises only from the relative velocity of the incoming
particles. With that said, since the amplitude, and hence its square, does not depend on v,
we can conclude that the ®® — SM SM annihilation process mediated by a scalar particle is

always s-wave.

Let us now study a more complex process, represented in Figure 3.2, in which we consider the

annihilation of two scalar DM particles mediated by a vector particle V,.
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) SM
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Figure 3.2: Feynman diagram for the annihilation process ®'® — SMSM, mediated by a
vector V.

In this case, we assume that the interaction Lagrangian is

Lins = igy ®! ?“cbvu + Ly (3.17)
where ?“ acts as follows:

o1'g e = (901D — i (94D) . (3.18)
Since the mediator is now a vector, the general structure of the amplitude in Equation (3.14)

acquires Lorentz indices, as expressed by

iA = Jpy D (k) T5y (3.19)
where
—1 k,k,
Dy (k) = 2 —m (ﬁw - 7%) (3.20)

is the propagator of the vector mediator and depends on its mass my, its momentum k = p 4 ¢

and the Minkowski metric 7,,. Consequently,

, —1 kuk,\ o, —1 (k- Jpar)(k - Jsar)
iA = JEp—"y 2, Jpar <77uu - Tl;%/ > Jom = JEp—y m? (JDM ~Jsm — m2, - (3.21)
At this point, from Equation (3.17) we have that
<= =
Ty =i (igy @1 0 1®) = —gy ot 9+ . (3.22)

Let us now rewrite it in a different form, in order to make explicit its dependence on the

momenta of the incoming DM particles.

Recalling that

3
(I)( ) _ L —ik-x + bT ik-x (3 23)
T o axe e :



3.2 Scalar Dark Matter operators

and that

(27)*/2wic

since we want to destroy a scalar particle-antiparticle pair, we will consider the following

T . d’k t ik-x —ik-x
Ol(z) = [ ——F+—= {ake + bge : (3.24)

substitutions for ® and ®T:
® > ape_ip'x — e P ;
‘ A (3.25)
BF D hye T — 7T

Indeed, from a practical point of view, a, and bg act on the initial state and destroy the
particle-antiparticle pair, leaving only the two exponentials (and the normalization constants

that we will not include in the computation). As a consequence, we have that
P — (—iph)e P* ;
' (3.26)
Pt — (—igt)e 0" .

This explains why we can generally substitute 0* with —ip!’, where p; is the momentum of the
incoming particle considered. In addition, we can omit the exponentials as they disappear once

we integrate over spacetime.

With that said, the action of the derivative becomes

TGP — (—igh) — (—ip") = i(p" — ¢") . (3.27)
As a result, the DM current is

Toar = =g - i(p" — ¢") = —igy (" — ") - (3.28)

Let us now determine its temporal and spatial components. In order to do so, we consider the
center-of-mass reference frame, where, as a reminder, p + q = 0. This implies that the two
incoming particles have the same energy (E, = E, = E) since they have the same mass and

their momenta are opposite. As a result,
Tpar = —ige (1° = ¢°) = —igg(E = E) =0 ; 3.29)
Jpym = —z'g(‘{(p —q)= —2ig¥p .

Having determined the explicit expression of Jpys, we can now insert it into Equation (3.21) to

determine the nature of this interaction. In particular, since

k- Jom = (p+q)[—igy(p—q)] = —igg (P> +p-g—q-p—¢*) =0, (3.30)
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Partial-wave classification of Dark Matter operators

the amplitude becomes

. —1 —i

Finally, considering Equations (3.29), we obtain that

) B ) - 7 .V - 2g¥
1A = mJDM Jsm = m[‘?zgqﬁ) “Jsu] = mp REUS (3:32)

This final result shows that the annihilation process described by Equation (3.17) is p-wave
since its amplitude is proportional to the relative velocity v in the non-relativistic limit (see

Equation (3.7)), implying that |.A|?, and therefore (ov), are proportional to v?.

3.3 Fermionic Dark Matter operators

3.3.1 Non-relativistic limit of Dirac spinors

Before focusing on specific fermionic operators, let us first recall the general expression of a
spinor field x(x) in terms of creation and destruction operators:

d3k 2 —ik-x ik-x
x(z) = / W;[u*(k)ame e oM k)bl (3.33)

where )\ represents the spin index, k the momentum, while the spinors u*(k) and v*(k) can be
written in terms of Pauli matrices as

Ay = |V Copm= | VI (3.34)

Vo R Yy

In particular, as shown in [25], the square roots of the matrices o - k and & - k can be written in

an alternative way as

m:;(a-k+m);
2(k° +m)

o —71 o- m

e SRR

(3.35)

where m is the mass of the fermionic particle.

We can now use these results to derive the non-relativistic limit of the spinors u"(p) and v*(q),

as shown in [26].
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3.3 Fermionic Dark Matter operators

As for u"(p), we have that

. VI P& 1 (c-p+m)& |\ xa 1 [(2m—0-p)¢&
Ve e ) V2 EM (6 p+m)E (2m+o-p) ¢’
In particular, in the last step we have considered that
ot=1,0) = o,=(1, —-0) ;
n= ) (3.37)
o'=1,-0) = o,=(1,0)
in the Weyl representation and that
p'=(m, p) (3.38)
in the non-relativistic limit. As a consequence,
o-p+m=plo,+m= (poao—i-piai—l—m) =(ml—o-p+m)=2m—0-p; (3.39)
o p+m=plo,+m= (p05o+p"6l-+m> =(ml+o-p+m)=2m+o-p.
Similarly, as for v*(q), we obtain that
) NCETN 1 (-g+m)n” |y 1 [ @Gm—0o-q)
Vaqn) VAL EM (G gtm)y ~@mto-qn

Having derived the non-relativistic limit of the spinors «"(p) and v*(gq), we can now study the
velocity dependence of some fermion bilinears built from them: the scalar, the pseudoscalar,
the vector, the axial vector, the tensor and the axial tensor bilinears. This analysis follows
the approach of [26], which considers the bilinears @™ (p/)'u" (p), relevant for DM scattering in
Direct Detection. However, since we want to determine which processes evade the CMB bound,

we focus on the bilinears v°(¢)['u"(p), relevant for DM annihilation, described by

XX — SMSM (3.41)

where y and y are the annihilating DM fermion and antifermion. In the following, we only
report the main steps of the computation, while the complete derivations are presented in the

Appendix.
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X SM

Figure 3.3: Feynman diagram for the annihilation process xx — SM SM, mediated by either a
scalar s or a pseudoscalar a.

3.3.2 The scalar fermion bilinear

Let us start our analysis by considering the simplest fermion bilinear, that is the scalar one
v°(q)u"(p). This structure appears when we consider the process represented in Figure 3.3, in
which the annihilation of the DM fermion—antifermion pair is mediated by a scalar s. The

interaction Lagrangian of the process is

‘Cint = _Q;XXS + 'CS_SM 5 (342)

int
from which the amplitude reads
. ~5 < S\, T i
A = 0(q)(—ig )u () 15— 5 Jsm - (3.43)
Since we are interested in computing the non-relativistic limit of the bilinear v*(q)u"(p), let us

first determine the Weyl representation for v°(q):

0 1

7(q) = v*(q)11° = (nsf Ve _nsTm> _ (_nsTﬂ ot ﬂ> . (3.44)

Similarly to Equations (3.36) and (3.40), we therefore obtain that

NR 1
5 () " (st . Fom—o-a)) 3.45
from which (see Appendix A.1 for the details)
N (2m—0o-p)&
v*(q)u(p) = m (—nST 2m+o-q) *T(2m—o - q)>
(2m+o-p)&

(3.46)
=nfe-(p—q)¢
=2ple - p¢’,
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3.3 Fermionic Dark Matter operators

where in the last step we have moved to the center-of-mass frame. As a result, due to its
dependence on p, the scalar fermionic bilinear gives rise to a p-wave interaction in the non-

relativistic limit.

3.3.3 The pseudoscalar fermion bilinear

We now want to determine the non-relativistic limit of the pseudoscalar fermion bilinear
v%(q) (17°) u"(p), which arises in the process of Figure 3.3 when the mediator is a pseudoscalar

a with mass m,. The interaction Lagrangian in this case is expressed by

Lint = zgxxv ya + L£45M (3.47)

int

while the amplitude to study is

A = 0 @)l (7 () Tonr (3.48)
At this point, by recalling that
01,23 _ -0
7P =iy = (3.49)
0 1

and by omitting ¢ in the computation since it is just a constant, it turns out that
—(2m—0o-p)¢

(2m+o-p)& (3.50)

P (g (p) = 4; (‘77” (2m+o-a) 7' @2m—o- q)>

_ 4;778* 2 (4m* — (o - q)(o - p)) € .

Now, since (o - q)(o - p) is a second-order term in the momentum, we can neglect it, obtaining
1
0@y u" (p) = - 2+ 4mnET = 2mniT (3.51)
m
For reference, the full computation for this bilinear can be found in Appendix A.2.

Therefore, this final result shows that the DM annihilation described by the pseudoscalar bilinear

v°(q) (17°) u"(p) is s-wave since the corresponding amplitude does not depend on wv.

3.3.4 The vector fermion bilinear

Let us study the vector fermion bilinear v*(q)y*u"(p), which follows from the interaction

Lagrangian

Ling = _gX XY XV + ‘Czjzt SM (352)
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V/A

X SM

Figure 3.4: Feynman diagram for the annihilation process xx — SM SM, mediated by either a
vector V or an axial vector A.

describing the DM annihilation mediated by a vector V', as shown in Figure 3.4. In this case,

the amplitude is

o o i ko)
A= ) ) (= ) T .59
\%4 \%4

Once again, we focus only on the non-relativistic limit of the fermion bilinear to classify this

process. Thus, recalling that

= , (3.54)

in the Weyl representation, we can write (see Appendix A.3 for the full computation) that

1 a*(2m+o-p)¢&
0¥ (@) u" (p) P im (—T]ST 2m+o-q) ¥1(2m—o- Q)) 54 (2 Y
a*(2m—o-p)&”
1 (3.55)
(- Cnta-aoentaD

+(2m—a~q)6“(2m—a~p))§”.

Since the bilinear carries a Lorentz index, we study its temporal (u = 0) and spatial (u = 7)
components separately, as they may have a different velocity dependence. In order to proceed,
let us consider Equations (3.37), which imply that

’=c"=1;

4 4 (3.56)
o'=—0".
As a consequence, the temporal component of the bilinear is
=S T 1 S T
P (@ (p) = T~ @mt o) 2mto-p)+(2m—0o-q)(2m—0-p))¢
m (3.57)

=—nfo-(p+q)¢ .
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3.3 Fermionic Dark Matter operators

Thus, in the center-of-mass reference frame, where p + q = 0, we have that

v*(g)y*u" (p) = 0, (3.58)
so the temporal component always vanishes.
As for the spatial component, we have that

(@' (p) = ¢ (~ @m o+ o a)o' (2m+ o p)
—(2m—o0-q)0" (2m—0'-p)>$r (3.59)
~ —2mnToien

As a result, the 4-vector bilinear can be written as

0
o (@)’ (p) = ™ e, (3.60)
—2mao*
where the upper and lower entries of the column matrix correspond to the p = 0 and p =1

components, respectively. This shows that the vector fermion bilinear is s-wave as it does not

depend on the relative velocity.

Unlike the scalar and the pseudoscalar cases, where the propagator depends only on k2, which,
in the non-relativistic limit, is equal to 4m? in the center-of-mass reference frame, as we can
infer from Equation (3.6), here the propagator also contains a term proportional to k,k,. Let
us therefore verify that the partial-wave nature of the annihilation is still determined by the

bilinear alone, by computing the amplitude explicitly.

If we denote the momenta of the outgoing SM particles by p’ and ¢/, their spins by " and &
and the coupling constant of the second vertex by g¥,,, it turns out that

T =" () (—igiu” o (¢') . (3.61)

Thus, Equation (3.53) becomes

. _s . r —1 k kV —prl . v\, s (1
A= T i ) (= 2 ) Wik ) G

At this point, if we ignore constant factors and focus only on operators, we obtain that

7 ()’ (p) (nw - ’jn’z) @ ()" (@) = (5 (e ) (@ ) ()

. (3.63)
- mﬁv(ﬂs(qw"kuur(p)) (@' () k™ ()
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where we have used 7,7 = v,.
Now, by applying the Dirac equations

Ypuu”(p) = mu’(p) ; (3.64)

v (@) qu = —mo°(q)
we obtain that

v* ()" kuu” (p) = 0° ()" (P + qu)u” (p)
= 0*(q)7"puu” (p) + 0° ()" quu” (p) (3.65)
= mv*(q)u’ (p) — mv*(q)u"(p) =0,

since the two incoming DM particles have the same mass. This implies that the term proportional
to k,k, in the amplitude is zero, regardless of the contraction (W/ (P ko® (¢ )) on the SM

side. As a result, the amplitude reduces to

A = (=ig))(—igkar) g (a1 ) (87 0 () (3.66)

%
The cancellation of the term proportional to k,k, is a direct consequence of the conservation
of the vector current (k- Jpy = 0). Therefore, apart from a constant factor, the amplitude
depends only on the scalar product of Jpy and Jgys, as in the case of scalar DM annihilation
mediated by a vector. As a consequence, considering Equation (3.31), since the SM bilinear does
not depend on v, the whole velocity dependence of the amplitude is carried by the DM bilinear.
This therefore proves that the propagator does not modify the partial-wave classification and

that the annihilation is s-wave.

3.3.5 The axial vector fermion bilinear

Let us determine the non-relativistic limit of the axial vector fermion bilinear v*(q)y*~*u" (p),
which arises in the process of Figure 3.4 when the mediator is an axial vector A with mass m4.
The interaction Lagrangian in this case is expressed by

Lint = =g XYY XA + Lo (3.67)

while the amplitude to study is

S i A ADY,,T —1 _ kllkl’ Jv 3.68
A= @) W ) (= ) T (3.68
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3.3 Fermionic Dark Matter operators

We can now compute the non-relativistic limit of the bilinear (the full computation is in Appendix
A4):

NR 1 ot (2m+o-p)¢’

o* ()" y°u" (p) =~ Im (—nST 2m+o-q) *T(2m—o- q)> (2 e
—a(2m —o - p

) (3.69)
) | . .
== (@m+o-q)o"(2m+o-p)

+(2m—0'-q)5“(2m—0'-p))§7".

As for the vector bilinear, we can study the temporal and the spatial components separately.

The temporal component is

° () y°u" (p) ~ —Ln”( 2m+o-q(2m+o-p)+(2m—0-q)(2m —o-p) )ﬁr

Am (3.70)
~ —2mile"
so it is s-wave.
On the other hand, the spatial component is expressed by
ES(Q)’Yi’VE)UT(p) =~ —471”778T((2m +o0-q) o (2m + o - p)
—(@m—-0o-q)o' (2m—op))¢ (3.71)

=~ (o' (0 - p) + (0 ) 0") ¢ .
In order to determine the nature of this component, let us rewrite o (o - p) + (o - q) o after
applying some algebra. In particular, since
olod = 09 4 iglikgh (3.72)
we obtain that
o' (o-p)+(o-q)o" =c'o'p; + qjolc"
= (69 + ie*c®) p; + q; (67 4 ik "
(.. ) ) 7.( ) ) (3.73)
= §p; + ieFp;ot + §7q; — ieFqo"
=@ +d)+i((p—a) x o)
Consequently, since in the center-of-mass reference frame p + q = 0, the spatial component of

the bilinear turns out to be
P (@) (p) = =" 21 (p x o)'] €7, (3.74)
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so it is p-wave.

Thus, unlike the vector bilinear, the axial vector one has two non-zero components of different

nature: the temporal component is s-wave, while the spatial component is p-wave. Indeed,

92
0*(Q)v"y°u (p) ~ 0t " R (3.75)
—2i(px o)

We will analyze the role of the mediator in selecting just one of the components in Subsection

3.3.10.

3.3.6 The tensor fermion bilinear

Let us study the tensor fermion bilinear v*(q)S*”u"(p), which, carrying two antisymmetric
Lorentz indices, cannot be coupled to a scalar or a vector mediator as in the diagrams discussed
giving rise to a dipole-type

so far, but must be contracted with an antisymmetric tensor V,,,,

interaction.

With that said, since ‘
i

SHY — ih“,y”] , (3.76)

where [v# "] is the commutator of two gamma matrices, the DM contribution to the amplitude

is

T
v ~S : v\,,T ~S : g r
Ty = P @(=igh S 0 () = 7(a) (—ig? - 112 ') = Zw (@b e ) . (377)
Let us therefore focus on v°(q)[y*, 7" |u"(p) = v°(q) ('y“’y -y ’y“) "(p). As reported in detail in
Appendix A.5, we have that
. L . Nr 1 ola” (2m —o -p)&’
U@ e (p) = (—nsT 2m+o-q) 7t (@2m—o- q
ala” (2m+o-p)&
(3.78)
1 st B
=3 ( (2m+o-q)c'a” (2m — o - p)

+(2m—0o-q)dtc" (2m+ o - p))§
We can now distinguish four cases since we can consider the temporal and the spatial components

for both p and v.

If £ =0 and v = 0, we find that
1
P (@ (p) = T~ @mt o q)2m—o )+ (2m—0-q)2m+o-p))¢
m (3.79)
=lo-(p—q)¢
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3.3 Fermionic Dark Matter operators

If £ =0 and v = j, we obtain that
. - 1, |
0 (g (p) = - ‘(2m+o-q)o’(2m—o-p)
m
+2m—o-q)c’ (2m+o-p) )5” (3.80)
~ 2mn*taier .
Similarly, if 4 = and v = 0, then
) 1 )
—s i 0. r ~ ST . ? _ .
U@y (p) = o (-@m+o-q)d(@2m—0o-p)
—(2m—0o-q)0" (2m+a~p))£” (3.81)
~ —2mntole” .
Finally, if 4 = and v = j, it turns out that
~S N 1 s i ]
gy’ (p) = - ((2m + o @) o'’ (2m — o - p)
— 2m—0o-q)c'c! 2m + 0o -p) ){T (3.82)
=t ((0-@)o'c’ —o'o’ (0 p)) &
Thus, by implementing the following notation for a matrix M*” with two Lorentz indices:
p=0r=0 pu=0rv=j
MH = , (3.83)
we have that
) ) oc-(p—q) 2mo?
0 (q)y" 7" (p) ~ | o £ (3.84)
—2mo*  (o-q)o'c? — oo’ (o - p)
At this point, by switching the two indices, we obtain that
~5 v r s g (p N q) —2m0‘j T
o ()" u" (p) = ! | - & . (3.85)
2mo" (o-q)olc" — 0’0" (o p)
As a consequence,
o*(q) [y 7T (p) = it | £ . (3.86)
—4mo* C
In particular,
C= (G ’ q) [O-i7 Uj] + [O-jv O-i] (0- ’ p)

§ ° (3.87)
(-q) (2ie”kak) — (2i€l]k0k) (-p),
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where we have used
(0", 0] = 2ie"Fak (3.88)

At this point, considering Equation (3.72), C' can be rewritten as
C = 2ig* _(a -q)ot —of (- p)}
= 24"k {qaaaak - akabpb}
= 2ieV* [g, (6° + ie*0°) — (6" + i 0°) py] (3.89)
_ 9k 'qk _ jghacg, ot — pk — igkbcpbac]

= 2ie"* :(qk - —i((p+aq)x U)k] :

As a consequence, we find that

0 Amo?
v (q) [y, V" (p) ~ - R (3.90)
—4mot 2igik {(qk —pF) — z( (p+4q) x 0') }

Once again, going to the center-of-mass reference frame, we can simplify the expression for the
element with p = ¢ and v = j, obtaining
0 4mao’?

7 ()" 7T (p) =t | S (3.91)
—4mo? —42’5”’“}9’“

Thus, similarly to the axial vector bilinear, the tensor one also has components of different
nature: indeed, the component with both temporal indices is zero, the components with one
temporal and one spatial indices are s-wave, while the component with both spatial indices is

p-wave.

3.3.7 The axial tensor fermion bilinear

The final fermion bilinear that we analyze is the axial tensor v°(q) (i.S**v°) u"(p). Since in this

case the DM current that enters the amplitude is

AT

T = 0 (@)=igT (5" () = i 2-%(a) (17", 1) W () (3.92)

let us compute v°(q) ([v*,7"]7°) u"(p) = v°(q) [(¥*v" — ¥"v*)7°] u" (p)-
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As shown in Appendix A.6, we have that

NR 1 U“5V(2m_0"P)§T

GOV (p) = (it 2m+ o - ) 7T (2m —o-q)
im (77 q) 7 q) S (2m + 0 p) €

. (3.93)

= 4m77 ( (2m+o-q)ctc” (2m — o - p)

+ (2m—a-q)6“a”(2m+a-p))f’”.

As for the tensor bilinear, we need to study four different cases because both i and v can be

either equal to 0 or to 7.

If £ =0 and v = 0, we find that

0 (@) (p) = 4}71775*((2m +0-q)(2m—0-p)+(2m—0-q)(2m+0-p))¢

(3.94)
~ 2mnTEr .
If £ =0 and v = j, we obtain that
. o 1, |
0 (@)Y (p) = = (- @m+o-q)o’ (2m—0o-p)
+2m—0o-q)o’ (2m+ o -p) ){’T (3.95)
=" (o' (0 -p) = (0 a)0?) ¢ .
Similarly, if ¢ =4 and v = 0, then
1 ,
i 0.5, T = st . ) . .
(@)Y (p) = = (@em+o-q)o’ (2m -0 p)
—(2m—o-q)c'(2m + 0o -p) )57“ (3.96)
="' (o' (0 p) = (0-a)0") ¢
Finally, if u = ¢ and v = j, it turns out that
—s i r 1 S (]
o*(q)y' " y"u" (p) ~ ! T(— (2m+o-q)o'c’ (2m —o - p)
—(2m—o0-q)d'o? (2m+ o - p) )f” (3.97)
~ —2mn*iooier .
Thus, by combining these results, the corresponding matrix reads
2m o/ (o-p)—(0-q)o’
7 (@)Y (p) = ™ o o &, (3.98)
(0-q)o'—0d"(o-p) —2mo'o?
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while the one obtained by switching the two indices is

_ 2m (0-q)o? =o' (o p)

(@ e (p) =t | | B £ . (3.99)

o'(oc-p)—(o-q)a’ —2mo’o’
As a consequence, the (u,v) = (0,0) component of v*(q) ([v*,7"]y*) u"(p) is simply zero.
On the other hand, its (0, 7) component is
2]07 (0 p) = (0 q) 07 =2 |070"p, — qy0"0” ]
= 2[(87" + i7" 0 )pa — g (8" + ic¥°0°)]

=2 {(V"‘pa + ie7%pa¢ — 6% gy, — iabjcqbac} (3.100)
—2|(/ ) +i((pra) <o) .
Similarly, the (i,0) component is
2[(e-q)o' o' (o-p)| = -2]0"(0-p)— (o-q) 0] 0n
=2~ ) +i((p+a) <o) |
Finally, the (7, j) component turns out to be
—2ma'o? 4+ 2mo’ot = —2m|ot, 0] = —2m - 2icVF " = —dimeTF o (3.102)
We can therefore write the matrix representing v°(q) ([v*,7*]7°) u"(p) as
o i
@) ("7 1°) w (p) = ! , '0 i : [(p]_qj)+%<an) ] ¢, (3.103)
-2 {(pz—ql)—i—i(P X a) } —4ime*ik gk

where P = p + q = 0 in the center-of-mass frame. As a consequence, in that reference frame

0 4y
#(@) (0" 1°) () =~ e (3.104)

—4p'  —4imeFok

Thus, by reading the previous matrix, it turns out that the component with both temporal
indices is zero, the components with one temporal and one spatial indices are p-wave, while the

component with both spatial indices is s-wave.
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Table 3.1: Non-relativistic limit of the fermion bilinears in the center-of-mass frame. Spin
indices and spinor momenta are omitted for brevity.

Bilinear Non-relativistic limit Component Partial-wave
Scalar vu~n (20 -p)& —
Pseudoscalar v (iy?) u ~nt (2im) & —
0 =0
Vector vyHu o~ RS a ,
—2mo* =1
2 =0
Axial vector v y*ySu ~nf . e a ,
—2i(p X )" =1
0 mo? 0,0) (0,9
Tensor v Sy o~ pf o zma ( h ) . ]) i
—imo” gzgkpk: (17 O) (17 ]) s P
—p 0,0) (0,5 -
Axial tensor o (iS*y)u~nt [ pj ( . ) . ]) b
p'ime et |7 (i,0) (4, 5) p s

3.3.8 Summary of the bilinear analysis

In the previous subsections, we have computed the non-relativistic limit of each fermion bilinear
v*(¢)T'u"(p) in the center-of-mass frame. The results are reported in Table 3.1, which indicates
whether each bilinear (or each of its components) is s-wave or p-wave. Note that the bilinears
are written in their Hermitian form in the table, so some entries may differ by a constant factor
from the expressions derived above. As we can see, the scalar bilinear is purely p-wave, while
the pseudoscalar and the vector bilinears are purely s-wave. On the other hand, the remaining
bilinears have components of different nature, so their behaviour depends on which components
actually contribute to the annihilation amplitude. In particular, this is determined by the
nature of the DM particle and by the structure of the mediator, as we discuss in the following

subsections.

3.3.9 Majorana fermions

So far, we have implicitly assumed Dark Matter to be a Dirac fermion since we have considered
DM antiparticles to be distinct from the corresponding DM particles. Here, however, we assume
that Dark Matter is described by Majorana fermions, which, as a reminder, are spin-1/2 particles

that coincide with their own antiparticles.

47



Partial-wave classification of Dark Matter operators

A Majorana field W), satisfies the condition

Uy = 0§, (3.105)
so it coincides with its charge-conjugate field, defined as
VS, = —in?Us, = C0%, (3.106)
where C' = —in?4? is the charge conjugation operator. As a result, a Majorana field satisfies
the condition
Uy = OV, . (3.107)

It turns out that not all the fermion bilinears that we have analyzed are allowed for a Majorana
field. Indeed, as shown in [24], since a Majorana field coincides with its charge conjugate, every

Majorana bilinear must be even under charge conjugation. As a consequence, since

CH ) C =41 ;
C (i) O = +ir;
CH(y) C ==
c (7“75)T0 =+,

the scalar, the pseudoscalar and the axial vector bilinears are allowed, while the vector one is

(3.108)

not.

Let us therefore study the tensor and the axial tensor bilinears in detail to determine whether
they are allowed for DM Majorana fermions. Thus, using Equations (3.108), let us compute
CHI DT C=C () O = O ()
= et oot ol

- [t ellet o'l 8.105)
= (=) (=) = (=2") (=7")
=" ="
=-0""
and
(il 7”]75)T C=cC" (w“v”f)T ¢-c™! (w”v“f)T C
o R G E I Cie I[N
o R GBI [T Rl [ CiRe]
) (=) (3.110)

=i (Y") —iy° (v"9")
= —i7°[v*,7"]

= —i[y", 7",
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3.3 Fermionic Dark Matter operators

Table 3.2: Non-relativistic limit of the fermion bilinears allowed for Majorana fermions in the
center-of-mass frame. Spin indices and spinor momenta are omitted for brevity.

Bilinear Non-relativistic limit Component Partial-wave
Scalar vu~n(20-p)¢ — p
Pseudoscalar v (iy°)u ~ ' (2im) & — s
—2m =0 S
Axial vector v y*ySu ~ nf . ¢ a .
—2i(p x o)’ p=i p
where in the last step we have used [°, [v*,7"]] = 0. Because of the minus signs in the results,

both the tensor and the axial tensor bilinears are odd under charge conjugation and, therefore,

not allowed for Majorana fermions.

The bilinears allowed for Majorana DM are summarized in Table 3.2. Among them, the scalar
bilinear is purely p-wave, the pseudoscalar one is purely s-wave, while the axial vector one has

both an s-wave and a p-wave component.

3.3.10 The role of the mediator

As shown by Equation (3.14), the amplitude of an annihilation process depends on the product
of the DM current Jpys, the SM current Jg), and the propagator D(k). In particular, since
D(k) is a function of the exchanged momentum k, it may affect the partial-wave nature of the
process. As discussed in Subsection 3.3.4, a scalar propagator depends only on k% ~ 4m? in
the center-of-mass reference frame, so it cannot play a role in the partial-wave classification,
which is therefore determined by the DM bilinear alone. The same holds for a vector mediator
coupled to the vector bilinear: indeed, although its propagator contains a term proportional to
k,k,, that term vanishes due to the conservation of the vector current. Let us therefore focus
on the axial vector bilinear, whose current is not conserved, and study whether the structure of

the mediator can select just one of its components and, therefore, fix its partial-wave nature.
Let us first consider an annihilation process described by the amplitude

!

@ () [~ (980 + 9807°)| 07 (), (3.111)

L . —i Kk,
zA—W@PwﬁWWﬂngGw—”2>

2 _
k% —m3 m35

in which, therefore, the DM current is described by an axial vector bilinear, while the SM

current is given by a combination of a vector and an axial vector bilinear.
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Partial-wave classification of Dark Matter operators

Now, using Equation (3.21), which allows us to rewrite i.4 as the sum of two terms, let us

compute the different parts that compose the amplitude separately. We have that
k- Joar = ky [0°(9) (—iggy™ ")’ (p)]
q) (k)7 u" (p)

= —ig, v°(q)
Q) (P + @)y’ u" (p) (3.112)
)
)

%
= —ig v’
= —ig v (Q)p "y u (p) — g v (@) gy ¥ (p)
= +ig{v*(q)7° " purt” (p) — g 0° (@) 7w (p)

where in the last step we have swapped p,v* and 7° by using {y#,7°} = 0 to be able to apply
the Dirac equations (3.64). As a result,

k- Jpm = +igimv®(q)y u" (p) + igimv®* (9)y°u (p) = 2ig mv*(q)7°u" (p) . (3.113)

Let us now compute k - Jgp;:

k- o =k (=igsat” (0)7"0" (¢) — igéy” (070" ()

/ / / (3.114)
= —ig{ptl” (p) (07" + )07 () — igdut” () (" + a7 ) (d) -
Similarly to Equations (3.65) and (3.112), we obtain that
a” (p) (o + 4y v (¢) =0
) ) ) ) (3.115)
ar <p/)<p:/7y 4+ qll,”)/y)’Y5US (q/) — Qm/ﬂr (p/)75US <q/) :
where m/ is the mass of the SM particle. Thus, it turns out that
k-Jsy = —2ig§Mm'ﬂT/ (p’)v‘r’vsl(q') ) (3.116)

We therefore find that the second term of the amplitude can be written as

(k? . JDM)(]{: . JsM) _ 7;124 (Qigfmﬁs(q)’y‘r’ur(p)) (—Qig?Mm'ﬁrl(p')’YSUS/(q’))

mi
49X gSMmm
mA
8gx gSMm m’

~ ST (@ ()0 ()

A

(7" (@7"u" ) (@ ()"0 () (3.117)

where in the last step we have taken the non-relativistic limit of the DM pseudoscalar bilinear,

according to Table 3.1. This term is purely s-wave since it is independent of v.
Let us now consider Jpys - Jsir = JyarJons — JoarJan- Since

Jpn = —igpv* (@)v*°u (p) | (3.118)
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3.3 Fermionic Dark Matter operators

we find that
Tous - Jsn = (2igl'€) Sy — (<200 (p < 0V €) Sy . (3119)

The scalar product of the two currents is therefore given by a mixture of an s-wave term and a

p-wave term.

At this point, since we have found two s-wave contributions in the amplitude, let us explicitly
determine whether their sum is equal to zero because in that case the annihilation process would

be purely p-wave. In order to do so, let us compute
To = —iw” (p')7° (QgM + 9§M’Y5> v (q) - (3.120)
To simplify the picture, we recall that in an s-channel the exchanged momentum has components

k* = (2F,0), implying that

Yk, = ko = 2E7° (3.121)
and, therefore, that
o _ Yk
=—. 3.122
T =5g (3.122)

As a consequence, considering Equations (3.115), it turns out that

/ 1 S/
a" (p)y"v (¢') = S5 @ ) (p" + q") o7 (¢) =05
> (3.123)
@ (P’ (¢) = ==u” () (P + ") Yo% () = —=a" (P )V°v* (¢)
2F" E
Thus, we obtain that
. m/ ! S
IO = —ZgéMfu @)Y (d') (3.124)

so the first of the two s-wave contributions reduces to

. st o qom o
ToarTn ~ (2igtmnien) (—zgﬁMEu () (Q’)>

o (3.125)
29x gspmmim

_ SIXISMTTTY st er (=1 INAB S (]
= e (@ () e (4)
If we now require this term to cancel the other s-wave contribution, given by Equation (3.117),

we obtain that

2g;?géMmm s’i‘ 5 s 8g;<4g§Mm2m sT 5 s
S (@ W) = e (@ @(¢) . (3.126)
from which
m? = 4mkE . (3.127)
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Partial-wave classification of Dark Matter operators

This condition, however, is completely accidental, meaning that in general the two s-wave
contributions do not cancel each other out. As a result, the only way to switch the s-wave

contribution off and obtain a purely p-wave annihilation is to set g4,, = 0.

Another interaction that we can analyze to determine whether the mediator selects just one
of the components of the axial vector DM bilinear is the one described by the interaction
Lagrangian

9o

T 0" A (3.128)

where Jp,,, = Xv“7°x is the axial vector DM current, A,, = d,A, — 8, A, is the field strength,
go is a dimensionless coupling constant and A is the energy scale of the new physics responsible

for this effective interaction.
The amplitude of the process is

—1
2 2
k* —m5

(k- Ipasers) (k- Jsar)

mi

iA = Jprrer D (k) Ty = (JDM,eff “Jsm — ) , o (3.129)

so it has the same form as Equation (3.21). The only difference is that here the DM current is
replaced by an effective current Jpaserf, which depends on Jpjs. In order to build the effective

current, let us first observe that
oA, =0"0,A, —0"0,A, =0"0,A, —0,0"A, , (3.130)
from which, recalling that we can substitute 0, with —ik,, we obtain that

O Ay — (k") (—ik) Ay — (=ik,) (—ik") Ay = —K2A, + kk - A= (=K200 + k,k?) A, . (3.131)

At this point, by rewriting the interaction Lagrangian as
Lint = %JBM (K200 + kok?) Ay = g sy (3.132)

we obtain that

_ %

Tbnsess = %JEM (K200 + kok?) = 55 (=K Tpas + K7k Joar) - (3.133)

Interestingly, if we now compute the scalar product k - Jpasesr, we get zero identically:

90

k- Tpaters = ko (<K Tpas + K7k - Joar) = 55

=13 (=K%k - Jpy + Kk - Jpa) = 0. (3.134)
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3.3 Fermionic Dark Matter operators

As a consequence, the second term in the amplitude is zero regardless of the nature of Jgp,. We

therefore obtain that

. —1 i go
iA=———5Jpmers - Jsu = =

2
w2 R (K2 (Tpas - Jsar) = (k- Tpar) (k- Jsar)| - (3.135)

At this point, if we consider the center-of-mass reference frame, where k* = (2F,0), we have

that
k-Jpy = (2E) ISy ;

(3.136)
k-Jsy = (2F) gy
from which the second term in the amplitude becomes
(k- Jpar) (k- Jsnr) = 4B T 000 = K> TD 0 Ton - (3.137)
As a result, we find that
K2 (Jpar - Jsar) = (k- Toar) (k- Jonr) = K (Thar - Jéa = Tpar - Isar ) = k2T Tous 3.158

= k2 Jpn - Jsur -

Thus, since only the spatial contributions of the currents enter the amplitude, which reads

; —i  Go
iA = 3 miﬁk2 (Jpar - Jsur) (3.139)

the resulting DM annihilation will be purely s-wave or p-wave according to the spatial component
of the DM bilinear, regardless of the structure of the SM current. In particular, if the DM
current is described by a vector bilinear, the annihilation will be purely s-wave, while if it is

described by an axial vector bilinear, the annihilation will be purely p-wave.

3.3.11 t-channel annihilation

Up to now, we have studied the DM annihilation into SM fermions through the s-channel
exchange of a mediator. However, if the mediator is relativistic and much lighter than DM
particles, so that its mass m 4 satisfies the relation m,4 < m, the annihilation process may also

occur through the t-channel. Let us therefore study the process

XX — AA (3.140)

in which two DM particles annihilate directly into a pair of observable mediators through the

exchange of a virtual DM particle with momentum k, as represented in Figure 3.5.
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Partial-wave classification of Dark Matter operators

X A

Figure 3.5: Feynman diagram for the annihilation process xyx — AA in the ¢-channel, mediated
by the exchange of a virtual DM particle.

Let us consider the Lagrangian
Lint = =g X" XAy | (3.141)

which, once again, contains an axial vector DM current. Since the two vertices in the diagram

are given by —z'g;?v“'yg‘ and —ig;?v”f and the DM propagator with mass m and momentum

k=p—p =q —qis

i (vYko +m)
the amplitude of the process is
. s A v o5\ L(Y ke +m . .,
iA=1v°(q) (—zg;?v 75> W (—zg;?’y“’f) u"(p)eu(p')en(d) (3.143)

where ¢,(p') and €,(¢') are the polarization vectors of the mediators in the final state. To
simplify this expression, let us ignore constants and the polarization vectors and focus only on
the spinor structure of the amplitude:
0 ()77 (Ve +m) VU (p) = 0°(q) (7771 ket Y ) W (p) - (3.144)
Using {7*,7°} = 0 and (7°)° = 1, we obtain that
VAV kY = 7 ke
U (3.145)
Y maty? = = myt
As a consequence, the spinor structure of the amplitude becomes v°(q)y” (7%kq — m) v u"(p).
At this point, since
v 1% 1 v
V=45t
(3.146)
e e T T B S S U S o TR
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3.3 Fermionic Dark Matter operators

the term proportional to m reads

mo @)y (p) = m (0 (0 () + 57 (@71 () (3.147
This term is therefore expressed as the sum of two DM bilinears: a scalar and a tensor one. On
the other hand, the first term
N — e Y 4 iy ) kot (p)

E'At — Pk, + KFYY + ie'@”o‘“kafyﬁfyf’) u"(p)

0 (q)y" koy"u" (p) = 0°(q) (
= v%(q) (
= k"v*(g)v"u"(p) — 0" 0*(q)y*u"(p)ka

+ k0 (q)y u" (p) + €™ kot (¢)vs7y " (p)

(3.148)

contains four bilinears: two vectors, a vector with a contraction and an axial vector. As a
consequence, since the spinor structure of the amplitude is given by a combination of six bilinears
with components of different nature, as reported in Table 3.1, the amplitude contains both
s-wave and p-wave contributions. Therefore, unlike the s-channel annihilation described by
Lint = (9o/N?)J% s, 0" A,,, the t-channel annihilation into a pair of mediators does not allow us

to separate the s-wave contributions from the p-wave ones.
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Conclusions

The aim of this thesis was to classify the partial-wave nature of scalar and fermionic operators
entering DM annihilation into SM particles, a process that is probed by indirect detection
searches. In particular, we have focused on the CMB bound, which is based on the small
contribution to the fraction of free electrons produced by DM annihilation after recombination.
This bound places constraints on the DM mass m and the thermally-averaged cross-section (ov),
as shown in Figure 1.11, and, in particular, excludes thermal DM candidates with masses below
a few tens of GeV. However, it only applies if DM annihilation occurs in s-wave, which means
that (ov) does not depend on the relative velocity v of the two incoming DM particles. On the

2

other hand, if DM annihilation proceeds through a p-wave interaction, (ov) o< v* is no longer

constant, so it is strongly suppressed by the time of recombination and the bound is evaded.

To determine the partial-wave nature of each operator, we have worked in the center-of-mass
reference frame and in the non-relativistic limit. Since in this regime ov depends on the squared
amplitude | A|%g, the classification of the operators can be inferred directly by studying the latter.
We have first considered complex scalar DM operators, annihilating through ®f® — SM SM,
finding that if the process is mediated by a scalar particle, it is purely s-wave, while if it is

mediated by a vector particle, it is purely p-wave.

Subsequently, after determining the non-relativistic limit of the spinors v and v entering the
general expression of a spinor field y(z) in terms of creation and destruction operators, we
have studied the partial-wave nature of the fermionic bilinears v*(¢)T'u"(p), relevant for DM
annihilation, described by xx — SMSM. The results, summarized in Table 3.1, show that
the scalar bilinear is purely p-wave, while the pseudoscalar and the vector bilinears are purely
s-wave. In addition, the axial vector, the tensor and the axial tensor bilinears have components
of different nature. These results are valid if Dark Matter is a Dirac fermion. On the other hand,
if it is described by Majorana fermions, the vector, the tensor and the axial tensor bilinears
are not allowed since they are odd under charge conjugation; therefore, the summarizing table

reduces to Table 3.2.
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Conclusions

We have then considered some additional aspects to complete the picture, such as investigating
the role of the mediator in the annihilation process. Indeed, since ov depends on the amplitude
and the latter can be expressed as the product of the DM current, the propagator and the SM
current, as shown by Equation (3.14), it is generally not sufficient to study only the structure
of the DM bilinear to determine the partial-wave nature of the process. However, this is not
the case for the scalar, the pseudoscalar and the vector bilinears: in the first two cases, the
propagator is just a constant in the center-of-mass frame, so it does not alter the partial-wave
structure of the DM bilinear. On the other hand, in the vector case, the term proportional to
k,k, in the amplitude vanishes due to the conservation of the vector current, so the partial-wave
nature of the process is again determined by the DM bilinear alone. We have therefore focused
on the axial vector bilinear, which, as a reminder, has two components of different nature, to
determine whether it is possible to switch one of them off. In particular, we have shown that if
the amplitude depends on an axial vector DM current and a SM current given by a combination
of a vector and an axial vector bilinear, the only way to switch the s-wave contribution off
and obtain a purely p-wave annihilation is to set the coupling constant g&,, = 0. On the other
hand, if the DM current is coupled to the derivative of the field strength of the mediator, the
resulting amplitude only depends on the spatial component of the DM current, regardless of the
SM current. As a consequence, the partial-wave nature of the process is always pure: a vector
DM current leads to a purely s-wave annihilation, while an axial vector one leads to a purely
p-wave annihilation. Finally, we have studied the ¢t-channel annihilation into a pair of mediators,
as described by xx — AA, which is relevant when the mediator is much lighter than the DM
particles. However, in this case it is not possible to separate the s-wave contributions from the

p-wave ones.

To conclude, the approach developed in this thesis for scalar and fermionic DM is general and
could be applied to other DM candidates as well. In particular, we could analyze vector spin-1
DM candidates, which would involve a wider class of operators, in order to obtain a more

complete picture of which DM annihilation processes can evade the CMB bound.
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Appendix

In this appendix we report the detailed derivations of the results presented in Chapter 3, whose physical

interpretation is discussed in the main text.

A.1 The scalar fermion bilinear

The result of this section is used in Subsection 3.3.2.

Vo -p&”
ﬁs(q)uT(p)z(nST\/mq nsTm> i pgr
Vo p
NR 1 (2m—o-p)¢"
= o\ -nt@mto-q) t(2m—o-q)
4 ( ) 2m+o-p)&"
:ﬁnsf(—(2m—|—0'-q)(2m—cr-p)+(2m—o~q)(2m+a-p))§7" A
:ﬁnsT(—4m2+2ma~p—2m0'~q+(0'-q)(0'-p)

+4m* +2mo -p —2mo -q — (o -q)(o - p))¢”

1
:4—775T-2(2m0'-p—2m0-q)§r
m

1
=—-2.2mp*M (0 p—0o-q)¢
4m

=nTo-(p-q)¢ .
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Appendix

A.2 The pseudoscalar fermion bilinear

The result of this section is used in Subsection 3.3.3.

-1 0 Vo -p&"
rartr = (e vive) |||
Vo -pé&”
—FPE
={-nVo-q nly/oq
( > /5'p£r
NR 1 —(2m—o-p)¢
~ -\ -rTem+o-q) 7*T(2m-o0-q)

(A.2)

:ﬁnsf((2m+a-q)(2m—a~p)+(2m—a~q)(2m+‘7'9))§r

1
= %nsT(élmz —2mo -p+2mo-q—(o-q)(o-p)

+4m? + 2mo -p —2mo -q — (0 - q)(o - p))¢’
= 2 (4w~ (o a)(o - p)) €

1
— .9. 4m2,’751'£r
dm

= 2m775T§T .

~
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A .3 The vector fermion bilinear

A.3 The vector fermion bilinear

The results of this section are used in Subsection 3.3.4.

~ 0 ot Vo -p&”
v*(g)y"u" (p) = (—UST\/O' q n*to- q)
g 0|\ Vo per
ot\/o-p&”
= (—nST\/ﬂ nST\/G-q>
at'\fo-p&"
(A.3)
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A.4 The axial vector fermion bilinear

The results of this section are used in Subsection 3.3.5.

0 o) (-1 0) (0o D&
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A.5 The tensor fermion bilinear

The results of this section are used in Subsection 3.3.6.

0 ot 0 o¥ Vo pg&"
ot 0 v 0 Vo -p&"
0 ot} [o"VE pg

ot 0 a’\Jo-p&"

v (@) y " (p) = (—nsTﬂ nSTﬂ)

= (—nST\/ﬂ nST\/W>

ola¥\Jo p&"
= <_775Tﬂ nSTﬂ) Ipp—— (A.9)
ata¥\/a - p

R ol'g” (2m — o -p)¢”

1
= i (—nST 2m+o-q) 7t (2m—0-q)) b (2 o
oto"(2m+o-p

1
= Rn“(— 2m+o-q)ctd” (2m —o - p)

+@2m—-o-q)d'c” (2m+o-p))E .
Component with y=0and v =0

=S ' 1 S r
7 (@) (p) = " (= 2m+ o -q) (2m—0 - p)+(2m—0-q)(2m+0p))E
1 S
= 1 T(—4m2+2ma’-p—2m0'-q+(0'-q)(0'-p)

+4m?* +2mo - p —2mo -q— (0 -q)(o-p))E”
(A.10)

1
:4—7]5T-2(2m0'-p—2m0'-q)£r
m

63



Appendix

Component with =0 and v =
; 1 )
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A.6 The axial tensor fermion bilinear
The results of this section are used in Subsection 3.3.7.
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