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Abstract

Background While Foundation Models like CLIP achieve unprecedented generalization, adapt-
ing them to specific downstream tasks via traditional fine-tuning is computationally expensive and
fragments their generalized knowledge into isolated models. Task Arithmetic offers a powerful
alternative by treating fine-tuning as a directional weight-space shift, or task vector. Manipulat-
ing these vectors through simple algebra enables zero-shot multi-task composition and domain
adaptation without the need for retraining.

Problem A highly ambitious application of this framework is the zero-shot task analogy, which
attempts to transfer learned capabilities from a source domain to a completely unobserved target
domain. However, applying simple algebraic summation in a highly non-linear weight space in-
evitably causes high level of interference. This geometric misalignment entangles the analogical
vector with source-specific artifacts. Although recent literature attempts to mitigate this by perform-
ing arithmetic in linearized regimes (e.g., the tangent space of the Neural Tangent Kernel), this thesis
demonstrates that strict linearization artificially bottlenecks the model’s expressivity, rendering it
incapable of handling severe structural domain shifts. Furthermore, we identify the unconstrained
subtraction of the source task vector (74) as the primary cause of performance degradation, as it
inadvertently erodes foundational, low-level feature extractors.

Methodology This thesis proposes solving the interference directly within the expressive non-
linear space. To achieve this, we adapt GradFix, a gradient-guided masking mechanism rooted in
model rebasin, to the novel context of zero-shot task analogies. Assuming domain shifts modify
largely disjoint parameter subsets, we utilize a minimal target support set (few-shot oracle) to
compute a binary mask via gradient sign-consensus. This discrete directional mask is applied
asymmetrically (exclusively to the subtractive term) filtering out geometrically misaligned weights
and safely decoupling domain-specific noise from transferable semantic knowledge prior to the
algebraic projection.

Results Extensive empirical evaluations on the DomainNet benchmark validate both our the-
oretical diagnosis and algorithmic solution. Our targeted intervention effectively navigates the
expressivity versus linearity trade-off, yielding zero-shot accuracy gains of up to +15% from the
pre-trained baseline. Furthermore, the asymmetric masking actively preserves the linear separa-
bility and the topological integrity of the latent manifold, successfully addressing the geometric
limitations of task arithmetic under complex domain shifts.






1. Introduction

Deep learning has fundamentally shifted toward massive Foundation Models, like the Vision Trans-
former (ViT). While they achieve unprecedented generalization, adapting them to specific down-
stream tasks via traditional fine-tuning is computationally expensive and fractures their generalized
knowledge into isolated, task-specific models.

Model Merging and Task Arithmetic offer a powerful alternative to address this fragmentation.
Fine-tuning a foundation model induces a directional weight-space shift known as a task vector.
These vectors can be manipulated via simple arithmetic (addition, subtraction) to enable zero-shot
multi-task composition and domain adaptation without retraining.

A highly ambitious application of this framework is the zero-shot task analogy. Similar to
word embeddings, task analogies attempt to transfer a learned capability from a source domain
to a completely unobserved target domain. For example, adding the shift between “sketch” and
“quickdraw” (learned on man-made objects) to a “food sketch” model theoretically generates a
“food quickdraw” classifier zero-shot. However, applying simple algebraic summation in a highly
non-linear weight space inevitably causes catastrophic interference. The source domain shift rarely
aligns perfectly with the optimal target direction. This geometric misalignment, which we formally
define as the closure error, entangles the naive analogical vector with source-specific artifacts and
drives the model into suboptimal loss basins.

Recent literature proposes performing task arithmetic within a linearized regime, specifically
the rangent space (Neural Tangent Kernel). While a first-order Taylor expansion mathematically
preserves arithmetic properties and mitigates interference, this theoretical protection comes at a
severe cost. As this thesis demonstrates, strict linearization artificially bottlenecks the model’s
expressivity, lacking the representational capacity required for severe structural shifts (e.g., from
detailed sketches to minimalist quickdraws).

This thesis proposes solving the closure error directly within the expressive non-linear space.
To achieve this, we adapt GradFix [34], a gradient-guided masking mechanism rooted in model
rebasin, to the novel context of zero-shot task analogies. Assuming domain shifts modify largely
disjoint parameter subsets, we use a minimal target support set (few-shot) to compute a binary mask
via gradient sign-consensus. This filters out geometrically misaligned weights, safely decoupling
domain-specific noise from transferable semantic knowledge before the algebraic projection occurs.

1.1 Main contributions
This thesis addresses the geometric and topological limitations of task arithmetic under complex do-

main shifts, offering both a theoretical diagnosis and an algorithmic solution. Our core contributions
are:

* Expressivity vs. linearity trade-off: we demonstrate that while linearized tangent spaces



protect against interference, they create a severe expressivity bottleneck. Conversely, non-
linear spaces retain necessary capacity but suffer from geometric misalignment.

* Diagnosis of subtractive interference: we identify the unconstrained subtraction of the
source task vector (74) as the primary cause of performance degradation, showing that it
inadvertently erodes foundational, low-level feature extractors.

* Asymmetric masking via GradFix: we apply GradFix [34] to mitigate this degradation. By
using a few-shot oracle, we apply a discrete directional mask exclusively to the subtractive
term, uncoupling domain noise from core semantic knowledge.

* Empirical validation: we establish that our targeted intervention yields zero-shot accuracy
gains of up to +15% and actively preserves the linear separability and topological integrity of
the latent manifold.

1.2 Thesis outline

The remainder of this thesis progressively builds the theoretical foundation necessary to solve the
task analogy problem.

Chapter 2 reviews the fundamentals of model fine-tuning, focusing on the geometric and
spectral properties of the Hessian matrix.

Chapter 3 delves into the topology of the loss landscape, exploring mode connectivity, the
absence of loss barriers (analogous to spin glass models), Linear Mode Connectivity (LMC), and
the Lottery Ticket Hypothesis.

Chapter 4 introduces Task Arithmetic, detailing the Neural Tangent Kernel (NTK), task arith-
metic within the tangent space, weight disentanglement, and 7.J P regularization, formalizes the
zero-shot Task Analogy as a complex transfer learning problem,.

Chapter 5 highlights task analogy geometric challenges, and introduces our adapted solution
applying GradFix.

Chapter 6 presents the experimental evaluation on the DomainNet benchmark, comparing
non-linear and linearized regimes, and concludes with an extensive geometric and topological
diagnosis.

Chapter 7 summarizes the key findings, discusses broader implications, and outlines potential
future research directions.



2. Fine-tuning and loss landscapes

2.1 Training networks as an optimization problem

Training a neural network can be interpreted as an optimization problem over a high dimensional
parameter space. It is well known that certain network architectures are easier to train than others,
and that the choice of the initial hyperparameters (such as the batch size, the learning rate and the
optimizer) can have a significant impact on the training process [23].

We can formalize the training process as follows. Given:

e atraining set D = {(z;,v;) : 7; € R y; € R% § = 1,..., N}, where z; are sampled from
a possibly unknown distribution v;

* a prediction function parametrized by a vector 0, h € H = {h(-,0) : 0 € RM h : R%» x
RM — Rdou};

* aloss function £ : R% x R% — R that measures the error between the predictions and the
true labels;

the goal is to find the parameters 6* that minimize the loss function £(6), defined as:

N
1
0* = argmin £(0) = arg min — ((h(x;,0),y; 2.1
g min £(6) = arg1 N;(( ), i) @.1)

The function £ : R® — R defines a scalar field over the parameter space. The geometry of
this scalar field, commonly referred to as the loss landscape, is characterized by its critical points,
curvature, and connected components. The behavior of gradient-based optimization algorithms is
fundamentally determined by the geometric properties of this landscape.

For solving this optimization problem, we typically use a variant of the Stochastic Gradient
Descent (SGD) algorithm, which iteratively updates the parameters in the direction of the negative
gradient of the loss function. If we use the standard SGD update rule (steepest descent), the
parameters are updated as follows:

041 =0, — Utveg(h(l“z» Qt), yz)

where 7, is the learning rate, and ¢ is a randomly sampled index from the training set. In the case
of mini-batch SGD, we compute the gradient over a batch of samples as follows:

Orit = 0 — L’;—| > Vot(h(xi,6), i)
€S

where ¢ is a randomly sampled index from the training set and S; C {1, ..., N} is a mini-batch of
indices [10].
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Figure 2.1: Visualization of a flat minimum (left) and a sharp minimum (right) in the loss landscape.

2.2 The fine-tuning setting

In the fine-tuning setting, however, optimization does not start from a random initialization, but
from a pre-trained parameter configuration ¢y, which already lies in a structured region of the loss
landscape. So the great difference between standard training and fine-tuning procedures is the fact
that the first method starts from a random initialization, while the second starts from a pre-trained
configuration. For this reason we can consider a parameter perturbation such that § = 6, + Ay and
under sufficient regularity conditions a second order Taylor expansion of the loss function around
6 gives us the following approximation:

1
L0+ Do) & L(00) + VoL (00) Ao+ SA7 H(00)A (2.2)

where H (6)) is the Hessian matrix of the loss function evaluated at 6.

2.3 Some interesting observations about the Hessian

The relationship between curvature and generalization has been studied since the late 1990s. Hochre-
iter and Schmidhuber (1997) [17] introduced the notion of flat minima, arguing that solutions lying
in wide basins of the loss landscape exhibit improved robustness and generalization. We can see a
good representation of the difference between a flat minimum and a sharp minimum in Figure 2.1.
Moreover it has been observed by Sagun et al. [36] that the Hessians are affected by the training
data: if the data have k classes with relatively small deviations among them, then the Hessian will
have k large eigenvalues, while the remaining eigenvalues will be close to zero.
In addition it has been tested the effect of growing size of the network when data, algorithm and
architecture are fixed, and it has been observed that the number of large eigenvalues does not grow
with the size of the network, but remains approximately equal to the number of classes in the data.
Another interesting observation is the study of the comparison between a large batch size and a
small batch size. It has been observed that the large batch size leads to sharper minima, while the
small batch size leads to flatter minima. This is because the large batch size provides a more accurate
estimate of the gradient, which allows the optimization process to converge to a sharper minimum.

7
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On the other hand, the small batch size introduces more noise in the gradient estimation, which can
help the optimization process to escape from sharp minima and converge to flatter minima.

As shown in Figures 2.2a and 2.2b, the Hessian spectrum exhibits a clear separation: a dense
bulk centered near zero and a small set of isolated large eigenvalues. These results suggest that
trained neural networks converge to geometrically structured regions of the parameter space, where
the effective dimensionality of the curvature is significantly lower than the ambient parameter
dimension.

This observation can be explained by supposing that the loss function can be expressed as a
composition of two functions:

* the model function h, : R — R%u=_ which maps the parameters to the predictions;

* the loss function ¢, : R%= — R+ which measures the error between the predictions and the
true labels and is a convex function.

Here e refers to the given example.

From simple computations we can see that the gradient and the Hessian of the loss function can
be expressed as follows (note that Jyh() € RM*du jg the Jacobian matrix of the model function
with respect to the parameters) [46]:

VoL (0) = Joh(6)Vrl(h(6)) 23)
dout
V3H(h(0)) = Joh(6) T3 T (0) + > r(h(6))V3he(6) e

Observation 2.3.1. The term Jyh(0)V2L(h(0))Jph(0)T is called Gauss-Newton matrix and it is
a positive semi-definite matrix that approximates the Hessian of the loss function. It is often used
in optimization algorithms, to find the optimal parameters of a model.



Since /, is a convex function, we have that V2/(h(f)) = 0, so it is a symmetric positive
semi-definite matrix. Therefore we can decompose it using the eigendecomposition for symmetric
matrices [1] as follows: V2((h(0)) = QAQT = Q\/K\/KTQT = QVA(QVA)T, where Q is an or-
thogonal matrix, A is a diagonal matrix with non-negative entries and v/A = diag(v/ g, ..., \/Vl ).
This means that the loss function can be expressed as:

5 1 & + 1 N o ol; 9
ViL(0) = N Z(Jisi)(JiSi> N Z Z 8_h<h$i(0))v9h6(0) (2.5)

i=1 i=1 c=1

where S; = Q;v/A\; and J; = Jyh,, (). Ata point close to a local minimum the gradient of the loss
function is close to zero, which means that the second term of the Hessian is close to zero. For this
reason we can approximate the Hessian as follows:

N
ViL(0) ~ %Z(LS»(JZ-SZ-)T (2.6)

i=1

This formulation leads to two fundamental geometric and statistical observations:

1. Low-rank structure: the Hessian is expressed as a sum of outer products of matrices with
inner dimension d,,,;. Consequently, its rank is strictly bounded by:

rank(H) < N - dyy.

In the overparameterized regime (M > N - d,,;), the Hessian is necessarily rank-deficient.
This implies that only a small fraction of directions in parameter space exhibit significant
curvature (the "spikes"), while the vast majority correspond to nearly flat directions (the
"bulk") [36].

2. Statistical interpretation: the matrix >_(/;S;)(.J;S;)" can be interpreted as the uncentered
sample covariance matrix of the weighted gradients. This means that the eigenvectors corre-
sponding to large eigenvalues (high curvature) align with the directions where the gradients
of the training examples vary the most. Conversely, the null space of this matrix represents
directions where the model outputs are insensitive to parameter perturbations as reported by
Sagun et al. [36].

This spectral degeneracy explains why trained neural networks concentrate in low dimensional
curved subspaces of the ambient parameter space. As we will discuss in the next chapters, this
property is the key enabler for arithmetic operations in parameter space, such as Linear Mode
Connectivity and Task Arithmetic, as updates tend to remain confined to these structured, meaningful
manifolds.



3. Mode connectivity

In the previous chapter we have seen that the loss landscape of deep neural networks is highly
non-convex, and that there are many local minima. Moreover, the loss is often high along a line
segment connecting two optima. These two observations suggest that the loss landscape of deep
neural networks is very complex, and that there are many local minima that are not connected by a
simple path.

3.1 Connection procedure

Garipov et al. (2018) [13] proposed a method to minimize the training loss along a curve connecting
two optima. Let él, 65 € RM be two sets of weights obtained by training a neural network with
different initializations. The objective is to find a curve ¢, (t) : [0, 1] — RM such that ¢, (0) = 6,
and ¢, (1) = 0,, and that minimizes the training loss along the curve:

oy _ o LGa®)dt [y LOa)loLB)ldE_
o) = = | L(¢a(t))qa(t)dt = Eing, [L(Da(t))]
" Jo lloL(®)]1dt fo IW )||dt /0 I
(3.1)
where ¢q(t) = [|¢/,(¢ < INICAG ]dt) is the distribution on ¢ € [0, 1] induced by the curve

®o. The numerator corresponds to the line integral of the loss function along the path with respect
to arc-length measure. Therefore, the normalized quantity represents the average loss encountered
along the curve in parameter space. Dealing with the gradient of ¢ («) is intractable because also the
distribution ¢, depends on «. Therefore it has been proposed to optimize the following surrogate
objective:

-/ ' L(6n(0)dt = Evetron [£(6a(0))] 32)

where U(0, 1) is the uniform distribution on [0,1]. We know that these two formulations are
equivalent when the curve ¢, has constant speed, i.e. ||¢/,(t)|| is constant for all ¢ € [0, 1]. This
is achieved for example when ¢,,(t) defines a polygonal chain with two line segments of the same
length and when their parametrizations are linear in ¢. In practice, it has been observed that
optimizing ¢(cv) also leads to a decrease in /(cv), and that the resulting curve ¢, has approximately
constant speed.

To minimize Equation (3.2) it is sufficient to sample ¢ from the uniform distribution and to
compute the stochastic gradient step of L£(¢,(t)) with respect to «. In this way we obtain an
unbiased estimate of:

L(¢a(D) = Ervv0)[Val(da(t))] = VaBravon [L(¢a(t))] = Val(a) (3.3)

10



3.1.1 Empirical results

Garipov et al. [13] have tested the above procedure on different architectures. Here are presented
the results obtained with a ResNet-164 on CIFAR-100.

100

5 Segment Segment
T, o e
2 1o olychain 3\.1 'olychain
=27 5
c = 50
3 5
= i
[
0.3 =
0.11 %g
0.07 23 e

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.1: Training loss and test error across different paths. The left panel displays the
ly-regularized cross-entropy training loss as a function of the parameter ¢. The right panel shows
the test error for varying values of ¢. Both plots compare the performance of three interpolation
methods: the polygonal chain (blue), the Bézier curve (green), and the linear segment (red).

From Figure 3.1 it is possible to see that the linear segment connecting the two optima has a
high loss and a high test error for intermediate values of ¢. On the other hand the polychain and
the bezier curves have a low loss and a low test error for all values of ¢. This means that there is a
curve connecting the two optima along which the loss is low, and that this curve can be found by
optimizing the surrogate objective Equation (3.2).

Another good way to see the effectiveness of the proposed method is by plotting the same
{5-regularized cross entropy train loss along the curve ¢, (t) in a 3D plot.

This time consider three different weight vectors: 0y, 0,, 05 € RM. Set

(05 — 01,62 — 61)

u= (02— 061), v= (63— 0h) 165 — 6,12

- (02 — 61)

which is a simple Gram-Schmidt orthogonalization of 63 — 6; with respect to #; — 6;. Then we
normalize the two vectors & = ﬁ and v = ﬁ obtaining an orthonormal basis of the plane
defined by 6., 65, 63. Then it is possible to visualize the loss landscape by evaluating the networks
corresponding to each of the points in the grid. A point P(x,y) in the plane would then be given
by P(x,y) =61 +z-u+y-0.

These experiments (see Figure 3.2) provide empirical evidence that the optima of deep neural
networks are connected by simple pathways.

11



Figure 3.2: Visualization of the /,-regularized cross-entropy loss surface for a ResNet-164 on
CIFAR-100 within two-dimensional weight subspaces. In all panels, the horizontal axis is defined
by the segment connecting the optima of two independently trained networks. The vertical axis
varies across panels according to the different planes defined in the text. Left: Relative positions of
three independent optima. Middle and Right: A quadratic Bézier curve and a polygonal chain (with
one vertex) connecting the two lower optima along a path of near-constant loss. Notably, a direct
linear interpolation between modes crosses a region of significantly higher loss in every projection.

3.2 No barriers in loss landscape

Building on the work of Garipov et al. [13], Draxler et al. [8] introduced a method to identify
a minimum energy path between two optima. Within their framework, the terms “energy” and
“training loss” are used interchangeably to describe the optimization landscape. The goal is to find
a continuous path p* from 6; to 6, through parameter space with the lowest maximum energy:

p*(61,62) = argmin {maxL(0)} (3.4)

p from 67 to 02 bep

The lowest path p* is called the minimum energy path (MEP), and the parameter set with the
maximum loss along this path is called the saddle point, in the ideal MEP setting it corresponds to
a first-order saddle of the loss surface.

Obviously the problem of finding the MEP is intractable, but it has been proposed a method to
find an approximation of the MEP. The method is called Nudged Elastic Band (NEB) and it is based
on the idea of discretizing the path into a finite set of pivots and iteratively update their positions.
Each pivot is then subjected to two forces:

* aloss force derived from the gradient of the loss, projected perpendicular to the path;

* a spring force between neighboring pivots, acting only parallel to the path to maintain an
approximately uniform spacing.

This construction prevents the path from sliding back to the minima and yields an approximation
of a minimum-energy path. The maximum loss along the resulting path provides an upper bound
on the saddle energy between the two minima.

12
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Figure 3.3: Here are represented the minimum () and the saddle point (e) on training and test set.
It’s possible to see that the ce on loss values between the minima and the saddle point is very narrow
for very deep architectures (middle and right plot) while it remains a small difference for shallow
architectures. Another interesting insight is that in a simple architecture like a CNN, by increasing
the depth, the difference between the minima and the saddle point becomes smaller.

3.2.1 Results

In Figure 3.3 it is possible to see the differences obtained by comparing the saddle points obtained by
Auto-NEB and the minima on the training and test set. It has been tested with different architectures
(CNN, ResNet with different depths and DenseNet) and datasets (CIFAR-10 and CIFAR-100).

Another interesting result is the fact that the loss value at the saddle point found by Auto-NEB
is usually smaller than the loss value during the most part of the training procedure, as we can
see in Figure 3.4. This means that the loss landscape of deep neural networks is very smooth and
that there are essentially no significant energy barriers in highly overparameterized architectures.
Moreover, it has been observed that the loss value of the saddle point found by Auto-NEB is usually
very similar to the one observed at the minimum. This remark can imply that the loss surface can
be interpreted as a large connected component with a very flat landscape, where the minima are just
different points in the same connected component. This is consistent with the low-rank structure of
the Hessian matrix observed in the previous chapter: if curvature concentrates in a low-dimensional
subspace, flat directions can enable continuous transitions between minima.
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Figure 3.4: Here are represented the learning curves of the two deepest models and the saddle points
found by Auto-NEB with a dotted line.

3.2.2 Discussion of the Results

The empirical findings presented above can be interpreted through two complementary mechanisms:
resilience and redundancy. Together, they help explain why modern deep architectures exhibit
extremely low or even vanishing loss barriers between minima.

Resilience. SOTA architectures have hundreds of parameters per layer and skip connections
between non adjacent layers. This means that low perturbations of one or few parameters can
be compensated by coordinated adjustments of the other parameters. This type of resilience is
exploited by procedures like Dropout.

Redundancy. Redundancy provides a constructive explanation. Consider a two-layer network
solving the XOR problem (as in Figure 3.5): swapping two hidden neurons yields an equivalent
solution corresponding to a different minimum. A direct interpolation between the two configu-
rations leads to high loss. However, introducing a single additional neuron enables a continuous
reallocation of functional roles, allowing a path between the two minima without increasing the
loss. In large deep networks, where redundancy is pervasive, similar mechanisms can eliminate
barriers between minima, explaining the existence of near-constant-loss connecting paths.

3.3 Theoretical perspective: the spin glass analogy

The previous empirical results show that barriers can be circumvented; here we discuss a comple-
mentary theoretical view explaining why many good solutions cluster in a narrow energy band.

The complex topological properties of the loss landscape of deep neural networks have been
studied through the lens of statistical physics. In particular, it has been shown that the loss landscape
of deep neural networks can be modeled as a spin glass model as studied by Choromanska et al.
[7].

A spin glass is a disordered magnet characterized by frustrated interactions. It consists of a set
of magnetic moments (spins) whose interaction couplings are randomly distributed, leading to a
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Figure 3.5: The continuous transition between two equivalent configurations of a two layer per-
ceptron that can fit the XOR example. The two configurations are obtained by swapping the two
neurons in the first hidden layer.

highly non-convex energy landscape. Typically they are solved by starting from the Hamiltonian of
the system, which is a function that describes the energy of the system in terms of the configuration
of the spins. The spin glass model compared in the work of Choromanska et al. [7] to the loss
landscape of DNNs is the /7 -spin spherical spin glass model. In this section we follow the spin-glass
literature and denote by w the (normalized) configuration variable of the H-spin model; this should
not be confused with the network parameters  used elsewhere in the thesis. The Hamiltonian is:

A

H
) 1 )
‘CA’H(W> = A(H_l)/2 E Xil,...,iH H Wy, (35)
k=1

11,82,y 0 =1

with the spherical constraint % Zle w? = 1.

The following derivation relies on strong simplifying assumptions that make the loss analytically
tractable. The resulting model should be interpreted as a qualitative theoretical analogy rather than
an exact description of modern architectures. The assumptions are the following:

* Variable independence: the network’s inputs and activation states (the ReLU gating along
each path) are modeled as independent random variables, effectively decoupling them from
the network’s weights. In statistical mechanics, this provides the necessary "quenched dis-
order" to render the Hamiltonian analytically tractable, enabling a Gaussian random field
approximation.

* Redundancy: as we have seen before, this assumption reflects the highly over-parameterized
regime typical of modern deep learning. It ensures the system is large enough to apply
asymptotic limits from statistical physics (the thermodynamic limit), allowing the vast number
of parameters to be treated as a continuous statistical ensemble.

 Uniformity: it is assumed that the unique weights are evenly distributed across the network’s
connection graph. This guarantees that every possible combination of H weights appears
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with roughly the same frequency, transforming the discrete graph topology into a continuous,
symmetric polynomial where no single connection disproportionately dominates.

Under these assumptions it is possible to show (see Appendix A for more mathematical details)
that the loss function of a DNN can be expressed as follows:

A H
Lag(W)=Cr+Cyq Z Xitio,in szk (3.6)
k=1

11,825t g =1

where C; and C, are some constants, ¢ is a normalization factor that depends on the number of
parameters and the depth of the network, X;, ;, ;, are ii.d. standard Gaussian random input
variables, w;, is the k-th component of the weight vector w, H is the number of layers in the
architecture, and A = 4/ kH:_Ol ny, is the geometric mean of the number of neurons in each layer.
When minimizing the loss function it is possible to ignore the constant terms C; and Cy and to
substitute ¢ = m In this way we obtain the Hamiltonian of the /-spin spherical spin glass

model and apply the results of Auffinger et al. [4].

3.3.1 Theoretical results

To understand the theoretical results from the Auffinger’s studies it is necessary to introduce the
following definition:

Definition 3.3.1. Let v € R and & be an integer such that 0 < k£ < A. We will denote as Cp j(u)
a random number of critical values of £, (w) in the set AB = {Az : € (—o0, u)} with index'
equal to k. Similarly we will denote as Cx (B) a random total number of critical values of £, g (w).

We assume that A — oo (which is possible if and only if N — oo) and we call E, = E(H) =
2@ energy barrier.

Thanks to these definitions and using the Theorem 2.12 proved by Auffinger et al. [4] it is
possible to say that any critical point that lies above the energy barrier is a high index saddle point
with overwhelming probability. So for this reason all critical points with non diverging index must
be in the interval (—AEy(H), —AE(H)), where Ey(H) is some real number.

Moreover, following Theorem 2.15 in Auffinger et al. [4], finding a critical value with an index
grater than or equal to k& below the energy threshold —AEj(H) is exponentially unlikely. This
threshold naturally lies within the interval (—AEy(H), —AE(H)), since the underlying sequence
{E;(H)}32, is strictly decreasing and converges to Eo.(H ).

These findings reveal a highly structured and layered topology of the loss landscape. In par-
ticular, slightly above the global minimum, there is a narrow energy band (—AEy(H ), —AE(H))
containing exclusively local minima (critical points of index 0). As we move to higher energy levels,
the landscape becomes increasingly populated by saddle points of higher indices. Specifically, the
subsequent band (—AF;(H), —AF5(H)) contains only local minima and index-1 saddle points.

I'The number of negative eigenvalues of the Hessian matrix V2£A7 g at w is also called index of V2£A7 Hatw.
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Figure 3.6: Distribution of the mean number of critical points, local minima and saddle points with
low index. The first picture represents the original distribution, the following 3 the zoomed version
of the energy band (—AEy(H), —AFE(H)). For this simulation the parameters A and H have been
set to 1000 and 3 respectively.

The next interval, (—AFy(H), —AFE3(H)), introduces index-2 saddle points alongside those of
lower indices, a hierarchical pattern that generalizes systematically for all higher energy bands.

Another interesting insight is that the number of critical points in (—AFEy(H), —AE.(H))
grows exponentially with A. This means that the number of local minima grows exponentially with
the number of parameters, and the probability of finding a saddle point in that interval, rather than
a local minima, goes to 0. This behaviour is exemplified in Figure 3.6.

The optimizer easily avoids the band of high index saddle points which have a high number of
negative curvature directions, and reaches a local minimum or a low index saddle point in the energy
band (—AEy(H),—AE.(H)). For this reason finding a bad solution (a critical point far away from
the global minimum) is unlikely, specially in the overparametrized regime where A — oo.

Moreover finding the global minimum is also unlikely, because if we suppose to be at a local
minimum with energy —F.,(H) — 4, in order to find a futher low lying minimum, we would have
to pass across a saddle point with higher energy. This process takes an exponential time in A and it
is therefore unlikely to happen. For this reason, the local minima found by the optimizer are likely
to be good solutions with low loss value.

This theory does not directly imply mode connectivity; rather, it supports the view that many
good solutions exist in a narrow low-energy band, making connectivity phenomena plausible in
overparameterized regimes.

3.4 Linear mode connectivity

Frankle et al. [12] adopt a methodology akin to the one proposed by Garipov et al. [13] to analyze
training instability. Specifically, they train two identical copies of a network, starting from the
same initialization but subjected to different realizations of SGD noise (e.g., different mini-batch
orderings). At the end of the training procedure, this yields two distinct sets of optimized weights,
6% and 6%. The connectivity between these two solutions is then evaluated by measuring the error
barrier along the linear interpolation connecting them, using the following function:

* CaplOr,0F) = sup,cpoq) €(t0r + (1 — t)607) is the supremum of the test error along the linear
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Figure 3.7: The graphs displays the curve of the train and test error along the linear interpolation
between two solutions obtained by training the same network with different samples of SGD noise
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Figure 3.8: In the graphs are represented the curve of the train and test error along the linear
interpolation between two solutions obtained by training the same network with different samples
of SGD noise. On the z-axis is represented the epoch £ at which the two copies of the network are
created.

path connecting 61 and 02 (g(z) is the test error of the network with weights x).;

o £(0k,02) = mean(s(0}),c(0%)) is the average of the test error at the two endpoints.

The error barrier height on the linear path between 6} and 67. is eq, (0%, 63.) — £(67, 67). We call
this quantity the linear interpolation instability (shorthand instability) of N to SGD noise. We say
that 6} and 62 are mode connected if there exists a path connecting them where the error barrier
height is ~ 0. They are linearly mode connected if this is true along the linear path. We consider a
network A stable to SGD noise when the networks that result from instability analysis are linearly
mode connected. Otherwise, it is unstable.

Frankle er al. [12] have tested two different scenarios:

Instability analysis from initialization. They have trained two copies of the same, randomly
initialized network with different samples of SGD noise. Figure 3.7 shows the train and test error
when interpolating between the two solutions; there we can see that only LeNet is stable to SGD
noise, while all the other architectures are unstable.

Instability analysis during training. They have trained a network with the same sample of
SGD noise until a certain epoch k. Then they have built two copies of the network and continued
the training with different samples of SGD noise until the end of the training procedure.

Figure 3.8 illustrates the train and test error when interpolating between the two solutions for
different values of £ (the reported value is the highest found during interpolation, the peak in Figure
3.7). We can see that for all the architectures there is a critical epoch k. such that for &£ > k. the two
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Figure 3.9: Linear interpolation instability on the test set when making two copies of the state of
the network at step k and either (1) training for the remaining 7" — k& steps (blue) or (2) training for
T steps with the learning rate schedule reset to step 0 (orange).

solutions are linearly mode connected, while for £ < k. they are not. Moreover, the value of k. is
very small compared to the total number of epochs, which means that the instability to SGD noise
arises very early during training.

We know that varying the step k at which the two copies of the network are created has two
effects:

1. it changes the state of the network from which we train two copies to completion on different
SGD noise;

2. it changes the amount of training time remaining after the two copies are created: when we
run instability analysis from step k, we train the two copies for 7" — k steps. So as k increases,
the two copies are trained for fewer steps, which can make them more similar and therefore
more likely to be linearly mode connected.

To disentangle the role of the training time remaining after the two copies are created, they have
run an additional experiment: they reset the learning rate schedule to iteration O after creating the
two copies and trained them for an additional 7" steps. The different behavior of the two procedures
is exemplified in Figure 3.9.

3.4.1 Lottery ticket hypothesis

We know that sparse networks are more difficult to train from scratch. Beyond trivial sparsities
where many weights remain and random subnetworks can train to full accuracy, sparse networks
trained in isolation are generally less accurate than the corresponding dense networks. However,
the lottery ticket hypothesis states that within a dense, randomly initialized network there exists a
subnetwork that can be trained in isolation to achieve comparable accuracy to the original network.
This subnetwork is called a winning ticket and it is obtained by pruning the original network after
training and resetting the remaining weights to their initial values.

Iterative magnitude pruning (IMP) is a procedure to find winning tickets. Given an SGD
procedure modelled by function: A~! : RM x U — RM that maps weights 6, € RM at step s and
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Figure 3.10: Linear interpolation test error when making two copies of the state of the network at
initialization. Lines are means and standard deviations over three initializations and data orders.

SGD randomness u ~ U to weights 6, € R™ at step ¢ by training for t — s steps, IMP consists in
the steps explained in Algorithm 1.

Algorithm 1 Iterative magnitude pruning (IMP)

Input: initial weights 6, € R, initialize pruning mask to m = 1
Train: 6, to 0, with noise u ~ U : ), = A"7*(0, u)
forn =1to N do
Train m © ), to m ® O with noise v’ ~ U : 0y = AT (m © O, u)
Prune the lowest magnitude entries of 07 that remain. Let m[i] = 0 if 6[¢] is pruned.
end for

A o S

Output: winning ticket 6, and mask m

This version of IMP is not the one originally proposed by Frankle and Carbin [11], but it is a
more general version that allows to find winning tickets at any step of the training procedure. The
original version of IMP corresponds to the case where k = 0.

Instability analysis of subnetworks at initialization. In this scenario they have found out that

these subnetworks are only matching when they are stable to SGD noise as we can see in Figure
3.10.

Instability analysis of subnetworks during training. Frankle et al. [12] have found out that
networks whose IMP subnetworks were stable when rewinding to iteration O remain stable at all other
rewinding points. Furthermore, networks whose IMP subnetworks were unstable when rewinding
to iteration O become stable when rewinding to later iterations. Crucially, the authors demonstrate
that the exact point at which these sparse subnetworks become stable closely coincides with the
point where they become matching (i.e., capable of training to the full accuracy of the unpruned
network). This insight is well exemplified in Figure 3.11.
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Figure 3.11: Linear interpolation test error when making two copies of the state of the network at
a later training step. Lines are means and standard deviations over three initializations and data
orders.

3.5 Summary and implications

The empirical and theoretical studies discussed in this chapter paint a coherent picture of the loss
landscape of deep neural networks. Globally, the landscape is highly non-convex and rugged,
resembling a spin-glass system where independent solutions are separated by high-loss barriers.
However, locally, the geometry changes dramatically.

As demonstrated by Frankle et al. [12], when optimization trajectories share a common ini-
tialization point, whether it is a specific epoch k. in the Lottery Ticket Hypothesis or a shared
pre-trained checkpoint, the resulting minima lie in a region of parameter space that is approximately
linearly connected, in the sense that the linear interpolation between solutions exhibits negligible
loss/error barriers. Within this basin, solutions are linearly mode connected, meaning the direct
linear path between them does not incur any loss penalty.

This geometric property is the fundamental enabler for the techniques we will explore in the
remainder of this thesis. If parameter vectors obtained from a shared pre-trained model lie in a
linearly connected subspace, we can safely perform linear algebraic operations on them without
destroying their predictive capabilities. This intuition forms the theoretical foundation for Task
Arithmetic, which we will formally define and analyze in the next chapter.
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4. Task Arithmetic & Task Analogy

Changing how pre-trained models behave, for example for improving their performance on a specific
task or mitigating biases or unwanted behaviors, is a common practice in deep learning. It is a field
with a growing interest as demonstrated by recent works [38, 35, 32, 30, 29, 25]. In this chapter we
will explore how we can edit a variety of models with Task Arithmetic as exposed by Ilharco et al.
[18] , which is a technique that allows to perform arithmetic operations in parameter space using
task vectors. Formally we define a task vector as follows:

Definition 4.0.1. Let 6, € R be a pre-trained model and 0}, € R be the same model fine-tuned
on a task ¢. The task vector 7; € RM is defined as: 7, = 0}, — 0. When the task is clear from the
context we will simply refer to 7 as the task vector.

4.1 Editing models with task arithmetic

We will explore three different arithmetic operations, but later on we will focus on the analogy
setting, which is the most interesting one from a theoretical perspective. In Figure 4.1 we can see
a visual representation of the three different arithmetic operations that can be performed with task
vectors.

Learning via addition. The objective is to add more task vectors to obtain either a better per-
formance on a specific task or to obtain a model that performs well on multiple tasks at the same
time. From a theoretical standpoint, following Ortiz-Jimenez et al. [28], we can define the idealized
mathematical behavior of perfect task addition through the following formal property:

Property 4.1.1. Consider a network f : X x © — ) and a set of task vectors 7 = {7; };c[) with
associated non-intersecting task supports D = {D; C X}, i.e., Vi, 1, if t # t' then D,NDy = 0.
We say a network f satisfies the task arithmetic property around 6, with respect to 7 and D if:

T
i _ f(x;00+ aury) x €Dy
f (x, 6o + gam) = {f(x; ) x¢ UL D, 4.1)

with (051,042,...,061“) e A - RT

It is crucial to note that this property describes an idealized scenario of zero interference. In
practice, due to the highly non-linear nature of deep neural networks and the inevitable overlap
in real-world task data distributions, exact equality is rarely achieved, which leads to interference
between tasks.

In Figure 4.2 we can see that adding more task vectors in CLIP leads to better multi-task vectors,
which is consistent with the task arithmetic property.
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Figure 4.1: The three different arithmetic operations that can be performed with task vectors.
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Figure 4.2: Experiments are done for vision tasks using CLIP on eight datasets (CARS, DTD,
EuroSAT, GTSRB, MNIST, RESISC45, SUN397, SVHN). Accuracy is averaged across all tasks.
When more task vectors are added, better multi-task vectors are built. Each point represents an
experiment with a subset of the eight tasks.

Forgetting via negation. The objective is to reduce the performance of a model on a specific task
by subtracting the corresponding task vector, without altering the performance on other tasks. To
evaluate the specificity of this operation, Ilharco et al. [18] measured the accuracy on control tasks
as we can easily see in Figure 4.1.

Task analogies. The objective is to explore task analogies in the form "A is to B as C is to D" and
to use these relationships to generate entirely new task vectors. This approach allows for the creation
of task vectors that are not directly observed in the training data but are inferred from known domain
shifts. For this reason, we can see Task Analogy as an advanced form of Transfer Learning [40],
where the directional knowledge extracted from known tasks is algebraically transferred to infer the
weights for a novel, unseen task (e.g., Tp = 7¢ + (75 — Ta)).

Because task analogy involves complex domain shifts and is highly sensitive to the geomet-
ric properties of the parameter space, a deeper theoretical and empirical analysis of this opera-
tion—along with novel methods to improve its robustness—will be extensively discussed in Chapter
5.
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Table 4.1: Experiments are done for vision tasks using CLIP on eight datasets they wished to forget
(CARS, DTD, EuroSAT, GTSRB, MNIST, RESISC45, SUN397, SVHN), and the control task
(ImageNet). Negating task vectors reduces the performance on the target task while maintaining
the performance on the control task.

Method ViT-B/32 ViT-B/16 ViT-L/14

etho Target (}) Control (1) | Target (J) Control (1) | Target ({) Control (1)
Pre-trained 48.3 63.4 \ 55.2 68.3 \ 64.8 75.5
Fine-tuned 90.2 48.2 92.5 58.3 94.0 72.6
Gradient ascent 2.73 0.25 1.93 0.68 3.93 16.3
Random vector 45.7 61.5 53.1 66.0 60.9 72.9
Negative task vector 24.0 60.9 ‘ 21.3 65.4 ‘ 19.0 72.9
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(a) Experiments are done for vision task using (b) Three different task vectors are generated by
125 overlapping classes between ImageNet and fine-tuning three models independently and then
a dataset of human sketches. The analogy is for they are combined using the analogy. Accuracy
example "real dog is to real lion as sketch dog is is averaged over the four target subpopulations
to sketch lion". and three CLIP models.

4.1.1 From weight arithmetic to local linearity

The empirical effectiveness of task arithmetic [18] and weight-space interpolation [42] suggests that
neural networks exhibit a surprisingly regular behavior along certain directions in parameter space.
Interpolating between a pre-trained model and its fine-tuned counterpart 6, = (1 — «)0,, + oy
often results in smooth and approximately monotonic changes in loss as shown by Lucas et al. [24],
despite the non-convexity of the optimization landscape.

The Monotonic Linear Interpolation (MLI) property, as defined by Lucas et al. [24], indicates
that the direction from the pretrained to the fine-tuned model is such that movement in that direction
directly translates to performance gains on the fine-tuning task.

Furthermore, Wortsman et al. [42] show that linearly interpolating between zero-shot and fine-
tuned models can improve robustness under distribution shift, while preserving or even improving
accuracy on the target distribution as shown in Figure 4.5.
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trajectory projected onto the plane. On the right, the interpolated loss curves are represented, with
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Figure 4.5: Weight-space interpolation between a zero-shot and a fine-tuned CLIP model on
ImageNet. Interpolating between the two models can improve robustness under distribution shift,
while improving accuracy on the target distribution.

These empirical findings are consistent with the hypothesis that, in a neighborhood of the pre-
trained parameters, the functional behavior of the network can be well approximated by a first-order
expansion, as formalized in the Neural Tangent Kernel (NTK) framework by Jacot et al. [20]. Under
such a local linear approximation, parameter updates act as elements of a tangent space, and their
composition corresponds to linear combinations of first-order functional variations.

This perspective motivates a transition from heuristic weight arithmetic to a principled formu-
lation of model editing in tangent space, where task vectors are interpreted and combined through
their induced first-order functional effects.

4.1.2 Task vectors as accumulated gradients

The empirical success of weight-space interpolation and task arithmetic can be rigorously explained
by analyzing the optimization dynamics that generate task vectors. Recent work by Gargiulo et al.
[47] provides a fundamental theoretical bridge, demonstrating that task vectors are not mere spatial
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displacements, but are mathematically equivalent to accumulated gradients.

Specifically, they proved that a task vector 7, generated via standard gradient descent fine-tuning
with learning rate 7, corresponds to the accumulated negative gradient of the loss function over
the optimization steps. Furthermore, they demonstrated that performing task addition diverges
from the true trajectory of joint multi-task optimization only by a second-order error term O(n?).
Specifically, they have proved the following theorem (for the full proof see Appendix E):

Theorem 4.1.1. Let 9%1) = Opase + QY _yer Tt(k) be the model obtained using vanilla task arithmetic
with scaling parameter . Let {9,@ }er be produced by running & full-batch GD epochs with step
size 1) on each task, and let 91(\% be the model obtained from k& GD epochs with step size an on the
aggregated loss £ =, {,. Tt holds that:

1 1
0’(1‘5) — Hp(j")l‘
Q(k) = G(k) + 7]20 H(J) k 2 + O 7]3 for k 1
TA MT ({ M1 }]71> ( ) rRk >

e

h
where  C({61), b)) = Z Z V24, (0\r) Z re(647)

teT e=0 m=0
with  7,(0) = « Z Vi (0) + (o — 1)VL(0)
eT\{t}

Moreover, they bounded the second-order error term C({@%}Ll) in feed-forward networks,
assuming bounded weights and activation functions with bounded derivatives.

This formal equivalence is a cornerstone for understanding task arithmetic. It implies that when
we perform addition, we are effectively linearly combining the gradient descent trajectories of the
individual tasks.

In addition to this theoretical insight, Gargiulo et al. [47] empirically verified that task vectors
remain highly effective even beyond the first epoch. This occurs because the initial gradient
updates largely dictate the overall optimization trajectory. To demonstrate this, they compared the
performance of task arithmetic under two conditions: merging models fine-tuned to full convergence
versus merging models fine-tuned for just a single epoch.

Remarkably, the multi-task model obtained after only one epoch performed competitively with
the fully converged counterpart, as shown in Figure 4.6. This empirical observation perfectly aligns
with the theoretical findings: early task vectors are closer to the true task-loss gradients, prioritizing
gradient approximation over task-specific overfitting. Consequently, for the purpose of multi-task
model merging, performing a single epoch of fine-tuning is often sufficient to capture the essential
geometric shift required for successful arithmetic composition.

To further understand this phenomenon, they empirically analyzed how much the first epoch
of fine-tuning contributes to the final task vector. Specifically, Figure 4.7a illustrates the epoch-
wise normalized gradient norms > gz"'féj;?;(w,))” across different datasets. It is evident that the first
epoch contributes the largest share to the total gradient norm, which is consistent with the theoretical
derivations. Even in datasets where the first epoch’s relative contribution is less pronounced, such
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Figure 4.6: Comparison of multi-task accuracy obtained by merging models via task arithmetic.
The multi-task model derived from merging single-epoch fine-tuned models performs competitively
against the model obtained by merging fully converged models, highlighting the dominance of early
gradient directions.

as RESISC45 and DTD, the task vector obtained after one epoch still dictates the direction of the
entire optimization trajectory.

This is corroborated by computing the pairwise cosine similarity of gradients from the first 10
epochs. As shown in Figure 4.7b, the gradients from the subsequent 5 epochs maintain a high cosine
similarity (> 0.8) with the initial epoch’s gradient. This strong directional persistence confirms that
fully trained task vectors favor task-specific performance through localized refinement, whereas
first-epoch task vectors prioritize a pure gradient approximation. Both yield similar multi-task
merging capabilities, but relying on the single-epoch task vector provides a highly efficient and
theoretically grounded proxy for the true gradient trajectory.

4.2 Local linearity and the tangent space

As extensively discussed in Chapter 3, models optimized from a shared initialization tend to converge
into the same linearly connected basin of attraction. In the specific context of transfer learning,
Neyshabur et al. [27] provide a structural explanation for this geometric phenomenon. They show
that models fine-tuned from pre-trained weights remain remarkably close in /5 distance within the
parameter space. This bounded movement occurs because fine-tuning predominantly alters the
higher layers to adapt to the target task, while the lower layers, which extract general, low-level
features, remain strongly anchored to their pre-trained values.

From Figure 4.2 we can see that the similarity between the features of the pre-trained model
and the fine-tuned model is higher in the lower layers than in the higher layers, which supports this
hypothesis. This observation does not hold for models trained from random initialization. This
structural property of fine-tuning suggests that the parameter space around the pre-trained model

27



RESISC45
Gradients Cosine Similarity Across Epochs —1.0

~
1

0

1- 093 08

=
1

2= 085 081
=0.6

&
1

3= 084 083 0.75

h

- 4-081 081 0.73 0.72 -0.4

Epo

5=-0.01 0.01 0.04 0.04 -0.02

6= 0.66 0.63 0.60 0.59 0.56 0.06 ~0-2

malized Gradient Norm
-
1

7-0.02 0.03 0.03 0.03 0.04 0.06 0.03

Nor

=0.0

0.1 I 8=-0.31 -0.25 -0.26 -0.23 -0.23 0.05 -0.19 -0.06

I I I - I 9-016 0.6 0.15 016 019 -0.02 0.08 0.04 -0.07 -—02
< N S I [
0 1 2 3 4 5 6 7 8 9
= & S

T I I [} 1
= =) Q Epoch
& &

(a) Normalized gradient norms after 5 epochs of finetuning.  (b) Pairwise cosine similarities of gradients
from the first 10 epochs.

Figure 4.7: Analysis of first-epoch gradients demonstrating the optimization trajectory dominance.

Table 4.2: Feature similarity for different layers of a ResNet-50 on the target domain CheXpert. The
similarity is measured with Central Kernel Alignment (CKA) as discussed in [21]. P-T stands for
model trained/fine-tuned on target domain starting from pre-trained weights; P stands for pre-trained
model; RI-T stands for model trained on target domain from random initialization.

models/layer convl layer 1 layer2 layer3 layer4

P-T &P 0.6225 0.4592 0.2896 0.1877 0.0453
P-T & P-T 0.6710 0.8230 0.6052 0.4089 0.1628
P-T & RI-T 0.0036 0.0011 0.0022 0.0003 0.0808
RI-T & RI-T  0.0016 0.0088 0.0004 0.0004 0.0424

is organized in a way that allows for local linear approximations to be effective, as the fine-tuned
models do not deviate significantly from the pre-trained parameters, especially in the lower layers.

From the Neural Tangent Kernel (NTK) theory (for more details see Appendix B), we know that
for a sufficiently wide neural network, the function it represents can be approximated by a linear
function in the parameter space around its initialization. So it can be approximated with a first-order
Taylor expansion as follows:

F(x:0) = f(x;60) + (60 — 60) Vo f (x;6p) 4.2)

There are many cases in which this local linear approximation is not accurate. In such cases we
say that training occurs in non-linear regime. Conversely, when the local linear approximation is
accurate, we say that training occurs in linear regime. The linear regime is more likely to occur
when the model is sufficiently wide and when the fine-tuning process does not deviate significantly
from the pre-trained parameters, which is often the case in transfer learning scenarios.
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Figure 4.8: Single task accuracies of CLIP non-linearly fine-tuned f(-; §) and its post-hoc linearized
version fi,(+;0). Markers represent different ViT models. The target task are 8 datasets (CARS,
DTD, EuroSAT, GTSRB, MNIST, RESISC45, SUN397, SVHN). The post-hoc linearized version
of the model performs worse than the non-linear fine-tuned model.

4.2.1 Post-hoc linearization

In general, if a pre-trained network f(-;6y) demonstrates kernel behavior during fine-tuning, the
following property must hold:

Property 4.2.1. The change in the network output after training can be approximated by its first-
order Taylor expansion: f(x;0*) — f(x;0) ~ (0* — 0y) " Vaf(x;0,), where 6* is the fine-tuned
parameters and 6 is the pre-trained parameters.

In other words, the approximation of the network in the tangent space must hold after fine-tuning.
We will call the post-hoc linearized version of f, fi;,. This is obtained by applying the fine-tuned
task vector 7 = 6* — 6 to the first-order Taylor expansion of f around 6,:

fin(x;7) = f(x;00) + 7" Vo f(x;6) 4.3)

The objective in Figure 4.8 is to verify whether the post-hoc linearized version fi;, can perform
the same as the fine-tuned model f(-;0*) on the target task. All the post-hoc linearized models
in the figure perform worse than their non-linear counterparts. We call this advantage non-linear
advantage.

It’s important to note that even if the non-linear components are important for single task
performance, they might not be crucial for the arithmetic properties of task vectors. For verifying
this behavior, Ortiz-Jimenez et al. [28] performed task addition and task negation with both the
post-hoc linearized version of the model and the non-linear fine-tuned version as done by Ilharco et
al. [18]. In particular the experiments done are the following two:

* Task addition. The sum of the task vectors 7 = ), 7; is added to the pre-trained model and
the performance of the resulting model is measured as the maximum average accuracy across
all tasks. The results are shown in Table 4.3.
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Table 4.3: Task addition. Average absolute (%) and normalized accuracies (%) of different CLIP
ViTs edited by adding the sum of the task vectors of 8 tasks. We report results for the non-linear
and linearized models normalizing performance by their single-task accuracies.

Method ViT-B/32 ViT-B/16 ViT-L/14
Abs. (1) Norm. (1) | Abs. (1) Norm. (1) | Abs. (1) Norm. (1)
Pre-trained f(; 6o) 48.4 - | 552 - | 644 -
Non-lin. FT  f(-; 6p + 7) 71.4 76.5 75.5 80.0 85.1 88.8
Post-hoc lin. fiin(-; 6o + 7) 57.1 81.9 65.0 85.2 75.2 90.0
Linear. FT  fiin(-; 0o + Tin)  76.5 854 | 813 860 | 885 93.5

» Task negation. The task vector 7 of a target task is negated from the pre-trained model, while
retaining performance on a control task. The results are shown in Table 4.4.

In both cases, they have used a single mixing coefficient « = a3 = --- = ap optimized
separately for the non-linear and the post-hoc linearized version of the model. The results confirm
that task arithmetic properties don’t rely only on the linear components of the model. Specifically
it is possible to see a notable decrease in absolute performance in task addition when using the
post-hoc linearized model and highlights that task arithmetic in non-linear models leverages the
non-linear components.

Although these results reject the linear hypothesis, it is still remarkable that the post-hoc lin-
earized version of the model performs better than the non-linear one in task negation. Furthermore,
the post-hoc linearized version of the model performs better than the non-linear one in task addition
by using the normalized performance, which can be formalized as follows.

Definition 4.2.1. The normalized performance of a model f on a task ¢ is defined as the average ratio
between the performance of f on the sum of all the 7" task vectors 74, ..., 7r and the performance
of the fine-tuned model on ¢:

1

Normalized accuracy = T Z
t=1

acCxy, [f(x:600 + >, )]
aCCxr i, [f (x5 00 + 7))

So we can state that the post-hoc linearized version of the model is more consistent with the task
arithmetic Property 4.1.1 than the non-linear one, even if it performs worse in absolute performance.
This suggests that the non-linear components of the model are crucial for single task performance,
but they might not be crucial for the arithmetic properties of task vectors.

4.2.2 Weight Disentanglement

So far we have seen that the linear regime is not necessary for task arithmetic properties to hold.
But what are the necessary conditions that allow it? Ortiz-Jimenez et al. [28] hypothesize that a
key condition for task arithmetic to hold is the disentanglement of the weight space, which can be
formalized as follows.
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Table 4.4: Task negation. Minimum accuracy (%) of different CLIP ViTs edited by negating a task
vector from a target task while retaining 95% of their performance on the control task. We report
average performances over eight tasks on non-linear and linearized models as introduced before.

Method ViT-B/32 ViT-B/16 ViT-L/14
Targ. (J) Cont. (1) | Targ. () Cont. (1) | Targ. (J) Cont. (1)
Pre-trained f(; 60) 48.4 634 | 552 683 | 644 75.5
Non-lin. FT  f(-; 6 — 7) 24.0 60.7 19.2 64.6 18.0 725
Post-hoc lin. fiin(-; 6o — 7) 14.8 60.3 10.8 64.8 12.1 71.8
Linear. FT  fiin (-3 6 — Tiin) 10.9 608 | 113 648 | 79 72.5

Definition 4.2.2. A parametric function f : X x © — ) is weight disentangled with respect to a
set of task vectors 7 = {11, 72, ..., 7r} and the corresponding support D = {D;, D,, ..., Dr} if:

T

T
f <X§ o + Z CVﬂ't) = Z f(x; o + atTt):[l‘(XEDt) =+ f(X; GO)H(X¢UtT:1 Dy) 4.4)
t

t=1

This definition captures the idea that the effect of each task vector 7; on the output of the model
is localized to its corresponding support D;, and that the effects of different task vectors do not
interfere with each other. Itis trivial to see that satisfying Property 4.2.2 implies satisfying Property
4.1.1, but the converse is not true. It is important to highlight that weight disentanglement doesn’t
imply that the model is linear.

Another important observation is that even if a model is well weight disentangled, it might be
still perform poorly on single tasks. This is because the performance of a model on a task is not
only determined by the disentanglement of the weight space.

It is possible to visualize the level of weight disentanglement of a model by visualizing the
weight disentanglement error, defined as follows.

Definition 4.2.3. Given two tasks the weight disentanglement error £ is defined as the expected
distance between the output of the model when both task vectors are added and the output of the
model when only one task vector is added:

2

Elon, 2) = By [dist(f(x; 00 + cu7y), f(x; 00 + o071 + 0272)))] (4.5)

t=1

where dist is any distance metric between the outputs of the model. Since we are dealing with
classification tasks we use the following notion of distance: dist(y1,y2) = Ly, £y,)-

Consequently, alower weight disentanglement error indicates a higher degree of disentanglement
at the scaling points (a1, as). In Figure 4.9 we can see the weight disentanglement error for a CLIP
ViT-B/32 model fine-tuned on different example task pairs. The post-hoc linearized version of
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Figure 4.9: Weight disentanglement error £ for a CLIP ViT-B/32 non-linear model and its post-hoc
linearized version on different example task pairs. The model is more weight disentangled when
the mixing coefficients a; and as are close to 0, which means that the model is more weight
disentangled when it is closer to the pre-trained model.

the model is more weight disentangled than the non-linear one, which suggests that the non-linear
components of the model are not crucial for weight disentanglement. It is possible to see that the
error increases when the mixing coefficients a;; and o are above 1. This explains why post-hoc
linearization achieved better performance in task addition when using the normalized performance
and managed to forget more through task negation, which are sensitive to the weight disentanglement
error.

4.2.3 Enhancing task arithmetic with linearization

Ortiz-Jimenez et al. [28] have shown that the post-hoc linearized version of the model is more
consistent with the task arithmetic properties than the non-linear one, but it performs worse in
absolute performance. For this reason, instead of applying the non-linear task vector 7 = 6* — 6,
to fin, they have proposed to directly obtain the task vectors through explicit linear fine-tuning as
illustrated in Figure 4.10a. So the fine-tuning process can follow the same protocols used before
but with the network parametrization dictated by Eq. (4.3). In this way, it is possible to obtain task
vectors T, = 6, — 0p.

It is important to note that computing the Jacobian Vy f(x;6y) is computationally expensive,
especially for large models, because it has a size of the number of parameters multiplied by the
embedding space dimensionality. For this reason, Ortiz-Jimenez et al. [28] have proposed to use the
fast Jacobian-vector product (JVP) to compute the output of the linearized model without explicitly
computing the Jacobian (for more details see Appendix C).
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Figure 4.10: Linearized fine-tuning and performance. (a) Linear fine-tuning consists in opti-
mizing the task vector 7 directly in the tangent space K of the pre-trained model f(-; 6,), which is
equivalent to optimizing a linearized version of the model f;;,. Here N represents the space of neural
network functions non-linearly parametrized by § € ©. (b) Single-task accuracies of non-linearly
fine-tuned f(-;6*) and linearly fine-tuned fy,(+; 5;,) CLIP ViTs. By explicitly optimizing the task
vector for the linearized model rather than applying a post-hoc expansion, linearized fine-tuning
inherently surpasses standard approximations and effectively neutralizes the non-linear advantage.

As the considered model do not exhibit inherently a linear behavior during fine-tuning, the
linear fine-tuning process yields significant different results compared to post-hoc linearization:
fin(x;600 + T7) # fin(x; 60 + Tiin). Despite sharing the same kernel formulation, linearized fine-
tuning actively restricts the optimization trajectory within the tangent space, directly tuning the
vector Ty, for the linearized architecture. By construction, this active optimization yields strictly
superior results compared to post-hoc linearization. Notably, as demonstrated by Ortiz-Jimenez et
al. [28], this methodology effectively neutralizes the traditional advantage of non-linear models,
bringing the performance of the linearized model on par with standard non-linear fine-tuning as we
can see also in Figure 4.10b. Another interesting insight is that bigger models tend to benefit more
from linearized fine-tuning, which suggests that the linear regime is more likely to occur in bigger
models, as we can expect from NTK theory.

This boost in single-task performance doesn’t compromise the weight disentanglement error,
which remains the same as the post-hoc linearized version of the model as we can see in Figure
4.11. Moreover in Table 4.3 and Table 4.4 we can see that the linearly fine-tuned model performs
better than the non-linear one in both task addition and task negation, even in absolute performance.
In particular the linearized fine-tuned models achieve higher multi task accuracies through task
addition and can forget more through task negation, while maintaining a similar level of accuracy
on the control task. This suggests that linearized fine-tuning is a promising approach for enhancing
task arithmetic properties while maintaining or even improving single-task performance.
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Figure 4.11: Heatmaps illustrate the disentanglement error (v, ae) for a ViT-B/32 linearly fine-
tuned across different task pairs. Lighter areas indicate regions in the parameter space with stronger
disentanglement. The red bounding box delineates the search space evaluated to compute « in our
experiments.

4.2.4 Towards understanding task arithmetic

Generally (see the Appendix D for more details), a kernel admits a decomposition in terms of its
eigenfunctions and eigenvalues {(®,, \,)},en. This implies that £ can represent functions of the

form f(x) = >°7, ¢,®,(x) with a finite kernel norm: || f||3, = > 7%, ;—E < oo. Specifically,
{¢,}pen is arepresentation of the function f in the eigenbasis of the kernel {®,} ,cn. The following
proposition establishes a sufficient condition for the task arithmetic property, based on how tasks

are represented in this basis.

Proposition 4.2.1. Suppose that the task functions { f; };c;7) belong to the RKHS of the kernel
k and their coefficients in the kernel eigenbasis are {(c} ,)pen}ieir)- If Vi, p either ¢, = 0 or
supp(®,) C Dy, then the kernel & has the task arithmetic property with respect to the tasks { f;* }.cm)
and the corresponding supports {D; }ic(ry.

We can sum up the Proposition 4.2.1 by saying that if each task is represented with eigenfunctions
that vanishes outside the support of the task, the functions corresponding to different tasks do not
interfere with each other and the task arithmetic property holds. Ortiz-Jimenez et al. [28] have
proved also a more general condition for task arithmetic to hold, which is the following.

Proposition 4.2.2. Suppose that the task functions {f; }icr; belong to the RKHS of the kernel
k and their coefficients in the kernel eigenbasis are {(c} ,)pen}se(r). Furthermore, let the kernel
eigenfunctions be either zero or linearly independent over each domain D;. The kernel & has the task
arithmetic property with respect to the tasks { f; };c;r) and the corresponding supports {D; };c[r) if
and only if V¢, p either ¢; , = 0 or supp(®,) C D;.

It is crucial to understand that these conditions are not satisfied with random initializations.
Indeed we know that when using a simple network as a fully connected one or a convolutional
one and when the data distribution is uniform on a ring or a torus, the NTK can be diagonalized
with Fourier series, so with a series of sine and cosine functions as well studied by Basri et al.
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Figure 4.12: Estimated support of the eigenfunctions of the NTK of a ViT-B/32 CLIP model trained
on RESISC45. The plot shows the sum of the local energy of the eigenfunctions over a random
subset of the training and control supports (RESISC45 and Cars, respectively).

[5]. These functions are linearly independent over any domain but are not localized. Consequently,
according to Proposition 4.2.2, these architectures cannot perform task arithmetic within such
settings. This means that the task arithmetic properties of pre-trained models are not a consequence
of the architecture itself, but rather a consequence of the pre-training process, which shapes the
kernel in a way that allows for task arithmetic to hold.

To explore whether CLIP models use localized eigenfunctions for task arithmetic, Ortiz-Jimenez
et al. [28] have performed a spectral analysis of the matrix of the kernel of CLIP ViTs (Kn7k)i; =
knrk(x;,%x;) with x; € D;, where t is the task on which they trained and x; € D; U Dy, where Dy
is the support of a control task. They have introduced the concept of local energy €ic(x) = >, o
to measure the power of the eigenvectors of kyrx in the points of the dataset used for training.

As illustrated in Figure 4.12, analyzing a ViT-B/32 CLIP model fine-tuned on the RESISC45
dataset reveals a striking phenomenon. When comparing the target task against a control dataset
(such as Cars), the local energy of the task-specific eigenfunctions is massively concentrated on
the data points belonging to the training domain. This sharp drop in energy outside the target
support provides empirical confirmation that pre-trained CLIP models naturally discover and exploit
localized eigenfunctions. Consequently, the network can effectively disentangle the representations
of different tasks, allowing task-specific operations (like addition and negation) to be carried out
algebraically without catastrophic interference.

While empirical evidence highlights the crucial role of localized eigenfunctions, a subtle math-
ematical nuance exists regarding their strict necessity. Theoretically, the task arithmetic property
could still hold even if individual eigenfunctions are not perfectly localized, provided that their
linear combination perfectly cancels out outside the target domain.

By definition, the eigenfunctions of the NTK are globally linearly independent over the entire
input space. However, they do not necessarily maintain this linear independence when evaluated on
a restricted sub-domain (i.e., a single task dataset). If the eigenfunctions do maintain their linear
independence on each individual task domain (a property known as local linear independence), then
strict spatial localization becomes an absolute mathematical requirement for task arithmetic.

Conversely, if a network possesses locally linearly independent but non-localized eigenfunctions,
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task arithmetic cannot work. A prime example of this failure mode occurs in neural networks at
random initialization. As discussed in Appendix B, the NTK eigenfunctions of un-trained networks
often take the form of global Fourier atoms. Since Fourier bases are locally independent but oscillate
globally across the entire space without localization, zero-shot task addition is mathematically
impossible in such models, further proving that task arithmetic is an emergent property of the
pre-training phase.

4.2.5 Predicting weight disentanglement in practice with 7Jp

As discussed in Section 4.2.2, weight disentanglement is the fundamental property that allows task
arithmetic to succeed without catastrophic interference. However, evaluating the exact disentangle-
ment error & (g, ) for every possible combination of tasks requires instantiating multiple models
and evaluating them on their respective validation sets. In scenarios involving a massive number of
tasks, this brute-force evaluation becomes computationally prohibitive.

For this reason, Yoshida et al. [45] have proposed a new metric called 7Jp (Task Vector Jacobian
Product) which is based on the product of the task vector 7 and the Jacobian of the pre-trained model
with respect to its weights.

They have started from a task arithmetic involving two tasks 74 and 7. In the NTK regime, the
model’s output can be approximated as:

F(x;00 + aata + apTp) = f(x;00) + aats Vof(x;00) + apts Vo f(x;00) (4.6)

with a4, ap € R. In this case for inputs x4 and x g belonging to the supports of task A and task B
respectively, achieving a weight disentanglement error £(a4, ap) = 0 requires that the following
condition holds:

f(x4;:00 + anta + aptp) ~ f(x4;00) + aami Vo f(x4;00) + 0= f(xa;00 + ata) (4.7)
f(xB;b0 + aata + aptp) & f(xp;0) + 0+ aprh Vo f(xp:b) = f(xp; b0+ aptp) (4.8)
Equations (4.7) and (4.8) suggest that the weight disentanglement error (v 4, ) is closely related

to the magnitude of the Jacobian products 7 V f(xp;6p) and 75 Vg f(x4; ). In particular they
imply the following conditions:

74 Vof(xp;00)
75 Vo f(x4;6p)

0
0

So, the task vector of a given task must be orthogonal to the Jacobian of the pre-trained model
evaluated on the data points of the other task. Based on this insight, Yoshida et al. [45] have
proposed to use the following metric to predict the weight disentanglement error (a4, ap):

1
mIp = 5 (174 Vaf (x5:60) > + |75 Vo (xa: 60) %) (4.9)

According to the theoretical analysis, a lower 7Jp value should correspond to a lower weight
disentanglement error (4, ag), which in turn should correspond to better performance in task
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Figure 4.13: Visualization of weight disentanglement in a ViT-B/32 model with respect to 7Jp.
The top row illustrates the baseline linearized model without regularization, while the bottom
row displays the model fine-tuned with the proposed 7Jp penalty. The heatmaps reveal a clear
correlation: a large 7Jp makes weight disentanglement highly sensitive to the mixing coefficients,
whereas a lower 7Jp yields significantly greater robustness. Notably, the proposed regularization
effectively expands this robust region across the coefficient space. The red cross at the origin
marks the pre-trained model, and the red bounding box delineates the standard search space for task
arithmetic coefficients.

arithmetic operations. This fact has been empirically verified by them as we can see in Figure
4.13. In particular, they have shown that as 7Jp decreases, the error tends to become more robust to
changes in the mixing coefficients cv4 and ap, which is consistent with the theoretical analysis.

They have also analyzed the correlation between normalized accuracy and 7Jp. The results are
presented in Figure 4.14. Each data point represents a model trained by performing task addition
on two out of the eight image tasks. Normalized accuracy here is defined as the accuracy of
each task after applying task arithmetic relative to its accuracy before task arithmetic. Across all
models scaled, they have observed a consistent trend where a lower 7Jp value corresponds to a
higher normalized accuracy, which confirms that 7Jp is a good predictor of the performance of task
arithmetic operations.

7Jp regularization

Based on the insights provided by 7Jp, Yoshida et al. [45] have proposed a novel regularization
technique for fine-tuning models that explicitly minimizes 7Jp during the training process. The
objective is to promote learning to occur in a subspace where 7 is orthogonal to the Jacobian of the
pre-trained model evaluated on the data points of other tasks. Inspired by this requirement, they
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Figure 4.14: Relationship between 7Jp and normalized accuracy in task addition. The scatter
plot displays all 28 pairwise combinations derived from the usual set of eight distinct tasks. A
clear inverse correlation emerges: lower 7Jp values consistently correspond to higher normalized
accuracies. Blue dots represent the standard linearized task addition baseline, whereas orange stars
indicate task vectors fine-tuned with the proposed 7Jp penalty. The distinct separation between
the two clusters demonstrates that the proposed regularization successfully minimizes 7Jp, directly
mitigating task interference and improving overall multi-task performance.

have proposed the following 7Jp-based regularized loss function:

Loy (fiin(x300),y) = L(fin(x560),y) + A Z 10 — 60) " Vo fiin(xs5 00) || (4.10)

te Torth

where 7., denotes the set containing indices of other tasks for which we aim to suppress interference.
The hyperparameter A\ controls the strength of the regularization, and it can be tuned to find the
right balance between minimizing the original loss and minimizing 7Jp.

However, in practical applications, when there are numerous tasks, computing the Jacobian
Vo fin(x¢; 6p) for every task can be computationally expensive. To address this issue, Yoshida et
al. [45] have proposed to use data from one task for each iteration of training, which significantly
reduces the computational burden while still effectively minimizing 7Jp across all tasks over the
course of training:

ﬁs—ij)p(flin(x; 90), y) = E(flin(x§ 90)73/) + >\H(9 - 90)TV9f11n(Xz‘ mod [Ty | 90)H2 (4.11)

where ¢ is the iteration index. They have also done an empirical comparison between the two
methods (4.10) and (4.11), showing that the cyclic method achieves comparable performance to the
strict method while being significantly more computationally efficient. In Table 4.5 we can see the
results of the comparison between the two approaches and linear fine-tuning without regularization
using ViT-B-32. From the perspective of accuracy, the strict regularization slightly outperforms
the cyclic one, indicating that the strict implementation of the proposed regularization can nearly
eliminate task interference, but the difference is not significant. In terms of computation times, it
achieves an 80% reduction. Furthermore, despite having a runtime comparable to linear fine-tuning,
it demonstrates a significant improvement in performance.
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Table 4.5: Comparison of the strict regularization and the efficient regularization in task addition
on ViT-B-32

Method Abs. (1) Norm. (1) Sec. /Iter.({)
No reg. (Linear FT) 74.3 85.0 0.361
Cyclical reg. (4.11) 84.5 97.6 0.374
Strict reg. (4.10) 86.4 99.3 2.027

Table 4.6: Performance of task addition across the usual eight vision tasks. The ’Task vector
coef.” column specifies the method used to determine coeflicients; *1.0” denotes that all coeflicients
remained fixed at unity, with no further adjustment.

Method Task vector coef. ViT-B-32 ViT-B-16 ViT-L-14
Abs. (1)  Norm. (1) | Abs. () Norm. (1) | Abs. () Norm. (1)

Pre-trained . 473 ; 54.5 ; 65.1

Individual - 89.9 - 92.2 - 93.7

MTL - 87.8 - 90.8 ; 92.6
. 1.0 19.9 20.5 19.1 19.7 37.6 39.0
Non-lin. FT (Ilharco et al., [18]) Grid-searched 70.4 78.0 75.5 81.5 84.0 89.3
. o 1.0 55.4 61.7 58.2 63.6 80.5 86.7
Linear FT (Ortiz-Jimenez et al., [28]) 144 cearched 743 85.0 78.7 87.6 85.8 92.8
. . 1.0 74.2 84.8 78.6 87.6 85.0 91.9
Ties-Merging (Yadav et al., [43) Grid-searched 74.2 84.8 78.6 87.6 85.0 91.9
AdaMerging (Yang et al., [44]) Trained 80.1 88.5 84.9 92.1 90.8 96.4
Ours 1.0 84.2 97.2 87.5 98.4 90.8 99.0
Grid-searched 84.5 97.6 87.6 98.5 90.8 99.0

Yoshidaetal. [45] have conducted experiments to evaluate the effectiveness of 7Jp regularization
in improving task arithmetic performance comparing their method with standard fine-tuning as done
by Ilharco et al. [18], linear fine-tuning as done by Ortiz-Jimenez et al. [28], Ties-Merging as done
by Yadav et al. [43] and AdaMerging as done by Yang et al. [44]. The results of the experiments are
reported in Table 4.6 for task addition and in Table 4.7 for task negation. In both cases, their method
outperforms the baselines in terms of both absolute and normalized performance, demonstrating
that 7Jp regularization is an effective technique for enhancing task arithmetic properties while
maintaining or even improving single-task performance.

4.3 Task analogy

4.3.1 The geometry of directional shifts

Task analogy formalizes the intuitive concept of "A is to B as C is to D" within the high-dimensional
weight space of neural networks. Instead of merely combining skills, analogies allow for the zero-
shot generation of entirely new task vectors by transferring a learned relationship from a source
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Table 4.7: Results of task negation for the usual eight tasks. We report the minimum accuracy
achieved on target tasks while preserving at least 95% of the pre-trained model’s performance on
control tasks. Values in parentheses (-) denote reference cases where control task accuracy fell
below the 95% threshold. Our approach demonstrates superior forgetting of target tasks while
maintaining higher control task performance relative to existing methods.

Method Task vector coef. ViT-B-32 ViT-B-16 ViT-L-14
Targ. () Cont. (1) | Targ. () Cont. (1) | Targ. () Cont. (1)
Pre-trained - 473 667 | 545 693 | 651 773
. ( 1.0 (10.9) (44.7) (10.8) (51.6) (15.2) (68.6)
Non-lin. FT (Ttharco et al., [18]) Grid-searched 24.0 60.7 20.3 64.7 18.4 72.4
. o 1.0 6.3) (57.2) (5.4) (62.2) (3.0) (67.9)
Linear FT (Ortiz-Jimenez etal., [28D) 544 covehed 11.8 60.6 8.8 65.0 8.3 722
. . 1.0 21.8 61.6 243 67.0 26.6 74.4
Ties-Merging (Yadav etal., [43]) Grid-searched 21.8 61.7 243 67.0 26.6 74.4
Ours 1.0 118 62.5 11.8 678 15.1 75.1
Grid-searched 6.7 60.8 47 66.0 37 73.0

domain to a target domain.

Formally, if we have a pre-trained model 6, and four distinct but relationally connected tasks
(A, B, C, and D), we can define their respective task vectors as 7; = 6; — 6y. The task analogy
hypothesizes that the geometric transformation required to move from A to B is parallel to the
transformation required to move from C' to D. Consequently, the unseen task vector 7 can be
approximated algebraically without any direct optimization on the dataset Dp:

Tp &~ Tc + (T — Ta) 4.12)

In this formulation, the term A = 75 — 74 acts as a directional shift vector. It encodes pure,
domain-agnostic transformation rules (e.g., changing a background, altering a style, or shifting a
modality) decoupled from the specific semantic content of the original tasks.

4.3.2 Real-world applications

Initial demonstrations of task analogies by Ilharco et al. [18] relied on specific, curated subsets of
data—such as inferring the weights for "indoor lions" by extracting the spatial shift from "outdoor
dogs" to "indoor dogs". However, recent advancements have proven that this algebraic property
extends far beyond semantic visual concepts, successfully capturing complex, systemic shifts across
various modalities.

To fully grasp the potential of task analogies, it is highly instructive to observe how the shift
vector has been recently deployed to solve major open problems in modern deep learning:

* Mitigating the synthetic-to-real gap: Synthetic data has long been used for training auto-
matic speech recognition (ASR) models due to its cost-effectiveness and scalability for the
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availability of text-to-speech systems. However these models have been plagued by a signifi-
cant performance drop when evaluated on real-world recordings because of the distributional
shift, commonly referred to as the "synthetic-to-real gap". For this reason, Su et al. [39]
proposed to leverage task analogy to bridge this gap by learning the directional shift from a
synthetic ASR model to a real ASR model and applying it to a new synthetic ASR model,
effectively enabling zero-shot adaptation to real-world data without any direct training on
it. Specifically, they have firstly trained two ASR models: one on synthetic data (nyn) and
another on real data (65 ). The acoustic disparity between real and synthetic speech is

quantified by subtracting the parameter sets of these models:

T = efeal - nyn
Then, this shift vector 7 is applied to a new synthetic ASR model (8;[?;”) to generate a new
model (6}, ,..,) that is expected to perform well on real data:
T _ T
esyn_new - ‘gsyn + AT

where A is a scaling factor that controls the magnitude of the shift. Moreover, in scenarios
where multiple source models are available, they have also proposed to learn multiple shift
vectors and combine them using the average to further enhance the performance of the new
model on real data:

L
=00 — 00 O e =00, )T

real syn? syn_new syn E
=1

This approach has shown significant improvements in ASR performance on real-world record-
ings, demonstrating the effectiveness of task analogy in addressing the synthetic-to-real gap.

Zero-shot quantization: Deep Learning models are typically trained in high-precision
floating-point formats, which can be computationally expensive and memory-intensive for
deployment on resource-constrained devices. Quantization is a common technique to reduce
the precision of model parameters, thereby decreasing the model size and inference latency.
In particular, among all quantization methods, post-training quantization (PTQ) is widely
used due to its simplicity and effectiveness. However, its convenience comes at a cost: the
quantized model often suffers from a significant drop in performance, especially when quan-
tizing to very low bit-widths (e.g., 3-bit). Quantization aware training (QAT) proposed by
Jacob et al. [19] mitigates the performance degradation by exposing the model to PTQ effects
during optimization, allowing it to adapt to the perturbations induced by extreme low-bit
quantization. This method is very effective, yielding quantized models that closely match the
performance of their full-precision counterparts. However it is more demanding than PTQ,
as it requires training and computational resources that may not be available in all scenarios.
For this reason, Solombrino et al. [37] proposed to leverage task analogy to achieve zero-shot
quantization. They have firstly trained two models: one in full precision and another in low
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Figure 4.15: The framework illustrates the process of creating the SYN2REAL task vector by
subtracting the parameter differences between a model fine-tuned on synthetic speech (Source
Synthetic) and a model fine-tuned on real speech (Source Real) from pretrained ASR (PASR).

This task vector is then applied to the target synthetic domain (Target Synthetic) to improve ASR
performance by bridging the gap between synthetic and real speech data.
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precision using QAT on the same donor dataset D. The quantization shift vector is then
computed by subtracting the parameters of the two models:

™ = QD,QAT —0p

This shift vector 7p captures the transformation required to adapt a full-precision model to a
low-precision format. By applying this shift vector to a new full-precision model on a receiver
task, they can generate a new model that is expected to perform well in low precision without
any direct training on it:

Orep = Or + Ap

where ) is a scaling factor that controls the magnitude of the shift. This approach has shown
promising results in achieving zero-shot quantization, significantly reducing the performance
gap between full-precision and quantized models without the need for additional training,
making it a practical solution for deploying models on resource-constrained devices. The
results are presented in Figure 4.16, where it is possible to observe also the importance of the
scaling factor A\. Modulating the magnitude of the shift vector is crucial to avoid destructive
interference and maximize the performance gains.

Zero-shot synthetic-to-real handwritten text recognition: Handwritten Text Recognition
(HTR) is a challenging task due to the high variability in handwriting styles, which often
leads to a significant performance drop when models trained on synthetic data are evaluated
on real-world handwritten text. Despite notable advances in recent years, HTR remains
an open problem. Differences in writing styles, ligatures, slant and pressure cause models
to generalize poorly from synthetic to real data. Overcoming this gap typically requires
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Figure 4.16: Quantization vector trainsferability for ViT/B-16. Top-1 accuracy change (A)
from patching receiver r with donor d quantization vector, relative to vanilla 3-bit PTQ. Left shows
transfer with a constant scaling factor, while right demonstrates that modulating the magnitude A
eliminates destructive interference and maximizes gains.

collecting and annotating large amounts of real handwritten data, which is costly and time-
consuming. To address this issue, Garrido-Munoz et al. [14] proposed to adopt task analogy
to achieve zero-shot synthetic-to-real HTR. In particular they have advanced two variants of
the task analogy framework: a monolingual analogy, which relies on a single source language
domain and a multilingual analogy, which leverages multiple source language domains to
learn a more robust and generalizable shift vector. Let 6, be the ancestor model, and nyn and

HSTyn be the models obtained by fine-tuning the ancestor model 6, on synthetic data for the

source and target languages, respectively. In this way we obtain the synthetic task vectors for
the source and target languages:

s .
syn = esyn - 0 05 real Qreal 00
Their difference A, = 77, — 75, represents the synthetic-to-real shlft vector for the source
language. Followmg the analogical reasoning T, syn o SRR T;;n : 7 ., the synthetic-to-real

shift vector for the target language can be approximated as:
ezal - 00 +T syn + AsZr

A graphical representation is presented in Figure 4.17

In the multilingual analogy variant, multiple source languages are used to compute mul-
tiple synthetic-to-real shift vectors, which are then averaged to obtain a more robust and
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Figure 4.17: Example of single analogy merging: The Spanish real-domain model (6:,) is
estimated by applying the synthetic-to-real displacement vector (A% ) derived from the Italian
domain.
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Figure 4.18: Example of multilingual analogy merging: The Spanish real-domain model (6:°,,) is
estimated by applying a weighted average of the synthetic-to-real displacement vectors derived from
multiple source languages (e.g., Italian, French, and English), where the weights are determined by
the similarity between each source language and the target language.

generalizable shift vector for the target language:

ereal = eg;m + o Z 5 S, T sZr

seS

where S is the set of all source languages, and (.)(s,7") is an importance coefficient for
each source language s that quantifies its relevance to the target language 7. [ may come
from any similarity measure between the source and target languages, such as KL divergence,
Hellinger Distance and Jaccard Similarity. Intuitively languages that are more similar to the
target language should have an higher weight. The multilingual framework is presented in
Figure 4.18.

These diverse applications demonstrate that if a network is properly regularized and operates
within a linear or well-disentangled regime, the parameter space inherently understands complex
relational transformations. Building upon this premise, the remainder of this chapter will focus on
the specific challenges of generating and filtering these analogical vectors...
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5. The geometry of misalignment: why zero-shot anal-
ogy fails

While the algebraic formulation of the analogy equation 7p ~ 7¢ + (75 — 74) is theoretically
appealing, deploying this framework in practice reveals a fundamental limitation. The assumption
that the difference vector A = 75 — 74 extracts a pure, strictly parallel directional shift is highly
idealized.

In Chapter 4, we established that arithmetic properties hold reliably only under strict weight
disentanglement. However, in standard non-linear fine-tuning, models do not achieve this state.
When a pre-trained model is fine-tuned on a source task B, its parameters adjust to capture the
defining characteristics of domain B, but they inevitably co-adapt to spurious correlations and
idiosyncratic conditions unique to the training set Dp.

Consequently, the calculated shift vector A is inherently noisy and can be conceptually decom-
posed into two distinct components:

A= Aideal ~+ Einterference (5 1)

where A4 represents the true, generalizable semantic transformation, and &;,erference €nCapsulates
the entangled, task-specific artifacts causing the directional misalignment.

5.1 Beyond statistical noise: geometric and semantic limits

The limitations of pure zero-shot analogy cannot be attributed solely to the statistical noise of
Einterference- 1 N€ observed misalignment is also rooted in the non-linear geometry of the parameter
space and the semantic asymmetry of the domains themselves.

First, the translation of the shift vector from the source domain to the target anchor implicitly
assumes a globally flat parameter space. In reality, the directional shift 7z — 74 is optimized for
the local tangent space around the source task. Due to the curvature of the loss landscape in deep
non-linear networks, transporting this vector to a different region (around 7¢) inevitably induces
geometric distortion.

Second, assuming a universal A4, implies that a semantic shift is independent of the underlying
object. However, the transformation required to stylize or adapt one class of objects is often
fundamentally different from the operations required for another class. Thus, the semantic shift is
conditionally dependent on the anchor domain.

Because of these compounding factors, when the raw shift vector is added to the anchor task,
the resulting model lands in a region of the parameter space that diverges from any valid target
minimum. Due to the highly non-convex nature of neural network loss landscapes, there is no single
true target vector, but rather a manifold of valid local minima (basins of attraction) that successfully
solve the target task.
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This structural misalignment induces a quantifiable closure error, mathematically measurable
as the Euclidean distance between the algebraically predicted task vector 7 + (75 — 74) and an
empirical target vector 7 obtained via direct fine-tuning. The magnitude of this error indicates that
the naive algebraic projection fails to land inside the valid target basin, reducing the model’s core
competence and leading to sub-optimal zero-shot performance.

5.2 Calibrating the shift: the dual scaling baseline

To mitigate the interference caused by entangled noise and reduce the geometric closure error, a
standard practice is to modulate the magnitude of the vectors before addition. Instead of a direct
summation, the target model parameters are computed using a weighted combination, introducing
scaling coefficients to balance the contribution of the anchor and the shift vector.

We refer to this approach as the Dual Scaling Baseline. By decoupling the scaling factors, the
target model 0 is formulated as:

Op =6y + o170 + (15 — Ta) = 0y + an 7o + @A (5.2)

where a1, ay € [0, 1] are hyperparameters typically found via grid search on a validation set.

The primary advantage of dual scaling is its ability to protect the anchor task. By setting
as < ay, we can suppress the overall magnitude of the shift vector A, reducing the impact of the
interference term €jperference While allowing the anchor task 7 to dominate the network’s behavior.

However, from a geometric perspective, dual scaling acts as a coarse global adjustment. While
adjusting the scalar a, modifies the length of the vector, it cannot fundamentally correct its direction.
If the raw shift vector is inherently misaligned, scaling it down merely places the model in a sub-
optimal region between the anchor and the target basin. Because s is applied uniformly across
the entire parameter space, it equally penalizes both the noise €jyerference and the desired semantic
shift Ajgea1. The network is forced into a trade-off: either accept interference to gain the full domain
shift, or suppress the interference at the cost of attenuating the analogical transformation.

This structural limitation highlights a critical need in zero-shot transfer methodologies. To
close the geometric gap and navigate the non-convex parameter space, global scalar tuning is
mathematically insufficient. A parameter-wise filtering mechanism is required to realign the shift
vector and steer the optimization trajectory into the correct basin of attraction before the algebraic
addition takes place.

5.3 Gradient-guided task vector filtering (GradFix)

Addressing the geometric misalignment of the directional shift A requires a parameter-wise filtering
mechanism. To understand why this filtering must be guided by the model’s loss gradients, we refer
to the theoretical foundations of task arithmetic.

As established in Section 4.1.2, the task vector 7, generated via standard gradient descent fine-
tuning, is mathematically equivalent to the accumulated negative gradient of the loss, diverging
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from a joint multi-task optimization trajectory only by a second-order error term O(n?). Because
task vectors are essentially surrogate gradients, computing the analogical shift A = 75 — 74
is equivalent to manipulating optimization trajectories. Consequently, any geometric correction
applied to A must respect the actual gradient descent directions of the target loss landscape to
ensure effective convergence.

To achieve this gradient-aware filtering, we draw inspiration from the work of Rinaldi et al. [34],
who introduced GradFix. Originally designed to solve a Model Rebasin problem—transporting a
task vector across models with distinct pre-training initializations—GradFix uses the gradient of
the target model as a proxy for its local loss geometry. By computing the gradient on a few samples
and masking the source task vector, they aligned the transported vector with the descent directions
of the new pre-trained backbone.

In this work, we adapt the core mechanism of GradFix to solve analogical alignment. Instead of
bridging the gap between different pre-trained initializations, we operate within the tangent space of
a single foundation model §,. We leverage the gradient-sign masking mechanism to filter geometric
noise out of the analogical shift vector A = 75 — 74 before applying it to the anchor task 7.

5.3.1 Few-shot oracle and sign consensus

To construct the filter, we assume access to a few-shot oracle consisting of a minimal subset of
labeled data from the target domain, denoted as Dy.,, C Dp (e.g., K samples per class).

Instead of computing a standard average gradient over a batch, which is sensitive to outlier
magnitudes, we evaluate the gradient of the loss for each individual sample n:

To extract the structural direction of descent, we isolate the sign of each gradient. Following a robust
estimation strategy, we aggregate these signs using a majority vote across all samples in Dy.,,. For
each parameter coordinate 7, the anti-gradient sign estimator s; is defined as:

‘Dfewl

5; = sign | — Z sign(g\™)

n=1

The vector § € {—1,0, 1} represents the consensus descent direction. If 3; is positive, the majority
of the target samples require that parameter to increase to minimize the loss. If 5; = 0, there is a
perfect tie, indicating high uncertainty.

5.3.2 Directional masking for targeted negation

Once the consensus direction is established, we use it to construct a structural filter. Rather than
indiscriminately masking the entire analogical shift A = 75 — 74, empirical analysis reveals that
interference is primarily driven by the subtractive term, 74. Unconstrained subtraction inadvertently
erodes foundational, task-agnostic features.
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To mitigate this, we construct a binary mask m € {0, 1}* designed to evaluate sign consistency
specifically against the source domain shift. For each parameter ¢, the mask is strictly positive only
if the proposed negation agrees with the empirical consensus descent direction:

m; = H(Sigl’l(—TAﬂ') == <§2 VAN <§z 7£ 0)

This rigorous masking zeroes out the subtraction of any parameter where removing the source task
conflicts with the local geometry of the target basin, as well as parameters where the few-shot oracle
is undecided (§; = 0).

Finally, we inject this filtered, locally aligned negation into our algebraic framework. The target
model 0 is formulated as:

9[) = (90 —0—0(1(7'0 —|—TB) — CYQ(TA @m)

where © denotes the element-wise Hadamard product, and (o1, ) decouple the scaling of the
additive and subtractive components.

By applying this gradient-guided mask exclusively to the source vector, we perform a selective
negation. This reduces the geometric closure error caused by subtractive interference. The resulting
target model absorbs the constructive semantic transformations (7 and 75) while safely rejecting
harmful domain-specific artifacts, ensuring that the anchor’s core competences are preserved.

Having established this theoretical and algorithmic framework, the next step is empirical vali-
dation. In the following chapter, we will rigorously test this masking mechanism on complex visual
domains, demonstrating how gradient-guided targeted negation mitigates interference and improves
the reliability of zero-shot task analogies.
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6. Experimental evaluation

6.1 Experimental setup

In this chapter, we evaluate the effectiveness of GradFix in the context of zero-shot task analogies.
Our objective is to demonstrate that gradient-sign masking can successfully align analogical shift
vectors even in the presence of significant domain gaps and non-linear distortions. This section
details the datasets, the architectural configuration, the baselines, and the implementation framework
used for all experiments.

6.1.1 Datasets and tasks

To test the robustness of our method across diverse visual distributions, we utilize DomainNet [31],
currently one of the largest and most challenging benchmarks for multi-source domain adaptation.
DomainNet consists of approximately 0.6 million images distributed across 345 categories and
6 distinct domains: Real, Sketch, Quickdraw, Clip Art, Infograph, and Painting. In Figure 6.1
we provide some images from all the domains to illustrate the significant visual and structural
differences that characterize this dataset.

To systematically evaluate task analogies across conceptually distinct datasets, we aggregated the
original 345 fine-grained categories into 9 broader, semantically cohesive super-classes, expanding
upon the semantic taxonomy provided in the original paper’s appendix [31]. These custom super-
classes are: Living Beings, Nature & Environment, Food & Agriculture, Transportation, Man-made
Objects / Constructions, Tools & Devices, Human-related, Arts & Leisure, and Abstract / Others.

To rigorously evaluate our analogical framework, we isolate two highly controlled transfer
scenarios. We specifically target severe structural and morphological domain shifts—such as
transitioning from the Sketch or Painting domains to the highly abstracted Quickdraw domain.
These transitions provide a compelling testbed: while paintings and sketches contain rich textures
or detailed, human-drawn illustrations, quickdraws are reduced to minimalist, conceptual strokes.

Within this context, we define two primary task analogies, structured as A : B ~ C' : D (i.e.,
“Aisto B as CistoD”):

* Sketch — Quickdraw transfer: we extract the structural shift from the Man-made Objects
(MMO) domain and apply it to the Food & Agriculture (FA) domain. This yields the following
relation:

FAS : MMOS & FAQ : MMOQ

* Painting — Quickdraw transfer: similarly, we transfer the shift extracted from Man-made
Objects to the Tools & Devices (TD) domain, formulated as:

TDP : MMOP =~ TDQ : MMOQ
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Figure 6.1: Sample images from the six domains of the DomainNet dataset. The significant visual
and structural differences between domains (e.g., Real vs. Sketch) present a challenging testbed for
zero-shot task analogies.

This specific configuration allows us to mathematically isolate the components of the analogical
transfer. In a naive task arithmetic framework, synthesizing a Quickdraw food classifier zero-shot
would involve extracting the ‘“‘sketch-to-quickdraw” transformation strictly from the Man-made
Objects macro-task (A = Tymoo — Tmmos) and directly adding it to a Food & Agriculture anchor
model (Tgas).

However, to actively mitigate the destructive negation caused by the unconstrained subtraction
of the source domain, we redefine this algebraic projection. We apply the gradient-guided mask,
M, exclusively to the subtractive term:

TraQ ~ Tras + Tvmog — (M © Tvmos)

Through this masked negation, our objective is to successfully synthesize the target classifier zero-
shot. This surgical formulation allows us to filter out source-specific interference while preserving
the foundational weights, achieving the domain shift without ever explicitly training the anchor
model on the target distribution.

6.1.2 Architecture and optimization regimes

Our framework is built upon the CLIP ViT-B/32 architecture [33], utilizing the pre-trained weights
provided by OpenAl. Contrastive Language-Image Pre-training (CLIP) is uniquely suited for this
study: its robust, multimodal latent space encodes the highly generalizable foundational features
that our surgical negation mechanism explicitly aims to protect during analogical transfer.
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A central debate in contemporary task arithmetic is whether weight-space algebraic operations

should be executed in the standard non-linear parameter space or within a linearized regime. To
systematically evaluate the trade-off between representational capacity and arithmetic interference,

we derive our base task vectors (74, 75, and 7<) under two strictly distinct optimization paradigms:

 Standard non-linear fine-tuning: the model is optimized using standard cross-entropy. This

regime preserves the full expressivity of the deep network, which is strictly necessary to learn
profound morphological shifts (e.g., abstracting detailed sketches into minimalist quickdraws).
However, as our analysis reveals, the resulting vectors are highly susceptible to destructive
negation and geometric misalignment during algebraic composition.

Tangent space linearization: following the formalization by Ortiz-Jimenez et al. [28], the
network is approximated via a first-order Taylor expansion, operating in the Neural Tangent
Kernel (NTK) regime. This transforms the optimization into a strictly linear problem, theo-
retically guaranteeing perfect vector arithmetic. Yet, this mathematical protection artificially
induces a severe expressivity bottleneck, constraining the model’s ability to map complex
structural domain gaps.

For rigorous comparison and reproducibility, all experiments involving the linearized regime

were conducted integrating the official Task Arithmetic in the Tangent Space framework'.

6.1.3 Evaluation Baselines and Benchmarks

To rigorously quantify the efficacy of our surgical negation and to assess the fundamental limitations
of different parameter spaces, we evaluate our approach against a comprehensive set of baselines.

For the analogical synthesis (0p ~ 0y + 7c + T3 — 74), we compare the following configurations:

» Zero-shot anchor (6y): the performance of the foundational pre-trained model evaluated

directly on the target domain D), establishing the base transferability prior to any analogical
modification.

Standard non-linear analogy: the naive algebraic projection 6y + 7¢ + 75 — 74 computed
using vectors derived from standard fine-tuning. This baseline exposes the raw catastrophic
interference and destructive negation inherent in unconstrained non-linear arithmetic.

Tangent space linearization: the analogical projection executed entirely within the linearized
(NTK) regime. While mathematically designed to mitigate interference, this baseline tests
the severity of the expressivity bottleneck when mapping severe structural shifts.

Regularized linear analogy (7,p): a specialized linearized baseline explicitly regularized
using the Jacobian penalty (7;p). By preserving vector orthogonality relative to the pre-
training distribution (e.g., ImageNet), this serves as an empirically strengthened upper bound
for linear task arithmetic.
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* GradFix: the proposed gradient-guided masking approach, applied within the highly expres-
sive non-linear space. By strictly filtering the subtractive term (74), this configuration aims
to preserve foundational features while safely absorbing constructive semantic shifts.

For each arithmetic configuration, we investigate two continuous modulation strategies: a
single-scaling variant (applying a global scalar « to the composite analogical shift) and a dual-
scaling variant (applying decoupled scalars, o to the additive components and - to the subtractive
component). This comparison is critical to empirically validate whether interference is asymmetric,
and whether simple scalar decoupling can sufficiently mitigate destructive negation without requiring
discrete masking.

Specifically for the GradFix framework, the reference point for computing the gradient-sign
consensus mask adapts to the structural composition. While a single-scaling baseline evaluates
the local geometry at the foundational model (6,), our optimal dual-scaling approach computes
the gradient mask by evaluating the loss directly at the intermediate anchor model (6y + 7 + 75).
Because the anchor already occupies a shifted region of the loss landscape, deriving the gradients
at this specific initialization point ensures that the subsequent masked negation accurately reflects
the local geometric requirements of the target basin.

6.1.4 GradFix configuration

For the implementation of our proposed GradFix filtering, we assume a few-shot scenario where
a minimal subset of K samples per class (we evaluate K = 5 and K = 50) is available from the
target domain D to compute the sign-consensus vector S.

Crucially, these samples are used exclusively to compute the directional gradients for the majority
vote and are never used to update the model parameters via backpropagation. By applying the
resulting binary mask exclusively to the subtractive source vector 74, GradFix effectively uncouples
destructive domain interference from constructive semantic knowledge. This rigorous separation
ensures that any performance gain is strictly derived from geometric realignment and targeted
amnesia prevention, allowing the zero-shot analogy to safely leverage the full capacity of the
non-linear foundation model.

6.1.5 Validation of simple task addition

Before evaluating the highly complex analogical transfers, it is critical to rigorously validate the
structural integrity of our generated checkpoints. To empirically verify that our task vectors are
correctly optimized and capable of algebraic composition, we conducted a preliminary evaluation
focused exclusively on standard multi-task addition. Specifically, we evaluated the direct composi-
tion of all the distinct task vectors of the analogy setting (6,1 = 0o + 71 + T2 + 73 + 74) across all
three optimization regimes: standard non-linear, linearized, and regularized linear (7;p).

The empirical results reported in Table 6.1 and Table 6.2 confirm that all checkpoints behave
as expected within the context of simple addition. The standard non-linear vectors successfully
compose to perform all the four tasks, despite the natural presence of minor non-linear interference.
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Table 6.1: Validation of simple multi-task addition (Top-1 Accuracy %) for the Sketch-Quickdraw
analogy. The table reports the performance of the composed model (0,11 = 0o+ 71 + T2 + T3 + 74)
evaluated on the individual target domains. Results are compared across the standard non-linear,
linearized, and regularized linear (7;p) optimization regimes. This baseline experiment verifies the
structural integrity and composability of the task vectors prior to their use in complex analogical

transfers.

Method Metric / Variant FoodAgricultureSketch ManMadeObjectsSketch FoodAgricultureQuickdraw ManMadeObjectsQuickdraw Mean

Zero-shot baseline 70.32 52.29 24.97 17.52 -

Nonlinear FT accuracy 76.78 84.07 78.67 78.57 -
! Addition 85.05 61.52 66.00 51.18 65.94

Lincar FT accuracy 83.37 73.88 71.87 74.34 -
Addition (fixed) 80.42 63.33 63.23 56.19 65.79

. FT accuracy 87.58 74.97 78.00 73.71 -
Linear Reg. orth ImageNet  yition (fixed) 87.16 67.37 63.23 54.87 68.16

Table 6.2: Validation of simple multi-task addition (Top-1 Accuracy %) for the Painting-Quickdraw
analogy. The table reports the performance of the composed model (0,,,,1:; = 0o+ 71 + T2 + T3 + 74)
evaluated on the individual target domains. Results are compared across the standard non-linear,
linearized, and regularized linear (7;p) optimization regimes. This baseline experiment verifies the
structural integrity and composability of the task vectors prior to their use in complex analogical

transfers.

Method Metric / Variant ManMadeObjectsPainting ToolsDevicesPainting ManMadeObjectsQuickdraw ToolsDevicesQuickdraw Mean

Zero-shot baseline 65.06 63.70 17.52 20.79 -

Nonlinez FT accuracy 88.00 73.58 77.03 76.77 -
ommnear Addition 71.27 76.05 55.95 68.34 67.90

Li FT accuracy 80.54 82.96 71.37 74.57 -
Hnear Addition (fixed) 75.68 80.00 37.78 53.92 61.85
. FT accuracy 80.22 84.44 73.83 77.85 -

L Reg. orth I Net
tneat eg. orf MAgeREl  Addition (fixed) 77.30 83.70 53.69 62.68 69.34

Furthermore, both the standard and regularized linearized checkpoints exhibit excellent multi-
task composability, effectively minimizing geometric interference as mathematically predicted by
existing task arithmetic literature.

This validation serves a crucial role in our broader analysis. By demonstrating that our check-
points flawlessly execute simple additive composition across all regimes, we systematically isolate
the root causes of performance degradation in the analogical setting. It proves that the subsequent
failures in the “Sketch — Quickdraw” transfer are not artifacts of poor fine-tuning.

6.2 Main quantitative results

To comprehensively evaluate the zero-shot analogical transfer, Table 6.3 reports the performance
across all four quadrants of the domain shift. It is crucial to note how these results are structured:
each column represents a distinct target dataset. The accuracy reported in a specific cell is obtained
by formulating the analogical shift to explicitly target that column’s dataset, optimizing the scaling
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coeflicients for that specific transfer, and evaluating the resulting synthesized model on that domain.

The empirical data reveals two fundamental insights regarding both the optimization regime and
the underlying cause of catastrophic interference:

The expressivity vs. linearity trade-off. Contrary to the theoretical idealization of task
arithmetic, our results demonstrate that strict linearization in the tangent space fundamentally
bottlenecks performance. As shown in Table 6.3 and Table 6.4, the linearized analogy (dual
scaling) achieves only 44.03% accuracy on average and 44.95% respectively, underperforming the
standard non-linear analogy. Even when the linear regime is explicitly regularized (7;p) towards
a common multi-task optimum, it reaches only 46.56% and 46.12%, struggling to recover the
capacity of standard fine-tuning. This provides strong empirical evidence that severe morphological
shifts (such as abstracting detailed sketches into minimalist quickdraws) require the full non-
linear representational capacity of the network. While the tangent space mathematically preserves
algebraic addition, it lacks the expressivity required to solve complex domain adaptations.

GradFix: targeted mitigation of subtractive interference. Having established that the stan-
dard non-linear space is necessary for task performance, we address the catastrophic interference
that plagues naive arithmetic. Our analysis identifies unconstrained subtraction (74) as the primary
driver of this interference, causing the destructive negation of foundational features.

When the GradFix mask (/X = 50) is applied to the non-linear source vector 74, target accuracy
on FAQ drastically improves from 47.03% (naive dual-scaling baseline) to 55.23% (+8.20%). Even
in the extreme K = 5 few-shot scenario, GradFix achieves 54.00% (+6.97%), and on average
it improves the baseline by ~ +4%. By utilizing the few-shot oracle to filter out geometrically
misaligned parameters exclusively during subtraction, GradFix successfully suppresses non-linear
interference without crippling the network’s capacity. It effectively bridges the gap between the
naive projection and the joint-training upper bound, proving that gradient-guided discrete filtering
of the source domain is significantly more effective than simple uniform scalar modulation.

6.2.1 Few-shot adaptability and feature quality

While zero-shot accuracy provides a static measure of analogical transfer, it does not fully capture
the topological quality and plasticity of the resulting parameter space. To rigorously evaluate
whether our targeted masking places the model in a genuinely advantageous region of the loss
landscape, we conduct two complementary few-shot probing experiments (KX = 5 and K = 50
target samples per class): latent space linear separability and basin proximity.

Latent space linear separability (Linear Probing). First, we evaluate the representational
quality of the extracted visual features. In this setup, we completely freeze the synthesized image
encoder (fp) and train only a new linear classification head using the few-shot target support set.

If the analogical shift successfully avoids destructive negation, the extracted features should be
highly discriminative and linearly separable for the target classes. As detailed in Table 6.5 and
Table 6.7, the naive non-linear analogy yields highly entangled representations, achieving only
62.43% and 62.41% linear probing accuracy under the 50-shot regime on average respectively. This
indicates that the unconstrained subtraction of the source vector severely degrades the foundational
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Table 6.3: Zero-shot top-1 accuracy (%) for the Sketch-Quickdraw analogical transfer. Note:
each column represents a distinct target dataset. The reported accuracy corresponds to a model
specifically formulated and optimized (via coeflicients and masks) to target that column’s domain.
For the dual scaling variants, each cell reports the test accuracy followed by the target-specific

optimized coefficients (ay, as).

Method Metric / Variant FoodAgricultureSketch ManMadeObjectsSketch FoodAgricultureQuickdraw ManMadeObjectsQuickdraw Mean
Zero-shot baseline 70.32 52.29 24.97 17.52 -
FT accuracy 88.00 73.58 77.03 76.77 -
Nonlinear Analogy (fixed) 74.74 (0.35) 53.86 (0.15) 40.58 (0.65) 28.36 (0.55) 49.39
Analogy (dual) 75.58 (0.15,0.05) 55.19 (0.15,0.00) 47.03 (0.55,0.10) 29.59 (0.60,0.00) 51.85
FT accuracy 83.37 73.88 77.87 74.34 -
Linear Analogy (fixed) 73.47(0.15) 53.56 (0.20) 29.61 (0.70) 21.01 (0.40) 44.42
Analogy (dual) 70.53 (0.05,0.05) 52.29 (0.00,0.00) 30.77 (0.65,0.00) 22.55 (0.10,0.00) 44.03
FT accuracy 87.58 74.97 78.00 73.71 -
Linear Reg. orth ImageNet Analogy (fixed) 72.21 (0.25) 53.26 (0.15) 33.10 (0.75) 19.83 (0.25) 43.75
Analogy (dual) 73.26 (0.30,0.25) 53.62 (0.30,0.15) 36.71 (0.45,0.05) 22.63 (0.50,0.00) 46.56
GradFix K — 50 Analogy (fixed) 78.74 (0.05) 57.12 (0.05) 35.10 (0.05) 23.06 (0.05) 48.51
= Analogy (dual) 76.84 (0.30,0.05) 55.61 (0.25,0.05) 55.23 (0.45,0.10) 35.64 (0.60,0.10) 55.83
GradFix K — 5 Analogy (fixed) 76.21 (0.05) 57.12 (0.05) 30.71 (0.05) 21.23 (0.05) 46.14
= Analogy (dual) 74.74 (0.40,0.10) 55.07 (0.20,0.05) 54.00 (0.55,0.15) 33.37 (0.50,0.15) 54.30

feature space, effectively causing amnesia of the low-level features required to distinguish classes.

Conversely, applying GradFix exclusively to filter the subtractive interference improves linear
probing accuracy to 64.80% and 65.43 (+2.37% and +2.92%) respectively on average. This provides
strong empirical evidence that our asymmetric masking strategy does not merely calibrate output
logits, but fundamentally preserves the integrity of the latent manifold. By restricting the surgical
intervention to the negative term (74), GradFix safely removes domain-specific artifacts while

actively shielding the foundation model’s core feature extractors from destruction, yielding a highly
separable feature space perfectly primed for the target task.
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Table 6.4: Zero-shot Top-1 Accuracy (%) for the Painting-Quickdraw analogical transfer. Note:
each column represents a distinct target dataset. The reported accuracy corresponds to a model
specifically formulated and optimized (via coefficients and masks) to target that column’s domain.
For the dual scaling variants, each cell reports the test accuracy followed by the target-specific
optimized coefficients (aq, ay).

Method Metric / Variant ManMadeObjectsPainting ToolsDevicesPainting ManMadeObjectsQuickdraw ToolsDevicesQuickdraw Mean
Zero-shot baseline 65.06 63.70 17.52 20.79 -
FT accuracy 76.78 84.07 78.67 78.57 -
Nonlinear Analogy (fixed) 66.34 (0.10) 68.02 (0.25) 29.57 (0.45) 37.13 (0.55) 50.27
Analogy (dual) 66.47 (0.15,0.00) 68.64 (0.25,0.10) 30.48 (0.50,0.30) 39.55 (0.65,0.20) 51.29
FT accuracy 80.54 82.96 71.37 74.57 -
Linear Analogy (fixed) 65.06 (0.00) 66.91 (0.05) 17.81 (0.05) 25.21 (0.05) 43.77
Analogy (dual) 64.46 (0.05,0.00) 67.90 (0.05,0.00) 20.07 (0.05,0.00) 27.36 (0.10,0.00) 44.95
FT accuracy 80.22 84.44 73.83 77.85 -
Linear Reg. orth ImageNet Analogy (fixed) 66.47 (0.30) 67.65 (0.40) 21.16 (0.30) 28.26 (0.45) 45.89
Analogy (dual) 65.82 (0.45,0.20) 67.28 (0.45,0.20) 21.61 (0.30,0.05) 29.77 (0.40,0.15) 46.12
GradFix K — 50 Analogy (fixed) 69.13 (0.05) 69.38 (0.05) 23.61 (0.05) 20.79 (0.00) 45.73
= Analogy (dual) 67.06 (0.30,0.10) 69.51 (0.30, 0.05) 35.59 (0.55,0.10) 47.42 (0.75,0.10) 54.90
GradFix K — 5 Analogy (fixed) 67.64 (0.10) 68.27 (0.05) 22.29 (0.05) 23.32 (0.05) 45.38
=? Analogy (dual) 65.89 (0.30,0.15) 68.27 (0.35,0.10) 35.83 (0.60, 0.20) 44.91 (0.65,0.10) 53.73

Table 6.5: Latent space linear separability (Top-1 Accuracy %) evaluated via 50-shot head refine-
ment (+ FS) on the Sketch-Quickdraw analogy. Note: Each column represents a distinct target
dataset. The reported accuracy corresponds to a feature space generated by an analogical shift
specifically formulated for that column’s domain. For the dual scaling variants, the target-specific
optimized coefficients (aq, cp) are reported.

Method Metric / Variant FoodAgricultureSketch ManMadeObjectsSketch FoodAgricultureQuickdraw ManMadeObjectsQuickdraw Mean
Zero-shot baseline Zero-shot accuracy 70.32 52.29 24.97 17.52 -
Zero-shot + FS 77.26 63,63 46,19 4323 57.58
FT accuracy 88.00 73.58 77.03 76.77 -
Nonlinear Analogy (fixed) + FS 80.00 64.72 58.77 45.52 62.25
Analogy (dual) + FS 79.37 64.17 58.97 47.20 62.43
- Analogy (fixed) + FS 82,53 64.66 53,74 43.52 61.11
Fix K =5
GradFix k=50, | logy (dual) + FS 81.47 63.99 64.13 49.61 64.80
L Analogy (fixed) + FS 82.11 64.54 52.00 43.40 60.51
dFix K = !
GradFix K =5\ alogy (dual) + FS 80.21 64.23 62.71 49.45 64.15
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Table 6.6: Latent space linear separability (Top-1 Accuracy %) evaluated via 5-shot head refinement
(+ FS) on the Sketch-Quickdraw analogy. Note: Each column represents a distinct target dataset.
The reported accuracy corresponds to a feature space generated by an analogical shift specifically
formulated for that column’s domain. For the dual scaling variants, the target-specific optimized
coefficients (a1, o) are reported.

Method Metric / Variant FoodAgricultureSketch ManMadeObjectsSketch FoodAgricultureQuickdraw ManMadeObjectsQuickdraw Mean
Zero-shot baseline Zero-shot accuracy 70.32 52.29 2497 17.52 -
Zero-shot + FS 72.21 55.85 32.26 2427 46.15
FT accuracy 88.00 73.58 77.03 76.77 -
Nonlinear Analogy (fixed) + FS 74.95 56.51 47.10 29.78 52.09
Analogy (dual) + FS 76.00 57.24 49.35 3248 53.77
S Analogy (fixed) + FS 78.95 58.87 39.16 28.63 51.40
Fix i’ =5
GradFix K =50\ logy (dual) + FS 77.89 57.66 56.13 38.22 57.48
A Analogy (fixed) + FS 78.11 58.62 36.71 27.08 50.13
GradFix K =5
radiix > Analogy (dual) + FS 76.00 57.24 5523 36.24 56.18

Table 6.7: Latent space linear separability (Top-1 Accuracy %) evaluated via 50-shot head refine-
ment (+ FS) on the Painting-Quickdraw analogy. Note: Each column represents a distinct target
dataset. The reported accuracy corresponds to a feature space generated by an analogical shift
specifically formulated for that column’s domain. For the dual scaling variants, the target-specific
optimized coefficients (o, ay) are reported.

Method Metric / Variant ToolsDevicesPainting ManMadeObjectsPainting ToolsDevicesQuickdraw ToolsDevicesQuickdraw Mean
Zero-shot baseline Zero-shot accuracy 65.06 63.70 17.52 20.79 -
ro-SHotbasene ero-shot + FS 7445 76.17 4328 42.26 59.04
FT accuracy 76.78 84.07 78.67 78.57 -
Nonlinear Analogy (fixed) + FS 74.71 76.17 49.33 52.34 63.14
Analogy (dual) + FS 74.06 76.17 48.99 50.42 62.41
- Analogy (fixed) + FS 75.75 77.53 43.88 42.23 59.85
— KR
GradFix K =50, | logy (dual) + FS 73.61 76.05 52.89 59.17 65.43
- Analogy (fixed) + FS 75.75 76.05 43.69 46.49 60.50
GradFix K =5
TR =9 Analogy (dual) + FS 73.61 75.06 53.13 58.38 65.05

Table 6.8: Latent space linear separability (Top-1 Accuracy %) evaluated via 5-shot head refinement
(+ FS) on the Painting-Quickdraw analogy. Note: Each column represents a distinct target dataset.
The reported accuracy corresponds to a feature space generated by an analogical shift specifically
formulated for that column’s domain. For the dual scaling variants, the target-specific optimized
coefficients (a1, o) are reported.

Method Metric / Variant FoodAgricultureSketch ManMadeObjectsSketch FoodAgricultureQuickdraw ManMadeObjectsQuickdraw Mean
Zero-shot baseline Zero-shot accuracy 65.06 63.70 17.52 20.79 -
Zero-shot + FS 67.19 65.06 24.39 24.15 45.20
FT accuracy 76.78 84.07 78.67 78.57 -
Nonlinear Analogy (fixed) + FS 67.77 68.77 32.65 38.75 51.99
Analogy (dual) + FS 67.64 69.01 3241 35.02 51.02
S Analogy (fixed) + FS 69.71 71.23 28.80 24.34 48.52
Fix K =5
GradFix K =50\ logy (dual) + FS 68.61 70.62 38.55 48.94 56.68
N Analogy (fixed) + FS 68.94 69.88 27.88 27.96 48.67
GradFix K =5
radiix > Analogy (dual) + FS 67.44 69.88 38.82 46.53 55.67
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7. Conclusions and future work

7.1 Summary of contributions

In this thesis, we investigated the geometric and topological challenges of zero-shot task analogies
within the weight space of foundation models. While task arithmetic provides an elegant, training-
free mechanism to steer model behavior, our analysis demonstrated that naive algebraic composition
suffers from significant geometric interference when subjected to severe structural domain shifts,
such as the transition from detailed sketches to abstract quickdraws.

Through a rigorous empirical and topological evaluation, we formulated two fundamental
contributions to the literature of model merging and transfer learning:

* Identification of the expressivity bottleneck and interference negation: we demonstrated
that linearizing the optimization trajectory in the tangent space (NTK regime) induces a severe
expressivity bottleneck, rendering the model less capable of mapping complex morphological
shifts. Conversely, while the standard non-linear parameter space provides the necessary
capacity, we proved that it suffers from asymmetric interference. Specifically, we identified
the unconstrained subtraction of the source task (74) as a primary driver of performance
degradation. This operation causes the destructive negation of foundational, domain-agnostic
feature extractors, structurally limiting the full potential of the analogical shift.

* Surgical negation via GradFix: to resolve this geometric misalignment, we have applied
GradFix [34], a gradient-guided masking mechanism. By utilizing a few-shot oracle to
compute a sign-consensus mask, we applied a discrete directional filter exclusively to the
subtractive term of the analogy. This surgical negation effectively uncouples domain-specific
artifacts from core semantic knowledge. Our extensive evaluation via linear probing and
zero-shot testing proved that GradFix consistently improves the analogical baseline (yielding
accuracy gains of up to +15% from the pretrained model). It does not merely calibrate output
logits, but actively preserves the integrity and separability of the latent manifold, safely
bridging the gap between naive analogical projection and the joint-training upper bound.

7.2 Limitations

Despite its empirical success and topological robustness, the current formulation of our framework
exhibits certain limitations that warrant acknowledgment:

* Reliance on a few-shot oracle: while the analogical transfer itself is evaluated in a zero-shot
manner on the target test set, the computation of the GradFix mask strictly requires a small
support set (i = 5 or K = 50) from the target distribution. Consequently, the masking
method is not a purely zero-data mathematical projection, but rather a few-shot geometrically
guided intervention.
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* Rigidity of binary masking: the GradFix filter operates as a hard boolean mask (m € {0, 1}).
While this heuristic is computationally efficient and effectively shields the network from
destructive gradients, binary truncation is a naturally aggressive operation. It does not
account for the magnitude of the interference, potentially zeroing out parameters that might
have been useful if only marginally scaled down.

* Architectural specificity: our empirical evaluation was conducted utilizing the Vision Trans-
former architecture (CLIP ViT-B/32). While ViTs exhibit highly structured and predictable
representational spaces, the exact dynamics of destructive negation might manifest differently
in alternative architectures, such as deep Convolutional Neural Networks (CNNs) or dense
mixture-of-experts models.

7.3 Future directions

The insights derived from the success of targeted subtractive mitigation open several promising
avenues for future research in the domain of parameter-efficient model merging:

* Continuous mask optimization: transitioning from the discrete boolean logic of GradFix
to a continuous optimization paradigm represents a natural evolution of this work. Future
studies could explore learning continuous, layer-wise, or channel-wise scaling coefficients
(conceptually similar to AdaMerging [44]) utilizing the few-shot oracle. This would allow
for a softer, mathematically optimal surgical negation rather than a rigid cutoff.

* Expansion to generative AI and LLMs: the principles of surgical negation hold significant
potential beyond classification tasks. As Large Language Models (LLMs) and diffusion
models increasingly rely on weight merging for concept unlearning or multi-skill integration,
the unconstrained subtraction of vectors (e.g., to remove toxicity or a specific visual style)
often induces catastrophic degradation of linguistic or generative coherence. Applying our
asymmetric masking framework to these massive generative architectures could provide a
highly efficient mechanism for safe and targeted concept erasure.

* Analogical synthesis as a warm-start initialization: while this thesis primarily investigates
the zero-shot capabilities of task analogies, the topologically favorable parameter space
generated by GradFix presents a highly promising initialization point for further fine-tuning.
Because GradFix preserves the integrity of the latent manifold and teleports the weights
into a basin geometrically proximate to the target optimum, initializing a model with the
GradFix synthesis, rather than the standard pre-trained foundation model, could significantly
accelerate convergence. Future research should investigate this “warm-start” paradigm to
evaluate whether it improves sample efficiency in strictly limited data regimes.
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A. Mapping neural networks to spin glass models

In this section we will show how to derive the loss landscape of a deep neural network as a spin
glass model. We will follow the derivation from Choromanska et al. [7].
We consider a binary classification problem and a simple MLP. Let:

* X be the random input vector of dimensionality d;

H — 1 be the number of hidden layers (we will refer to 0™ layer as the input layer and to H™®
layer as the output layer);

ny, be the number of neurons in the k" layer (ng = d and ny = 1);

W; be the matrix of all the weights between (i — 1) layer and /" layer;

o be the activation function (o (z) = max(0, x)).

Therefore we can express the output of the network as follows:
Y = qo(Wio(Wy_,..o(W,' X)) (A.1)

where is a normalization factor that depends on the number of parameters and the depth of the
network.
It is possible to re-express the output of the network also in the following way:

no y H
Y=¢> > Xi;A;]] wit) (A.2)
k=1

i=1 j=1

where the first sum is over the input neurons, the second is over all possible paths (each composed
of exactly H weights) from a given network input to the output, v is the total number of such paths
(s0 ¥ = nyng...ng). Note that for all i = {1,2,....,n9} : X;1 = X;2 = ... = X, ,. Moreover, w;kj)
is the weight of the k' segment of path indexed with (7, ) which connects the layer k£ — 1 to the
layer k. Finally A, ; is an indicator variable that denotes whether the path (i, j) is active (4; ; = 1)
or not (A4; ; = 0) depending on the value of the activation function.

If we consider the case in which every path is equally likely to be active, we can model A, ; as a
Bernoulli random variable with parameter p, which represents the success probability. In this way

we can reformulate the Equation (A.2) as follows:
no Y H .
EalY]=q) > Xp]Jwi) (A3)
i=1 j=1 k=1

Definition A.0.1 (Size of the network). The size of the network is defined as N = ZkH:l NENE_1,
which is the total number of parameters in the network.
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Let:
* W = {wy,wy, ...,wy} the set of all the weights in the network;

* A the set of all H-length configuration of the weights (so |A| = N#);
(@ H (@ H 1 H
* B = {(wi 0o wll)), (wi3 0l wly), o (Wi, wiids, o wig)) ) the set of all
the paths in the network (note that each single weight comes from V¥ and B C A).

In this way we can re-express the output of the network as follows:

Tiq,i9, . ipg

Yy EE4[Y] =¢q Z Z D in pH w;, (A4)

11,82, 0 H

€ {0,1} and denotes whether a specific configuration of weights appears in
o HH 1 def v
= Ilizo ™ =

where 15, i, iy

Equation (A. 3) So the following condition holds: Z

11,12,. ’LH:]. rilvi27---7iH

Definition A.0.2. The mass of the network W is the total number of paths from the input to the
output, so ¥ = Hl o i Letbe A the H"M root of U, so A = V.

Observation A.0.1. The mass of the network W is different from the total number of paths for a
given input . In particular: ¥ = ng - 7.

Thanks to the following Definition A.0.3 we can use the redundancy hypotesis to re-express the
output of the network as a spin glass model.

Definition A.0.3. A network M which has the same graph of connections as the original network
N and s unique weights satisfying s < N is called a (s, €)-reduction image of / for some ¢ € [0, 1]
if the prediction accuracy of N and M differ by no more than e.

Choromanska et al. [7] formally prove that reducing the network to a smaller set of unique
weights s < N does not destroy its predictive power. Specifically, they demonstrate that the predic-
tions of the reduced network maintain a strictly bounded positive correlation with the predictions
of the original network, justifying this approximation step.

Under also the uniformity hypotesis, if we consider the M network to be (s, €)-reduction image
of the original network \ for some s < NN, we can re-express the output of the network as follows:

21 19 5eees 1323

H
Y,=g¢q Z Z 9wt T ws, (A.5)
k=1

11,82,y t =1

where t;, i, i, € {Z* U0} is the number of times each configuration of weights (w;, , Wy, , ..., Wi, )
appears in Equatlon (A.4) and Z“ imoin—1 tirsin,min = V.

In this network M the total p0551ble number of configurations of weights is s and the total
number of paths is W. Therefore, if we assume that each configuration of weights appears in the
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same number of paths (so called uniformity assumption, very common with real networks), we can
re-express the output of the network as follows:

w
S sH H
Vi=a 30 3 Xwr[Twn (A.6)
k=1

11,02, tg =1 j=1

Moreover if we consider s = A we can re-express the output of the network as:

A H
Y = }/(SZA) =q Z X’h,iz,...,’inH wik (A7)
k=1

11,82, 8 g =1 =

By assuming that for some positive constant C weights satisfy the spherical condition % Zﬁ\zl w? =
C, and that the loss of the network is the absolute loss £} (W) = E4[|Y — Y]] or the hinge loss
LY j(w) = Ea[max(0,1 — YY)], we can re-express the loss of the network as follows:

A H
Lan(W)=Ci+Coq Y Xijigin | | @0 (A.8)
k=1

11,02, 0 g =1

where C; and C, are some constants and weights w; are rescaled versions of the original weights w;
cfuing LSA =2
satisfying + > ., w; = 1.
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B. Some math behind Neural Tangent Kernel

B.1 Notation and setting

We will consider a fully connected neural network with parameters 6, f(-;6) : R™ — R"Z. Layers
are indexed from 0 to L, where the 0 layer is the input layer and the L™ layer is the output layer.
So in total there are M = ) ZL , uny—y parameters in the network.

The training dataset is D = {x;,y;}*, = X x ), where X = {x,}, is the input space and
Y = {y;} Y, is the output space (label space).

We will call the activation function o and w¥) the weights of the I™ layer and b() the biases
of the I™ layer, respectively. So we have the following recursive definition for the output of the
network:

A0 = .

?

~ 1 T
AFD — w40 4 gpO. (B.1)
Vi ’ '

A(l+1) — O,(A(l+l))
foralll = {0, 1, ..., L — 1}. The output of the network is f(x;0) = AL,
NTK parametrlzatlon applies a rescale weight of —— \F for avoiding divergence for infinite width

networks. The constant 3 controls the relative scale of the weights and the biases. All the network
parameters are initialized with i.i.d. Gaussian A/(0,1).

B.2 Neural Tangent Kernel

Neural Tangent Kernel (NTK) defined by Jacot et al. [20] is an important tool for understanding the
training dynamics of neural networks. As explained by Weng [41], it is possible to understand the
intuition behind NTK by starting from the definition of the empirical loss function £ : R — R,
using a per sample loss function ¢ : R"Z x R — R, , as follows:

RS (i) (i)
= — ) (f(x");0,y")

According to the chain rule, the gradient of the loss function with respect to the parameters 6 can
be expressed as follows:

VoL(0 Z Vo f (x5 0)V (£ (x;6),5)

where Vy f(x®; ) € RM*" is the Jacobian of the network output with respect to the parameters
¢ for the input x( and V 0(f(xD;0),y?) € R" x 1 is the gradient of the loss function ¢ with
respect to the network output.
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During training each gradient descent update step introduces a small incremental change in the
parameters 6. We can see it as a continuous time process and express the evolution of the parameters
0 during training as follows:

do

N
1 . . ,
= = _ S (@). (@). (4)
& = VL) =~ 2 Vas )T U< :0). )

With the chain rule we can also express the evolution of the network output during training as
follows:

df(x;0)  df(x;0)do
da —  do dt

N
- _% > Vot (x:0) Vo f (x5 0)V sl (f(x;60),y )
=1

where the term in blue is the Neural Tangent Kernel (NTK) defined as follows:

Definition B.2.1 (Neural Tangent Kernel). The Neural Tangent Kernel (NTK) is defined as the inner
product of the Jacobian of the network output with respect to the parameters 6 for two different
inputs x and x’ as follows:

K(x,x';0) = Vo f(x;0)" Vo f (x; 6)
where each entry in the output matrix at location (m,n) with 1 < m,n < ny is:

M
) Ofm(x;0) 0fn (x50
Kl x30) = ) a(e- ) ge- )

=1

Since it is written as a dot product between mapped inputs, we are guaranteed that the NTK is
a positive semi-definite kernel.

B.3 NTK in the infinite width limit

When nq,...,n; — oo the NTK converges to be:

1. deterministic at initialization, so it does not depend on the random initialization of the
parameters 6;

2. constant during training.

The proof is based on mathematical induction on the layer index (.
We always have K(©) = 0 since the input layer does not have any parameters. When L = 1, we
can get the representation of NTK at initialization as follows:

1
K(l)(X, X/) — —XTX/ + 52
no
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In fact, f(x;0) = AV (x) = w®Tx 4+ gb® and f(x';6) = AD(x') =

Vo Vo
So we have:

KO(x,x; 6) = <3f(x; 9))T af(x';0) N (W(X’ﬂ))T of(x;0) 1

ow©) ow0) Ob0) obO® T p,

Note that since we have only one layer, there is nothing to take on infinite width.

L wOTx" 4+ b0,

—XTX/ + 52

Induction step. We assume that for some [ € {1, 2, ey L= 1} layer network with M parameters
in total, with § = (w(® ... w!=1 b©®  bl=1) c RM as parameters, has a NTK converging to

a deterministic limit when nq,...,n;_; — oc.

KO (x,x';0) = V;AD(x)"V;A0 (%) - KV (x,%)

Next let’s check the case L = [ + 1. This layer has additional weight matrix w(" and bias
vector b"") and thus total parameters are # = (6, w(), b)), The output function of this (I 4 1)-layer

network is:
N 1 T .
fx:0) = ATV (x;0) = —=w' o (AV(x;0)) + b
NG
Now we can compute the derivatives:
Voo f(:0) = ——o(AD)T € RV
W I \/n—l

Voo f(x;0) =7
1 -
V;f(x;0) = ?V(;U(A(l))w(l)

L
- 0] - 10!
TONS - 7))y 90An,
) a(A}”) % - O An)) B ~
— : W(l) c RMX’VLH_1
v LR 10
90 o Lo0

where ¢ is the derivative of the activation function o and each entry at location (p,
M,;1 < m < nyyq in the matrix can be written as:

ame9 Zw F(AD VQA(l
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So putting altogether we have:

KW (x,x',0) = Vo f (x;0) Vo f(x;6)

= VW [(x:0) Vo f(X50) + Vo f(x:0) Vo f(X0) + Vi f(x:0) Vi f(x50)

_ 1 (AN (AT 4 52

n
) ( 3 9AY AW ROy = KD AT 9AD 0AY)
) o(A)e(AY) ol T - (A (AR) o)L,
0] )
+w : . : W
(D =g D)y AT OAY) 9AD TN T =M 9AL) 9AY)
(T(ATLl)O-(Al )Zp:l aép aép O-(AT'/Z>O-(A”Z)ZI):] aép aép
1 ~ ~ .
=— [oc(ANg(A)T + 52
= [ AT+
IO ( ! I
FANFANKT .. S AN A K,

i (i ) 0N !
SADGANKY, . 6(ADGAD) KD,
where each individual entry at location (m,n), 1 < m,n < n;; in the matrix & (+1) can be written
as follows:
ny np
i Ay A l
oA (AD)T + 87+ Y winw o (AD)o (A K

=1 j=1

1
ny

Asn; — oo, Lee etal. [22] demonstrate that the empirical covariance terms (highlighted in blue and
green) converge to a deterministic limit X(*1). Concurrently, by applying the inductive hypothesis
to the term in red, we can replace the empirical kernel K Z(jl») with its infinite width counterpart. Thus,
we obtain the following limits for the individual components:

E [a(AU))a(AU))T 7] - Bt
ny
1l T~ A0V A0V KDy LN 000 ¢ A0 ¢ O D
_Zzwzm Wjn 0 )d<Aj VK — n_lzzwimwjnd(Ai )o (A7) Koo i
i=1 j=1 i=1 j=1

In conclusion, the deterministic nature of the limit relies fundamentally on the initialization
properties of the weights. Because the weights are initialized as independent, zero-mean Gaussian
variables and are entirely independent of the previous layer’s activations, all cross-terms in the sum-
mation strictly vanish. Through the Law of Large Numbers, the remaining empirical sum converges
to its theoretical expectation, replacing the explicit weight dependency with a deterministic integral
over the derivatives, often denoted as >(*1). This deterministic factor then simply multiplies the
asymptotic kernel of the previous layer, K Q.

Later, works such as Arora et al. [3] provided proofs with weaker limits, demonstrating that this
convergence holds even when the layers are not strictly infinitely wide, but sufficiently large. This
concludes the induction step. For a full network with L layers, the global empirical NTK converges
to a deterministic kernel that remains constant during the entire training process.
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B.4 Linearized models

Thanks to the previous results, we can express the evolution of the network output during training
as follows:
df ()

dt
Now we can introduce the linearized model of the network as follows (for brevity we omit the input
X in the notation):

= —nVof(0) Vo f(O)V L = 1K VL

Definition B.4.1 (Linearized model). The linearized model of a neural network f(-;¢) around the
initialization 6, is defined as follows:

F0()) = f(0(0)) + Vof (0)]o=aw) (0(t) — 0(0))

Since we have that:
6(1&) - 9(0) = —UVQ/:(@) = —T]ng(@)TVfﬁ

we can express the linearized model as follows:
F™O() = £(0(0)) = =nVof(0)lo=a(0) VoS (0)lg—sio) VL
So if we compute the evolution of the linearized model during training we have:

af'(6)
dt

= —nK(0(0)ViL =K VL

This implies that the evolution of the linearized model during training is the same as the evolution of
the original model during training, since they are both governed by the same kernel K ,. Therefore,
in the infinite width limit, the training dynamics of a neural network can be fully described by its
linearized model around the initialization.

If the empirical loss function is a simple mean squared error (MSE) loss, Vo £ = f(X;0) — Y,
the dynamics of the network becomes a simple linear ODE and it can be solved in closed form as
follows:

t = —nKg(0) where g(0) = f(0) — Y
/_(9 . /K dt

We can observe that when ¢ = 0 we have g(0) = f(6(0)) — Y, so C' = f(6(0)) — V. Therefore, the
solution of the ODE is:

F(0) = (f(0(0)) = V)e =" + Y = f(0(0)e """ + (I — e7">")Y
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This solution shows that the network output converges to the target ) at a rate determined by the
eigenvalues of the kernel K ..

This exact property of local linearity and continuous equivalence to a linearized model is what
formally justifies the algebraic manipulation of weights used throughout this thesis. By defining the
task vector as 7 = 6 — 6y, we can safely perform operations like addition and analogy directly in
the parameter space, with the mathematical guarantee that these operations translate linearly into
the functional space of the model.

B.5 Recent bounds on the linear regime and spectral stability

Itis well known that the infinite width limit is an idealized setting and that real-world neural networks
are finite. However, recent works by Afzal et al. [2] have proposed theoretical bounds confirming
that the linearized model is a good approximation of the original model even for finite width models
(such as LLLMs via Parameter-Efficient Fine-Tuning (PEFT)), provided that an appropriate inductive
bias restricts the optimization trajectory.

Specifically, they formally bound the deviation of the non-linear network from its linearized
approximation:

Theorem B.5.1 (Distance to linearized model, informal (Theorems 3 and 4 in [2])). Assume
the neural network function and its gradients are Lipschitz continuous. Under an /,-distance
regularization towards the pre-trained weights 6, the distance between the inference of the fully
non-linear fine-tuned model f5, (X) and its linearized counterpart f5, (X) is strictly bounded.

Ghojogh et al. [15] have proven the following Theorem which helps Afzal et al. [2] for showing
the equivalence of the fine-tuning problem to a kernel regression problem in the Reproducing Kernel
Hilbert Space (RKHS) defined by the NTK.

Theorem B.5.2 (Representer Theorem). For a set of data X = {x;}",, consider a RKHS H of
functions f : X — R with kernel function k. For any loss function / = R? — R consider the

optimization problem:
n

min ) £(f(xi), yi) + Q| flle).

i=1
where 7 > 0 is the regularization parameter and Q(|| f||) is a penalty term (such as || f||2). The
solution of this optimization problem is:

f* = Z alk(axl)
=1

Proof. Assume we project the function f onto the subspace spanned by the kernel functions evalu-
ated at the training data points {k(x;, -)}?_;. The function f can be decomposed into components
along and orthogonal to this subspace, respectively denoted as follows

fF=hi+fo = Ifle= 1Al + IR = 1A (B.2)
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Moreover, using the reproducing property of the RKHS (exposed in D.0.4), we have:

f(xi) = (f, k(xis )i = (i, k(xis )+ (Fr, k(X Dk = (f k(%) = (i) (B.3)

The second equivalence is due to the fact that f, is orthogonal to the subspace spanned by
{k(x;, )}, so the inner product between them is zero. According to Equation B.3, we have:

Zé(f(xi)v Yi) = Zé(f\\(xi)a Yi) (B.4)

And now, using Equations B.2 and B.4, we can say:

n

5{2{} O(f(xi), yi) + o[ flle) = ?éi,}gzg(fll(xi)vyi) +oQ(|| £yll) (B.5)
=1 i=1

Hence, for this minimization problem, we only require the component lying in the subspace spanned
by the kernel of RKHS. Therefore, we can represent the solution as a linear combination of basis
vectors {k(x;, )} ;. O

Observation B.5.1. In Chapter D we say that an Hilbert space can be infinite dimensional. Ac-
cording to the Definition D.0.3, RKHS is an Hilbert space, so it can be infinite dimensional.
However, the Representer Theorem B.5.2 states that the solution of the optimization problem lies
in the subspace spanned by the kernel functions evaluated at the training data points {k(x;, <)} ;.
This subspace is finite dimensional (with dimension at most n), so we can say that the solution of
the optimization problem lies in a finite dimensional subspace of the RKHS; although, that finite
number of dimensions can be very large.

Afzal et al. [2] have considered Q(||f]lx) = || f]I? and £(f(x;),v:) = ||f(x:) — v:||3 and the
minimization problem can be written as follows:

min D IFG) =yl + ol f17 (B.6)

(x,y)€D

and have shown that the solution of the fine-tuning problem is a kernel regression problem in
the RKHS defined by the NTK. For this purpose they have used the Representer Theorem B.5.2 to
show that the solution of the fine-tuning problem can be expressed as a linear combination of the
kernel functions evaluated at the training data points. So we have:

where K(-, X) = [k(-,x1),...,k(+,x,)] € R'*". Substituting Equation B.5 into Equation B.6, we
can express the optimization problem in terms of the kernel matrix K(X, X) as follows:

min Ee o [la"K(, X) = Y] + ol I}
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which is a convex problem with a closed form solution: o* = (K(X, X) + oI)~'Y. Equivalently:
() =KX KX, X) + oI Y,

where [K(X, X)]Z7] = k(Xl, X])
Furthermore, their work explicitly connects the eigenvalue spectrum of the NTK to the empirical
risk R(0) of the fine-tuned model, providing a direct metric to predict adaptation performance:

Theorem B.5.3 (Empirical risk and spectral perturbation, informal (Theorems 5 and 6 in [2])).
In the linearized fine-tuning regime, the empirical risk of the model is strictly bounded by the
maximum A, (K) and minimum \;,(K) eigenvalues of the NTK matrix K. Furthermore, if a
new subset of trainable parameters is added (inducing a perturbation kernel S), the eigenvalues of
the new kernel K + S are bounded within a narrow multiplicative factor (1 = 7)) of the original
eigenvalues \;(K).

In conclusion, these recent theoretical frameworks bridge the gap between idealized infinite-
width limits and the practical fine-tuning of finite modern architectures. By rigorously bounding
the deviation from the linear regime and linking the empirical risk directly to the NTK spectrum,
they mathematically validate the core premise of this work: analyzing the geometric and spectral
properties of the tangent space provides a robust, predictable mechanism to understand why and
how task arithmetic operates without catastrophic interference.
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C. Jacobian vector product

As demonstrated in Chapter B, the functional behavior of a fine-tuned network in the infinite-width
limit can be approximated by its linearized model:

fin(0()) = f(00) + Vo f(00)(0(t) — 6o)

where 7 = 6(t) — 6 is the task vector. While mathematically elegant, evaluating this expression
directly is computationally intractable for modern deep neural networks. The Jacobian matrix
Vof(6y) € RE*M (where C is the output dimension and M is the number of parameters) requires
hundreds of gigabytes of memory to be explicitly instantiated, causing immediate Out-Of-Memory
(OOM) errors.

However, we do not need the full Jacobian matrix; we only need its product with the task vector
7. This problem can be elegantly solved using Automatic Differentiation (AD) as exposed by
Baydin et al. [6]. Unlike numerical differentiation, which is prone to truncation errors, or symbolic
differentiation, which suffers from expression swell, AD evaluates derivatives at machine precision
with ideal asymptotic efficiency.

Forward mode AD provides a highly efficient and "matrix-free" way of computing Jacobian-
vector products (JVPs). By initializing the tangent variables with the elements of our task vector
T (i.e., setting the initial derivative seeds to 0 = T), the forward accumulation mode allows us to
compute the exact directional derivative (the JVP) in just one forward pass of the computational
graph.

To understand how a single forward pass calculates both the output and the derivative, we must
introduce the underlying mechanism of dual numbers (or primal-tangent pairs). In forward mode
AD, every variable v in the program is internally replaced by a tuple (v, ©), where v is the primal value
and v is its corresponding tangent value. Elementary mathematical operations are then overloaded to
operate simultaneously on these pairs using the chain rule. For instance, a multiplication operation
A = X; x X, is automatically evaluated as (v4,04) = (Ux,Vx,, Ux,Vx, + Ux,Ux, )-

Let’s consider for example the evaluation trace (Fig. C.1) of the function f(z1,z5) = In(z1) +
T T2 — sin(xq) at the point (z1,x9) = (2,5) with the task vector 7 = (1,0). The forward mode
AD would compute the sequence of augmented operations in Table C.1. Extending this concept
to a neural network, it is easy to see that a run of the code computes the directional derivative
y; = Eﬁl g—‘gﬁn for all output dimensions j = 1,...,C simultaneously. This yields the complete
JVP in just one forward pass, without ever instantiating the full Jacobian matrix:

. Oy

901 D011 T1
JfT =

e ... Ouc

96, 001 L™

Modern deep learning frameworks implement these JVPs via forward-mode autodiff or equiva-
lent reverse-on-forward tricks. This guarantees that the computational complexity of evaluating the
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T =m ~Kv1\ > Uy

. ‘ \U@/ -

Figure C.1: Computational graph of the example evaluated function. Here we have that variables
v;_o = x; for i = 1,2; variables v; for ¢ = 1,2, 3,4 are the intermediate variables; and variable v5
is the output of the function.

f(xh :E?)

Forward Primal Trace Forward Tangent (Derivative) Trace
v_1 =x =2 V_1 =1 =1
vo =12 =95 vy =& =0
vy =lnv_g =1n2 1 =0_1/v_1 =1/2
Vo =wv_1 X1y =2x5 Vo =0V_1 XU+ Xv_g =1x54+0x2
V3 = sinvg =sinb V3 = 7y X COS Vg =0 X cosH
on =1 + Vs =0.693 + 10 Uy =01 + Vg =054+5
Us =v4 — U3 = 10.693 + 0.959 Vs =04 — V3 =55—0
v v
Y =5 = 11.652 Y = U5 = 5.5

Table C.1: Forward mode AD example, with y = f(z1,22) = In(z1) + 129 — sin(zy) evaluated
at (z1,22) = (2,5) and setting #; = 1 and &2 = 0. The original forward evaluation of the primals
on the left is augmented by the tangent operations on the right, where each line complements the
original directly to its left.

linearized model fi;, is essentially bounded to O(M ), which is practically equivalent to the cost of
a standard single forward pass of the non-linear network. This makes the training and evaluation of
linearized models like CLIP ViT strictly feasible on standard GPU hardware.
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D. Reproducing Kernel Hilbert Space

To properly understand the eigenfunction localization theory proposed by Ortiz-Jimenez et al. [28],
we must shift our perspective from the parameter space of the neural network to its function space.
In this context, we need to introduce the mathematical framework of Reproducing Kernel Hilbert
Spaces (RKHS) as well exposed by Meneghetti [26].

We begin by recalling the foundational structures of functional analysis. The most general
complete spaces are Banach spaces, but to measure angles and projections between functions, we
require the geometric structure of a Hilbert space:

Definition D.0.1 (Banach space and Hilbert space). A Banach space is a complete normed vector
space (V, ||-||). Soitis a vector space endowed with a norm such that every Cauchy sequence
(xn)2yCV, 3z €eV: limax, =2
n—oo

A Hilbert space H is a Banach space endowed with a dot-product operation, therefore is a Banach
space whose norm derives from an internal product.

An example of an Hilbert space is the £, space of square integrable functions, where the dot
product of functions from R? to R is defined as: (f,g) = [ f(x)g(x)dx and therefore || ||, =
(5, 1)) .

When dealing with spaces of functions, a fundamental operation is evaluating a function f
(e.g., our neural network) at a specific data point x. In general Hilbert spaces (such as the standard
Lo space), point evaluation is not always well-behaved or even mathematically well-defined. To
ensure that evaluating our model on a specific input is a stable operation, we focus on the evaluation
functional:

Definition D.0.2 (Dirac Evaluation functional). Let H be the £, space of functions from X to R for

some non empty set X'. For an element z € &, a Dirac evaluation functional at x is a functional
0p : H — R, s.t. 0,(f) = f(x) forall f € H.

In this case, let X be R? for some d. We say that §,, is bounded if AM > 0, M € R :
16 = |f(x)] < M|| |z, Vf € H and V& € RY

This specific stability property is exactly what defines our space of interest:

Definition D.0.3 (Reproducing Kernel Hilbert Space). A Reproducing Kernel Hilbert Space
(RKHS) is an Hilbert space H where all the Dirac evaluation functionals ¢, are bounded and
continuous.

The continuity of the evaluation functional might seem like a minor technicality, but it unlocks a
profound geometric property thanks to the Riesz Representation Theorem:
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Theorem D.0.1 (Riesz Representation Theorem). If @ is a bounded linear functional on a Hilbert
space H, then there exists a unique element u € H such that ®(f) = (f, u)y forall f € H.

Applying this theorem to our bounded Dirac functional d,, we deduce that there must exist a unique
function k£, € H such that evaluating f at x is perfectly equivalent to taking the inner product
between f and k,, i.e., f(z) = (f, k;)». This unique element acts as the representative of the point
x within the function space, leading to the final definition:

Definition D.0.4 (Reproducing kernel). Let  be an Hilbert space of function from X to R(Ls(X'))
with X non empty. A function  : X x X — R is called a reproducing kernel of # if it satisfies:

e Vx e Xk, =K(-,x) € H, k, is called representer at .

* Ve e X, VfeH f(x) = (f ke)u = (f,K(;, 2))n (reproducing property).

It is important to note that k, € # is a function from X to R, such that k,(y) = K(z,y). In
particular Vx, 2’ € X we have:

’C(:C,:L'/) = <K(,I),K<,$/)>H = <k3€7km/>?~l

where k,, k,/ are respectively the unique representatives of 9, and J,,. This means that the kernel
function K is symmetric and positive definite, from the definition of dot product.

From the first property of the Reproducing Kernel we know that H contains all function of the
form f = Z?Zl ;K (-, z;) if z; € X and we have

d d

£ =D D> ayealK(m)), KCowa))w = DY eyaiki(ay, o)

j=1 i=1 j=1 i=1

This demonstrates that every RKHS uniquely defines a symmetric, positive-definite kernel
IC, and conversely, the Moore-Aronszajn theorem guarantees that every positive-definite kernel
uniquely defines an RKHS. To understand the complexity and the structure of the functions learned
by the network, it is highly beneficial to decompose the kernel into its fundamental components.
If the positive-definite kernel K is continuous and has a finite trace, the Mercer-Hilbert-Schmidt
theorem states that it admits an absolutely and uniformly convergent spectral decomposition:

Theorem D.0.2 (Mercer-Hilbert-Schmidt). If K is a positive definite kernel (that is continuous with
finite trace), then there exists an infinite sequence of eigenfunctions (®;)3°, and eigenvalues (\;)2,
with A\; > Ay > ... and KC can be written as:

K(z,z') = Z X (2) Py (')

In this way we can construct a RKHS Hc such that: He := {f : f = > ., ¢;®;}. So for
f € Ly, we will denote f in terms of its coeflicients in the eigenfunctions:

fo= (B = / f(2)®i(z)de
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It is a basic result of Fourier analysis that such representation exists and is unique. Given all this,
we can now define the inner product on Hy as follows:

(f.g) =D 1
i=1 7"

. 8ij
where we used the H c-ortogonality (®;, @)y, = \//\»\]/E

It’s possible to note that /C is the Reproducing Kernel of Hx since the eigenfunction expansion
of K given by Theorem D.0.2 and the orthogonality of the eigenfunctions imply that

K <ch ],Zm@ > :ZCM ZCH (z)

e =l
Building upon this inner product, the squared RKHS norm of a function f = Y °° ¢ ®; is

naturally defined by taking the inner product of the function with itself:

2

1£12, = =

=1

S,

This specific formulation is the cornerstone of the theoretical analysis presented by Ortiz-
Jimenez et al. [28]. The RKHS norm essentially measures the "complexity" or the "energy cost" of
learning a specific function f using the kernel K. Because the squared coefficients ¢? are divided
by the eigenvalues );, the norm heavily penalizes functions that rely on eigenfunctions associated
with small eigenvalues.

In the context of the Neural Tangent Kernel (NTK), large eigenvalues (\;) correspond to pat-
terns or features that the neural network learns quickly and efficiently, whereas small eigenvalues
correspond to high-frequency noise that is hard to fit. Therefore, the requirement that a target
task function f* must have a finite kernel norm (|| f*||3,. < -+oo) mathematically translates the
inductive bias of neural networks: they naturally favor smooth functions aligned with the principal
components of their empirical kernel.

Ultimately, this theoretical framework justifies why task arithmetic is feasible. As demonstrated
in Chapter 4, when the principal eigenfunctions (®;) of the NTK are strictly localized within specific
task domains, fine-tuning on a given task modifies only a specific subset of the kernel’s basis. This
structural property ensures that the RKHS representations of different tasks remain orthogonal and
decoupled, allowing the linearized models to be algebraically added without catastrophic cross-task
interference.
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E. Proof of Theorem 4.1.1

For clarity reasons, we will report the statement of Theorem 4.1.1 here again:

Theorem E.0.1. Let 9 A = Opase + a Y oter Tt ) be the model obtained using vanilla task arithmetic
with scaling parameter . Let {9 }teT be produced by running £ full-batch GD epochs with step
size 1) on each task, and let 9 be the model obtained from £ GD epochs with step size an on the
aggregated loss £ = ), {y. It holds that:

oL — o) (E.1)

o) = Ot + PPC{Or YD) + O () for k > 1 (E.2)

where  C({O{},) =" Zv%(eg?T) > (O (E.3)
teT e=0 m=0

with  7(0) .= « Z Vi (0) + (o — 1)VL(0)
teT\{t}
All heavy computation is done once inside Lemma E.0.1, which is the core technical result of
this section. Before stating the lemma, we need to introduce some notation to keep track of the
accumulated gradients and curvature effects across epochs. For ¢t € T"and k£ > 0, we define:

* r4(+) quantifies the mismatch between the two gradients at one step.

0)=a > V() + (a—1)VL(O) =a ) Vi) - Vi) (E.4)

t'eT\{t} t'eT

* pF(-) represents the accumulation of those mismatches over many steps.

k
PF (Braser Oy - - = (65 (E.5)

J=0

e sF(+) accounts for the extra bending introduced by curvature once the paths have parted.

¥ (Opases - - - Zv% 02 (Boases - - - 05 1)].

Lemma E.0.1. Using the notation just introduced, it holds that
01(1) - 01(\/}% + np?(ebase)
and form > 2
92(m+1) 0(’”’77‘1’1) + ’]’Ipl (Gbase’ . e(m))
_ 7728m 1(9ba367 o 9(m 1)) +0(n )

Proof. The proof is by induction on m.
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m = 1. First epoch. We have Vi € T' from the previous definitions that:

91( = Opase — NV (ebase) while QMT Obase — a1 Z vgt gbase)

teT

Consequently, we have that:

J#i

= 91(\/}% + nri(ebase) = 9(1) + np; (ebase)

m = 2. Second epoch.

07 =0 —nve(0;")
(2 91(\/}% + nn-(@base) - T]V& <Q(1) + nrl(‘gbase)>

Taylor 9(1)

R0 4 01 (Bvase) — NV L(059) — 2V, (000 (Bpase) + O(0P)
= O\t — 1V ( thetayy) + 07 (Bnase) — 12V 2C(040) 74 (Brase) + O(17°)

where in (1) we used the result of the first epoch.
Adding and subtracting o >, . V5 ( thetal(\j%)

teT

J/ [\ J/

61 = HMT—r}aZV/ Mj —|—r;aZV€ thez‘aMT) nVﬁi(thetal(\,}%) +17; (Opase )

2
= ngl)T 777“1'(91541%)

- 772v2€i(81(v}%)ri(‘9base) + 0(773)
= 01+ 17 (O) + 17 (Brase) — V2403207 (Orase) + O(7°)
= 61(\/?% + 77]?11 (ebaseu 91&/}%) - n25?(6base) + 0(77 )

Inductive step Let us assume that

0( = 0 m) + 77]91 (ebasm s 701(\477"10“_1)) 772 P 2(Qbasea s 701(\/[77”;_2)) + 0(773)
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We can derive that
0" = 07 — Ve (0™
(2 m— m— m— m
) 9MT + npz (ebasea L 761S/[T 1)) - 77257j 2(9ba5e7 s 791(\/[T 2)> - nvgz(ef )) + 0(773)
3) m m—1 m— m— m—
= QMT + 77]% (ebasea L 761(\/["1“ 1)) - 7]2Si 2(‘9basey s 791(\/[T 2)>

0V (O + 0 O O ) = 1252 O - 0411 )

+ O(n*)

e 0+ np (Bpases - - -, O Y — 02572 (B - . ., O )
~nVLi(Oy7)—nV Li(Oyrr) (UPZ" YObases - - O ) — sy Q(Qbase,...,e%_”D
+0(n’)

— 05 + 0 (Braser - - -, O ) = 127 (Onase, - -, O ) — VL (05
— V20D (Goses - - -, Oy ) + O(7°)

(4) 772 m—
= 00—y VO 07 (Boases - - Oagr )
N teT
_ 9(‘7,’1'4‘1)
+ na Z V(05 — nv e 65y

teT

J/

-~

nr (9164?)

1 (572 Ouwser - O )+ OGP B - ) +O ()

N J/
-~

7]2Sm l(ebase ..... 915/[7’71_171))
= 0D ™ (Boase, - -, O) — 27 (Bpase - - - O + O(?)

where in (2) and (3) we used the inductive hypothesis, while in (4) we added and subtracted the red
term as we have done previously. The last line follows from the definition of p/” and s!"~'. This
concludes the inductive step and therefore the proof of the lemma. [

Proof Theorem. After one epoch of fine-tuning on each task, the task vectors are simply the negative
gradients of the losses at the initialization point:

91(1) = ebase - nvgi(ebase) = Ti(l) = _nvgi(ebase)-

Therefore for the first epoch:
QTIIA) = ebase +a Z T = ebase no Z v‘g ‘gbase)

€T €T

Choosing a7 as learning rate for the loss D, . ¢; :

61(\/}% = Opase — arfm Z Vgi(ebasc)-

i€T
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So 91(\,}% = 0&). For k£ > 2, notice that

k—1
Ot = Oose —an > V> L(65)). (E.6)
j=0 teT

Now, using Lemma E.O.1, we get:

—ON]ZVZ& MT +7]pf 1<7]07"'7771’\€/IT1)

teT
Q—anzvzgt +7]ZT1 MT
teT
(:) _anzvzét +7]Z ngt MT VKZ(HIS/]I’)[)
teT =0 teT
® —n Z Vgi(el(\Z)T) :
=0

where in (1) we used the definition of pl )E.5 and in (2) we used the definition of 7,(0) E.4. In (3)
the first two terms cancel out and we are left with the last term. For Lemma E.O.1 we have that:

9£m+1) = lednr}ﬁ-l) + np?%<9base7 cee g(m)) 7]23m l(ebasea S 791(\/[”%_1)) + 0(773)
M Zm S 608 " m
= Qbase —anm \Y gz(gl(vj[%“) + np; (Qbase’ s 791E/IT)>
=0  teT

_ ,'72 m—l(eb%m B e(m—l)) + 0(773)

= Ooase — ”ZW (60) — 1257 (Boases - - -, O V) + O (1)

where in (1) we used Equatlon (E.6) and then the reult we just derived. By simply rearraging the
terms we can write the task vectors as follows:

®) - H(k) - ebase
k—1
==Y VE(05) = 0sE 2 (Orase, -, Oy ) + O(n?)

Consequently the model obtained with TA is

€T
k—
ebase no Z Z Vf MT -« Z 772 k 2 9b8.567 cee 701(\/[T 2)) + 0(773>
7=0 €T €T
k—
= —aZan 29base,...,91(m2))+0(n3).
€T
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