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Abstract

Loneliness and social isolation have emerged as pressing public health concerns, yet
their mathematical modelling remains underdeveloped. This thesis proposes a novel
framework grounded in the theory of Social Homeostasis-the principle according to
which individuals regulate their social behaviour around an optimal level of social-
ity, analogously to physiological homeostatic mechanisms.

The work develops along three main directions. First, we discuss Interpolating
Higher-Order Temporal Networks (IHTNs), a class of temporal network models that
interpolates between dyadic and group interactions. We analyse a speci}c model-
the r-SAD-deriving analytical results for structural properties and for the epidemic
threshold of an SIS process unfolding on the network. A key }nding is the Poor-
Get-Richer ezect: group interactions disproportionately increase the connectivity
of low-activity nodes, democratizing the degree distribution.

Second, we formalise a general framework for acute and chronic isolation, built
around the concept of a Realization Adaptive Function (RAF) that governs the evo-
lution of each agent’s set point-their individually adaptive optimal sociality level.
We prove several properties of the system, including conditions for the emergence
of isolation.

Third, we combine both frameworks into a fully speci}ed agent-based simula-
tion. Numerical results reveal a phase transition controlled by the group interaction
parameter: below a critical threshold, isolation vanishes in the long run; above it, a
persistent fraction of isolated agents emerges.



Chapter 1

Introduction

The aim of this thesis is to propose a model for the dynamics of acute and chronic
loneliness, grounded in the concept of social homeostasis. The model builds upon
the latest developments in network science.

In recent years, the }eld of mathematical modeling of social phenomena has
~ourished. This is due to several factors: }rst, the use of computers, which enables
the analysis and simulation of increasingly complex models; second, advances in
network science, which, as a multidisciplinary paradigm, has provided tools for a
deeper understanding of these phenomena; and }nally, the vast amount of high-
granularity data we can now collect, which has revealed patterns and regularities
that have enriched mathematical modeling.

Building on this foundation, the work conducted in this thesis can be summa-
rized as follows:

Chapter 2 provides a brief introduction to network theory, covering the funda-
mentals of graph theory, key network metrics, and generative models. It then
illustrates how network topology in~uences dynamical processes, with a focus on
the SIS model for infectious disease spread. The chapter also reviews more recent
developments, including temporal networks (using the Activity-Driven model as a
paradigm), higher-order networks (which go beyond dyadic interactions), and adap-
tive networks.

Chapter 3 introduces the theory of Interpolating Higher-Order Temporal Networks
(IHTNs). These networks incorporate both dyadic and group interactions at a tem-
poral level. The goal is twofold: to analyze the structural and dynamical processes
on such networks, and to inject greater realism for simulating the model proposed in
Chapter 5. Two types of IHTNs are presented-rSAD and mc-SAD-and their struc-
tural properties as well as SIS dynamics are studied.

Chapter 4 presents a general framework for modeling acute and chronic loneliness
dynamics. This framework is built on a general structure and introduces the con-
cept of a Realization Adaptive Function (RAF), which hard-codes the adaptation
of an agent’s behavior to the realization of a stochastic process. Several properties
of the model are proven, and connections to stochastic process theory are established.

Chapter 5 presents the SH Model. Based on the framework from Chapter 4 and
the IHTNs from Chapter 3, analytical approximations and numerical simulations
are conducted to understand the dynamics of the phenomenon and the in~uence of
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parameters.

Chapter 6 proposes various extensions of the model, including social reinforce-
ment and memory mechanisms for the Activity-Driven model generalized through
stochastic optimization tools, as well as psychological aspects not addressed in the
core model.

The organization of the thesis is depicted in }g 1.1. This work provides a novel
mathematical framework to quantify and simulate the interplay between social struc-
ture, individual adaptation, and the emergence of isolation, ozering insights for both
theoretical and applied social science.

Chapter 2

Chapter 3

Chapter 5

Chapter 6

Chapter 4

Figure 1.1: Flowchart of chapter dependencies

2



Chapter 2

A brief Inquiry Into Networks
Theory

Network theory has proven to be a successful paradigm in science: its interdisci-
plinary nature has a wide range of applications, from pure mathematical properties
to empirical studies of biological and social networks. In this chapter, we will give
a brief introduction to fundamental concepts in the discipline. The discussion is far
from original. In each section, we will provide references for the interested reader.

2.1 Networks: basic de}nitions
De}nition 2.1.1. A graph Ӽ = (ԋ , ԁ) is a pair where ԋ is a non-empty set of
elements called vertices and ԁ is a subset of ԋ × ԋ , called links or edges.

Roughly speaking, ԋ is the set of the elements of the system that we are studying.ԁ is the set of pairs of elements of ԋ that encodes the relationships between them.
To give a concrete example, in 2.1 we plot a network of Florentine marriage

alliances during Renaissance. The }gure illustrates the elements of the system –
namely, the most in~uential families of the Florentine Renaissance – and the con-
nections between them, represented by links. This approach therefore makes it
possible to capture the interactions between the dizerent components of a system
comprising multiple agents.
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Figure 2.1: Network visualization of Florentine marriage alliances among prominent
Renaissance families. Nodes represent families. Edges indicate marital connections.
The force-directed layout (spring algorithm) reveals the social fabric of 15th-century
Florence, with the Medici family occupying a strategically central position in the
network. The visualization highlights the political importance of marriage alliances
in Renaissance Florence’s power dynamics, as analyzed in [23]

.

Another example is shown in }gure 2.2. The network represents Facebook friend-
ships between students who took part in [89].

Figure 2.2: A representation of university students’ Facebook friendship networks.
The data comes from[89]

De}nition 2.1.2. We say that two nodes Ԙ and ԙ are adjacent if (Ԙ, ԙ) ∈ ԁ, which
means if there is a link that connects them. The set of nodes which are adjacent to
the node Ԙ − ԣℎ are the neighborhood ෭ք.
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Remark 1. Throughout this thesis, we will always be considering undirected net-
works. Therefore, if Ԙ is connected to ԙ, then ԙ is also connected to Ԙ.

If we are interested in studying the structure of the network, the plot we saw
earlier is of limited use. We therefore need mathematical representations that allow
us to extract information about the structure. The key tool in this case is the
Adjacency Matrix.

De}nition 2.1.3. Let Ӽ = (ԋ , ԁ) be an undirected graph with ԃ vertices. The
adjacency matrix Ӷ of Ӽ is an ԃ × ԃ matrix de}ned as follows:Ӷքօ = {1, if Ԙ is connected to ԙ0, otherwise

Roughly speaking it gives us a symmetric matrix, in the case of undirected net-
works, whose elements are one if the two nodes are adjacent and zero if there is no
link between them.

Let us therefore consider the concept of a path in a network Ӽ.

De}nition 2.1.4. A path between node Ԙ and ԙ , namely ෯քօ, is a sequence of ԝ
nodes and ԝ − 1 links such that each node is connected to the next node along the
path by a link. The length of the path is the number of links that it contains.

This de}nition is the broadest one. Further ones impose constraints in order to
obtain useful metrics for a network.

De}nition 2.1.5. We say that a path between Ԙ and ԙ is the shortest path or geodesic
path ԓքօ if it is the path with the fewest number of links between nodes.

Remark 2. It is important to remark that this de}nition is coherent with the de}-
nition of length for a path de}ned in 2.1.4. Of course the uniqueness of the shortest
path is not guaranteed.

From this de}nition, we can introduce:

De}nition 2.1.6. We say diameter of a network ԓֈռ֓ the maximal shortest path
between any two nodes in ԋ : ԓֈռ֓ = maxք,օ∈շ ԓքօ (2.1)

The adjacency matrix is useful in the calculation of the shortest path between
two nodes Ԙ and ԙ. In fact, following [9], we can consider ԃքօ as the number of paths
between nodes Ԙ and ԙ. The distance between them, ԓքօ can thus be computed by
means of adjacency matrix by a simple argument. If ԓքօ = 1, then there is a link
connecting Ԙ and ԙ. This is equivalent to saying that Ӷքօ = 1. If we consider a
natural number ԓ, then consider the subset of ԋ :Σտքօ = {{Ԛև}և=0,...,տ ∶ Ԛ0 = Ԙ, Ԛտ = ԙ, {Ԛև} is a path} (2.2)

This subset is just the set of ԓ nodes that are a path from Ԙ to ԙ. It is clear that|Σտքօ| = ԃտքօ. Relying upon what we have seen for the case ԓ = 1, it can be shown
that a sequence of nodes form a path of length ԓ if if for every nodes in Σտքօ all the
product Ӷֆ0ֆ1...ӶֆՉ−1ֆՉ are equal to one. In fact, if there exist two node Ԛևℎ and
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Ԛևℎ+1 such that ӶֆՑℎֆՑℎ+1 = 0 then they are not part of the path, since they are not
connected. It follows that the number of paths between node Ԙ and ԙ with }xed
length ԓ can be computed as:ԃ (տ)քօ = ∑ΣՉՎՏ Ӷֆ0ֆ1...ӶֆՉ−1ֆՉ (2.3)

where, by the de}nition of Σտքօ we are summing over the possible con}guration of ԓ
nodes that satisfy the condition.

From this de}nition and basic matrix algebra it follows that:ԃտքօ = [Ӷտ]քօ (2.4)

So the number of paths can be calculated by means of the powers of the adjacency
matrix. The distance ԓքօ is thus the }rst natural number such that the ԃ (տ)քօ is bigger
than zero.

Despite the elegant formulation presented in this paragraph, in practice this is
often infeasible. Instead, speci}c algorithms have been proposed to tackle the prob-
lem. See [9].

Now we will introduce one of the key metrics of Network Theory.

De}nition 2.1.7. We de}ne the degree of node Ԙ, denoted by Ԛք, as the cardinality
of its neighborhood ෭ք.

In the case of an undirected network, the number of adjacent nodes can be
obtained considering, once again, the adjacency matrix. As Ӷքօ is equal to 1 if they
are connected, the degree satis}es: Ԛք = ∑օ Ӷքօ (2.5)

If we repeat the same line of reasoning for all the nodes, we have the following
formula for the number of links: |ԁ| = 12 ∑ք,օ Ӷքօ (2.6)

where we have to take into account the symmetry of the matrix.
Combining eq. 2.5 and eq. 2.6, we get the average degree of the network in

terms of the number of links:

E[Ԛ] = 1ԃ ∑ք Ԛք = 2|ԁ|ԃ (2.7)

As we have just computed the expected degree of the network, it is useful to intro-
duce the following:

De}nition 2.1.8. We de}ne the degree distribution ԟֆ as the probability that a
node chosen uniformly at random from the network has degree Ԛ.

The de}nition 2.1.8 holds even for networks in the thermodynamic limit (ԃ ⟶∞). In the case of }nite network with a }xed number of nodes ԃ , it can be easily
computed as:
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ԟֆ = ԃֆԃ (2.8)

where ԃֆ is the number of nodes with degree Ԛ. The degree distribution is a
concept of paramount importance in network theory. We will see how it has shaped
the development of network theory over the years.

In the literature, there are other metrics that can be used to describe the struc-
ture of a network, both locally and globally. Interested readers are referred to
articles and books such as [9], [29], [77], [11], [18].

Figure 2.3 shows another example of a network, Zachary’s Karate Club [105],
with the key metrics listed in the table.

Figure 2.3: Zachary’s karate club representation, see [35] for the signi}cant role this
network has played in the }eld.
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Metric Value
nr. of Nodes 34
nr. of Edges 78
Density 0.14
Avr Degree 4.59
Degree Standard Deviation 3.82
Max Degree 17
Min Degree 1
Degree Assortativity -0.48
Avr Clustering Coe{cient 0.57
Transitivity 0.26
nr. of Connected Components 1
Avr Shortest Path Length 2.41
Diameter 5
Radius 3
Avr Degree Centrality 0.14
Avr Betweenness Centrality 0.04
Avr Closeness Centrality 0.43
Avr Eigenvector Centrality 0.15

Table 2.1: Key Metrics of the Zachary’s Karate Club Network

2.1.1 Generative Models
We will now focus on the two main generative models: the Random Graph Model and
the Albert-Barabasi Model. These models have played a crucial role in the history
of network theory, albeit for dizerent reasons. From a historical perspective, it is
worth mentioning the Small-World model, introduced in [103].

Random Graph Model

The Random Graph Model was introduced in [33]. In their original work, the two
authors focused on the ensemble of graphs with a }xed number of nodes ԃ and linksԂ , commonly denoted as Ӽ(ԃ, Ԃ). Within this ensemble, each graph is assigned
equal probability, meaning that all possible con}gurations with exactly Ԃ edges are
equally likely [20].

This construction de}nes a model in which no structural preference is imposed
beyond the global constraints on the number of nodes and edges. As a consequence,
the model serves as a natural null model for the study of real-world networks, allow-
ing one to assess whether observed structural properties deviate from randomness.
This is of fundamental importance for motifs, i.e. subgraphs that occur frequently
in real networks [96].

One of the key results of the Erdős–Rényi framework is the emergence of a phase
transition in the connectivity structure of the network [32]. As the average degree
E[Ԛ] increases, the system undergoes a transition from a regime characterized by
many small disconnected components to one in which a Giant Connected Compo-
nent appears, containing a }nite fraction of the nodes. This transition occurs at
E[Ԛ] = 1, marking a critical threshold in the model.
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Another equivalent way of de}ning a random network is the one introduced
around the same time by Gilbert [34]: the Ӽ(ԃ, ԟ). Whereas in the Ӽ(ԃ, ԁ) we }x
the number of links, in the Ӽ(ԃ, ԟ) each node pair is connected with probability ԟ.
The procedure is then:

1. Consider ԃ isolated nodes;

2. Consider a node pair of distinct nodes (Ԙ, ԙ), generate a random number ᅱ
between 0 and 1. If ᅱ is less than ԟ, then connect the two nodes, otherwise
leave them disconnected;

3. Repeat the same process above for all the pairs.

From this simple procedure it is possible to derive the degree distribution of the
random network. In particular we want to compute:ԟֆ = P(Ԛ(Ԙ) = Ԛ) (2.9)

This probability involves three products. First of all, the probability that dur-
ing the process the node Ԙ acquires Ԛ connections. Given that each connection is
independent, this is given by ԟֆ. Then, the probability that the remaining links are
absent. Given that we are interested in the case Ԛ(Ԙ) = Ԛ and the random network
does not allow loops, this term is given by (1 − ԟ)կ−ֆ−1 since each connection is
independent and we are considering a Bernoulli Random Variable, so the probability
that Ԙ and ԛ are not connected is given by 1 − ԟ. The third term accounts for the
dizerent possibilities of arranging ԃ − 1 potential links in Ԛ ways, which is equal to(կ−1ֆ ). Hence, the probability that a node Ԙ has degree Ԛ is given by:

P(Ԛ(Ԙ) = Ԛ) = (ԃ − 1Ԛ )ԟֆ(1 − ԟ)կ−ֆ−1 (2.10)

Thus, the degree distribution in the Random Network Model follows the binomial
distribution.

It is customary in network theory to approximate the binomial degree distribu-
tion with a Poisson distribution:ԟֆ = exp(−E[Ԛ])E[Ԛ]ֆԚ! (2.11)

Indeed, when the average degree is much smaller than ԃ , the Poisson distribution
provides a good approximation to the binomial distribution, while ozering greater
analytical simplicity, as it depends on a single parameter.

However, real networks often deviate signi}cantly from a Poisson degree dis-
tribution. In particular, empirical networks typically exhibit highly heterogeneous
and skewed degree distributions, often characterized by heavy tails. By contrast, in
the Random Graph Model, most nodes have degrees close to the average, and large
~uctuations are exponentially suppressed.

Moreover, in the model, networks naturally exhibit short average path lengths,
in qualitative agreement with many real-world systems.

However, the model fails to capture another fundamental property of empirical
networks, namely the presence of a high clustering coe{cient. In random graphs,
the probability that two neighbors of a node are also connected is simply given byԟ, which is typically very small in sparse regimes. As a consequence, the clustering
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coe{cient remains low, in stark contrast with real networks, where strong local co-
hesiveness is commonly observed.

This limitation motivated the introduction of the small-world framework, most
notably formalized in the Watts–Strogatz model [103], which interpolates between
regular lattices and random graphs. Such models are able to simultaneously re-
produce high clustering and short average path lengths, providing a more realistic
description of many complex networks.

Power Law and Albert-Barabasi Model

As we have pointed out, real-world networks exhibit a more heterogeneous degree
distribution that deviates signi}cantly from that of the Random Graph Model. This
has led to increased interest in distributions known as power laws [78]. A continuous
power law distribution is the one described by a probability density function ԟ(ԧ)
which satis}es: ԟ(ԧ) ԓԧ = P(ԧ ≤ ԍ < ԧ + ԓԧ) = Ӹԧ−ᇁ ԓԧ (2.12)
where Ӹ is a normalization factor, ԍ is the observed data, ᅭ > 0 is the exponent
of the power law. In real world phenomena, moreover, there’s a ԧmin at which
the power law is obeyed. Even from a mathematical standpoint, if ԧ ⟶ 0, there
would be a singularity. We will state and prove some properties of the power laws
distribution.

Proposition 2.1.9. If ᅫ > 1 the constant Ӹ is given by:Ӹ = (ᅫ − 1)ԧᆿ−1
min (2.13)

Proof. From the de}nition of probability density we have:∫∞֓min

ԟ(ԧ) ԓԧ = 1 (2.14)

Plugging the property 2.12 we get:∫∞֓min

ԟ(ԧ) ԓԧ = ∫∞֓min

Ӹԧ−ᆿ ԓԧ = Ӹ1 − ᅫ[ԧ1−ᆿ]∞֓
min

= 1 (2.15)

Since ᅫ > 1 we get that the term ԧ1−ᆿ tends to zero for ԧ ⟶ ∞. Then 2.15 yield:Ӹ = (ᅫ − 1)ԧᆿ−1
min (2.16)

From this result we get the expression for the power law density function:ԟ(ԧ) = (ᅫ − 1)ԧmin
( ԧԧmin

)−ᆿ
(2.17)

Remark 3. Note that the hypothesis ᅫ > 1 assure that the l.h.s of 2.15 is convergent.

Proposition 2.1.10. Consider a power-law distribution as de}ned in 2.12. Ifԧmin > 0, then the following results hold:
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1. The expectation diverges if ᅫ ≤ 2.

2. The second moment diverges if ᅫ ≤ 3.

Proof. The proof follows directly from the de}nition of moments.

1. For the expectation, we have:

E[ԧ] = ∫∞֓min

ԧ ԟ(ԧ) ԓԧ = ∫∞֓min

Ӹԧ1−ᆿ ԓԧ = Ӹ2 − ᅫ [ԧ2−ᆿ]∞֓
min

(2.18)

If ᅫ < 2, the term [ԧ2−ᆿ] diverges. If ᅫ = 2, the integral above can be written
as: Ӹ ∫∞֓min

1ԧ ԓԧ = Ӹ[ln(ԧ)]∞֓
min

(2.19)

Thus the }rst moment diverges.

2. For the second moment:

E[ԧ2] = ∫∞֓min

ԧ2 ԟ(ԧ) ԓԧ = ∫∞֓min

Ӹԧ2−ᆿ ԓԧ = Ӹ3 − ᅫ [ԧ3−ᆿ]∞֓
min

(2.20)

If ᅫ < 3, the term [ԧ3−ᆿ] diverges. A similar calculation as the one used above
proves that for ᅫ = 3 the integral is divergent. Thus the second moment also
diverges.

In the literature, these distributions are often called scale-free. Indeed, the
power-law functional form is the only one that satis}es the scale invariance con-
dition: ԟ(ԑԧ) = Ԗ(ԑ) ԟ(ԧ), (2.21)
where ԑ > 0 is an arbitrary scaling factor, Ԗ(ԑ) is a scaling function (depending solely
on ԑ), and scale invariance implies that the distribution’s shape remains unchanged
under rescaling of ԧ. This uniqueness stems from the power-law solution ԟ(ԧ) ∝ ԧ−ᆿ,
which yields Ԗ(ԑ) = ԑ−ᆿ. In fact, since the condition 2.21 must holds for every ԧ we
set ԧ = 1, which yeld: ԟ(ԑ) = Ԗ(ԑ)ԟ(1) (2.22)
This implies: Ԗ(ԑ) = ԟ(ԑ)ԟ(1) (2.23)

Then: ԟ(ԑԧ) = ԟ(ԑ)ԟ(1)ԟ(ԧ) (2.24)

Since this must be true for all choice of ԑ, we set ԑ = 1 and dizerentiate both sides:ԧ ̇ԟ(1ԧ) = ̇ԟ(1)ԟ(1)ԟ(ԧ) (2.25)

where the dots denote the derivative of ԟ with respect to its argument. Equation
2.25 is a linear ODE, whose general solution is:ԛԝ(ԟ(ԧ)) = ԟ(1)̇ԟ(1)ԛԝ(ԧ) + Ԛ (2.26)
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Now, setting again ԧ = 1 we get: ԟ(ԧ) = ԟ(1)ԧ−ᆿ (2.27)

where ᅫ = −֋(1)̇֋(1) .
Thus, in order to ful}ll the condition 2.21, the distribution must follow a power

law.

Empirical evidence has highlighted the presence of power-law distributions in var-
ious phenomena [78]. For this reason, various generative models have been proposed
to reproduce this characteristic. Following [18], they can be divided into two classes.

The }rst is that of static networks. Among these, the }tness model [24] is worth
mentioning. Starting from a set of N nodes, a }tness ᅱք is assigned to each node,
drawn from a distribution ӻ(ᅱ). For each pair of nodes (Ԙ, ԙ), they are connected
with probability ԕ(ᅱք, ᅱօ) where ԕ is a symmetric function. This method generates,
for various choices of ԕ , a power-law degree distribution, while for ԕ(ᅱք, ᅱօ) = ԟ
the random network seen previously is recovered. In particular, the model shows
a good-get-richer mechanism, in which nodes with larger }tness are more likely to
become hubs.

Other approaches have been proposed in this regard; we refer to [18] for further
details.

The second class of models belongs instead to those known as evolving networks
[2, 9]. The paradigmatic example is certainly the Albert-Barabasi model [7], pro-
posed by the two physicists in the late 1990s. The model is inspired by the study
of the WWW and the Internet, which showed two phenomena. The }rst is that the
number of nodes did not remain }xed over time. The second is that the most con-
nected nodes were able to attract incoming nodes into the system more ezectively.
For this reason, the two mechanisms that led-as we will see at an analytical level-to
a power-law degree distribution were:

1. Growth: At each step, a number m of nodes is added;

2. Preferential Attachment: The probability for a new node to connect to an
existing node depends on the previous connections of that node, i.e., Π(Ԛք) =ֆՎ∑Տ ֆՏ

However, to quote Sune Lenham [52]:

This mechanism has been ‘discovered’ at least twice before. Herbert Simon dis-
covered a mechanism for generating power-laws as early as 1955. Simon’s work was
rediscovered by de Solla Price in 1976, who was the }rst to use these ideas in the
context of networks (of scienti}c citations). Price also found an analytical solution
to the model. In this sense, the Barabási-Albert model should arguably be called the
Price-model.

Remark 4. The emergence of power laws in certain phenomena is not a unique
characteristic of networks. These had already been part of the debate between Man-
delbrot and Simon [69, 93]. The interest in this type of distribution is certainly
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in~uenced by statistical mechanics, where they emerge in contexts of criticality and
universality when a divergence of the correlation length occurs. Whereas in statis-
tical mechanics, this happens through the variation of a control parameter, other
theories have been explored, such as Self-Organized Criticality [6], which has been
applied, for example, to evolution with the Bak-Sneppen model [5]. In this context,
the emergence of power-law distributions stems from a reorganization of the system
based on its internal rules, without any control parameter. A further line of research
has been that of Highly Optimized Tolerance, where power laws emerge because the
considered system is designed to be resilient to typical attacks but not to generalized
failures [25].

Remark 5. It is important to emphasize, especially in view of what follows, that
evolving networks are treated as static networks. In other words, although they are
generated through a growth process, their structure is typically analyzed as }xed. This
is in contrast with temporal networks, where the time-varying nature of connections
is explicitly taken into account.

We recall here dizerent approaches to the dynamical properties of the scale-free
model. The }rst one is the continum approach [2], used in [7, 8].

The approach followed considers the time evolution of the degree Ԛք of nodeԘ. Given Ԝ as above, the evolution depends on the connection probability of new
nodes, so the equation becomes:ᆉԚքᆉԣ = ԜΠ(Ԛք) = Ԝ Ԛք∑կ−1օ=1 Ԛօ (2.28)

The quantity in the denominator is a sum over all nodes except the newly added
ones, therefore: կ−1∑օ=1 Ԛօ = 2Ԝԣ − Ԝ (2.29)

And thus equation 2.28 becomes: ᆉԚքᆉԣ = Ԛք2ԣ (2.30)

The solution to this equation with the initial condition Ԛք(ԣք) = Ԝ is given by:Ԛք(ԣ) = Ԝ ( ԣԣք )ᇀ
(2.31)

with ᅬ = 12 .
From 2.31 we can study the distribution:

P[Ԛք(ԣ) ≤ Ԛ] = P[ԣք ≥ Ԝ 1ᆖ ԣԚ 1ᆖ ] (2.32)

Assuming that nodes are added at constant time intervals, we obtain:

P(ԣք) = 1Ԝ0 + ԣ (2.33)
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Substituting into 2.32:

P[ԣք ≥ Ԝ 1ᆖ ԣԚ 1ᆖ ] = 1 − Ԝ 1ᆖ ԣԚ 1ᆖ (ԣ + Ԝ0) (2.34)

Finally, the density function can be calculated as:

P(Ԛ) = ᆉP[Ԛք(ԣ) ≤ Ԛ]ᆉԚ = 2Ԝ 1ᆖ ԣԚ 1ᆖ +1(ԣ + Ԝ0) (2.35)

And thus for ԣ ⟶ ∞ we obtain:

P(Ԛ) = 2Ԝ 1ᆖ Ԛ−ᇁ (2.36)
where we set ᅭ = 1ᇀ + 1.
But ᅬ = 12 and therefore ᅭ = 3.

A second approach is based Rate Equations [104] and it is presented in [58].

2.2 Dynamical Processes on Networks
In addition to studying network properties, these can be used to study dynamic
processes. In particular, we highlight two of them.

Firstly, dynamic systems. Without considering the network structure and its
simpler terms, the dynamics of an element in the space of states ԍ can be represented
by an autonomous dizerential equation (or a system of ODEs) [97]:ԓԧԓԣ = ӻ(ԧ) (2.37)

or by a dizerence equation: ԧ(ԣ + 1) = ԕ(ԧ(ԣ)) (2.38)
In the case of static networks, we recall the de}nition of Dynamical Network.

We consider ԍք as the state space of the nodes ԥք ∈ ԋ of a given network Ӽ. The
state of the network will therefore be an element of the product space of the states
of each node, x = (x1, ...., xN) ∈ ԍ = ԍ1 × ..... × ԍկ . A dynamical network is thus
described, analogously to the theory of continuous-time dynamical systems, by:ԓԧԓԣ = ӻ(ԧ, ԣ, ԁ) (2.39)

where the vector }eld ӻ ∶ ԍ×𝑇 ⟶ ԍ is given, and the set ԁ of links is provided
as a parameter of the system.

A more structured and useful form for understanding is given by the following:ԓԧքԓԣ = ԕք(ԧ, ԣ) + ∑ք∼օ Ԗքօ(ԧք, ԧօ, ԣ) (2.40)

where ԕք ∶ ԍք × 𝑇 ⟶ ԍք and Ԗքօ ∶ ԍք × ԍօ × 𝑇 ⟶ ԍք.
The network can therefore be decomposed into a local vector }eld ԕք and a

coupling function Ԗքօ, which describes the interaction that the Ԙ-th node has with
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the set of its neighbors. Given that only the nodes connected with Ԙ contributes to
the dynamic, equation 2.40 can be written by means of the Adjacency Matrix Ӷ:ԓԧքԓԣ = ԕք(ԧ, ԣ) + կ∑ք=1 ӶքօԖքօ(ԧք, ԧօ, ԣ) (2.41)

Another approach is the one based on Markov Processes [38][53], also called the
microscopic approach [11]. In particular, let us consider node i, and associate to
each node the variable ᅼք. To determine the microstate of the network, it is therefore
necessary to know the vector ᅼ(ԣ) = (ᅼ1(ԣ), … , ᅼկ(ԣ)). The analysis thus involves
studying a master equation, which describes the time evolution of the probability
P(ᅼ, ԣ) of }nding the system in a given con}guration ᅼ. Approximating in continuous
time, the master equation takes the form:ᆉP(ᅼ, ԣ)ᆉԣ = ∑ᇐ′ [P(ᅼ′, ԣ) Ԍ(ᅼ′ ⟶ ᅼ) − P(ᅼ, ԣ) Ԍ(ᅼ ⟶ ᅼ′)] (2.42)

In this equation, ᅼ′ represents the various microstates of the system, ᅼ is the
state under consideration, and Ԍ(ᅼ → ᅼ′) is the transition rate, i.e., the probability
per unit time that the system transitions from ᅼ to ᅼ′.
SIS model on Networks

In this section, we focus on the SIS model, one of the main models used in the study
of the spread of infectious diseases [56][44].

Consider a }xed population of ԃ agents. In the model, each agent can belong to
one of two mutually exclusive compartments: the infected compartment Ӿ and the
susceptible compartment Ԉ. After recovering from the infection, each agent returns
to the susceptible compartment Ԉ.

In the }eld, it is customary to distinguish between two types of processes [11]:
spontaneous and binary. The former, such as recovery, occur without contact with
other agents and are assumed to happen at a constant rate ᅭ. This corresponds to
an exponential process, where agents spend an average time ᅭ−1 in the compartmentӾ . In contrast, binary processes occur through interactions with other agents. It
is customary to assume that these are governed by the Law of Mass Action, a
chemical law stating that the reaction rate is proportional to the density of the
reactants. Denoting by ᅬ the infection rate, the model can be written as:{տմտ֏ = −ᅬԈӾ + ᅭӾտժտ֏ = ᅬԈӾ − ᅭӾ (2.43)

where we set ԃ = 1. This allow us to reduce the number of degrees of freedom of
the system: Ԉ = 1 − Ӿ .

By plugging this identity in 2.43 we get the following dizerential equation:ԓӾԓԣ = ᅬ(1 − Ӿ) − ᅭӾ (2.44)
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It is possible to obtain an analytical expression for the solution, but we will work
with a quantitative analysis. The equilibrium conditions reads:ԓӾԓԣ = 0 ⟹ ᅬ(1 − Ӿ)Ӿ − ᅭӾ = 0 (2.45)

Then: Ӿ[ᅬ(1 − Ӿ) + ᅭ] = 0 (2.46)
The }rst equilibrium is the disease free equilibrium Ӿեէ = 0. In order to obtain the
second one, we set: ᅬ(1 − Ӿ) + ᅭ = 0 (2.47)

which implies Ӿր։տ = 1 − ᇁᇀ , the so-called endemic equilibrium. There is a strong
connection with statistical mechanics, in particular phase transition [81]. In fact, the
disease free equilibrium is asymptotically stable when ᇀᇁ is less than one, whereas the
endemic equilibrium exist and is asymptotically stable when ᇀᇁ ≥ 1. In Figure 2.4,
the phase transition is depicted, which can be described by treating ᇀᇁ as the control
parameter and examining the equilibrium Ӿ∞.

Figure 2.4: The phase transition in the SIS model in the HM hypothesis

We now extend the SIS model to take into account network features. As we
emphasized in the previous section, an exact result is not practical due to the large
dimension of the generator. For this speci}c reason in the literature several ap-
proaches can be found to obtain a Mean Field Approximation. We start by consid-
ering the Degree Based Approximation (DBMFA). In this framework, it is assumed
that all nodes with degree Ԛ are statistically equivalent. In this context, we study
the density ᅻժֆ(ԣ) of infected nodes of degree Ԛ at time ԣ. The equation reads:ԓᅻժֆ(ԣ)ԓԣ = −ᅻժֆ(ԣ) + ᅶԚ[1 − ᅻժֆ(ԣ)] ∑ֆ′ P(Ԛ′|Ԛ)ᅻժֆ′(ԣ) (2.48)

Here, we have rescaled time by ᅭ−1, so we have ᅶ = ᇀᇁ . In the equation 2.48 we
have:

• The }rst term represents the recovery process;
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• The second term consists of the probability that node Ԛ is susceptible, multi-
plied by the sum of the probabilities that an infected node Ԛ′ is connected to
node Ԛ, the infection probability ᅶ, and the Ԛ links through which infection
can occur.

A drastic simpli}cation is obtained when the network is uncorrelated. In this
case, we have:

P(Ԛ′|Ԛ) = Ԛ′
P(Ԛ′)
E[Ԛ] (2.49)

Substituting 2.49 into 2.48, we obtain:ԓᅻժԚ(ԣ)ԓԣ = −ᅻժԚ(ԣ) + ᅶԚ[1 − ᅻժԚ(ԣ)]Θ (2.50)

where: Θ = ∑ Ԛ′ Ԛ′
P(Ԛ′)
E[Ԛ] ᅻժֆ′(ԣ) (2.51)

The relation 2.51 gives the probability of }nding an infected node by following a
random link. By imposing the stationary condition in 2.50, we obtain:ᅻժֆ = ᅶԚΘ(ᅶ)1 + ᅶԚΘ(ᅶ) (2.52)

since at equilibrium, Θ depends only on ᅶ. Substituting 2.52 into the de}nition ofΘ, we derive the equation:Θ(ᅶ) = 1
E[Ԛ] ∑ֆ ԚP(Ԛ) ᅶԚΘ(ᅶ)1 + ᅶԚΘ(ᅶ) (2.53)

which yield the following condition for the threshold:ᅶ > ᅶեծգէ,֐։վվ = E[Ԛ]
E[Ԛ2] (2.54)

If we take into account the structure and the properties of the network, an in-
teresting result holds in the case of scale free networks, with a power law degree
distribution. In the thermodynamic limit, if the exponent of the power law distri-
bution satis}es the condition in the appendix, we have that the Second Moment of
the Degree Distribution is divergent, viz the absence of the epidemic threshold [80].

The second method we present leverages the properties of Bernoulli random
variables. We . Let {ԍք(ԣ)}կք=1 be a collection of Bernoulli random variables where,
for each node Ԙ at time ԣ:ԍք(ԣ) = {1 if node Ԙ is infected at time ԣ,0 otherwise.

(2.55)

Using standard properties of Bernoulli random variables, the expectation is

E[ԍք(ԣ)] = ℙ(ԍք(ԣ) = 1) = ᅻժք (ԣ), (2.56)
where ᅻժք (ԣ) represents the probability that node Ԙ is infected at time ԣ. Hence,

the exact equations for the expectation of being infected for each node Ԙ of the SIS
model are given by:
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ԓE[ԍք(ԣ)]ԓԣ = E[ − ᅭԍք(ԣ) + (1 − ԍք(ԣ))ᅬ կ∑օ=1 Ԑքօԍօ(ԣ)]. (2.57)

For a static network, Eq. (2.57) reduces to:ԓᅻժք (ԣ)ԓԣ = −ᅻժք (ԣ) + ᅶ կ∑օ=1 Ԑքօᅻժօ (ԣ) − ᅶ կ∑օ=1 ԐքօE[ԍք(ԣ)ԍօ(ԣ)], (2.58)

where time has been rescaled by 1/ᅭ and ᅶ = ᅬ/ᅭ.

However, Eq. (2.58) is not yet closed, as it depends on the two-node expectations.
In the Individual-Based Mean-Field Approximation (IBMF) [81] it is assumed that
the states of adjacent nodes are independent:

E[ԍք(ԣ)ԍօ(ԣ)] ≡ E[ԍք(ԣ)]E[ԍօ(ԣ)] = ᅻժք (ԣ)ᅻժօ (ԣ), (2.59)
which leads to the closed dynamical equations:ԓᅻժք (ԣ)ԓԣ = −ᅻժք (ԣ) + ᅶ [1 − ᅻժք (ԣ)] կ∑օ=1 Ԑքօᅻժօ (ԣ). (2.60)

To predict the epidemic threshold, a linear stability analysis can be performed
on Eq. (2.60). Linearizing around the disease-free equilibrium yields the Jacobian
matrix with elements: ӿքօ = −ᅮքօ + ᅶԐքօ. (2.61)

An endemic state emerges when the largest eigenvalue of ӿ becomes positive.
This condition directly de}nes the epidemic threshold, linking the network topology
to the critical value of ᅶ at which a global outbreak can occur. This leads to:ᅶվ = 1Λmax(Ӷ), (2.62)

where Λmax(Ӷ) is the largest eigenvalue of the adjacency matrix Ӷ.

Cascade Model

In this brief paragraph, we provide an overview of the Watts model for complex
contagion.

The Watts Cascade Model [102] ozers a simple yet powerful framework to study
complex contagion processes on networks. In this model, each node can occupy
one of two states: inactive or active. A node adopts the active state if a su{cient
fraction of its neighbors is already active, capturing the idea that some behaviors
or innovations require reinforcement from multiple contacts to be adopted. More
formally, each node Ԙ is assigned a threshold ᅿք ∈ [0, 1], representing the minimum
fraction of active neighbors required for activation, and the node becomes active
when this fraction is exceeded. This approach allows the model to capture a wide
range of social phenomena, from the dizusion of innovations to the spread of social
norms and collective behaviors.

18



Watts investigated the conditions under which a social phenomenon could prop-
agate to reach a substantial fraction of a network. Assuming a uniform threshold
distribution and an Erdős-Rényi network, he showed that global cascades occur only
within an intermediate connectivity regime. This result highlights the subtle inter-
play between local threshold dynamics and the global structure of the network.

In fact, when connectivity is low, the network is highly fragmented, and the
behavior remains con}ned within disconnected components that cannot in~uence
one another. Conversely, in highly connected networks, nodes exhibit greater ini-
tial resistance to activation: a highly connected node requires a substantial number
of con}rmations from its neighbors, who themselves require multiple sources of re-
inforcement before adopting the behavior. This recursive ezect can signi}cantly
hinder cascade propagation, despite the abundance of connections.

Consequently, there exists a window in which cascades capable of spreading
across a sizable portion of the network can emerge, de}ning two critical points: one
at low connectivity, marking the lower bound of the cascade window, and one at
high connectivity, marking the upper bound. At the lower critical point, the cascade
size distribution follows a power-law, with cascades limited to small clusters. At the
upper critical point, the behavior becomes more nuanced: most cascades still azect
only a small number of nodes, yet in rare cases, a cascade can propagate extensively,
potentially invading the entire network. These }ndings underscore the nontrivial
relationship between network connectivity, local thresholds, and the global dynam-
ics of complex contagion.

Extensions and generalizations of the Watts model have been proposed to ac-
count for heterogeneous thresholds, community structure, and weighted networks
[28], providing a more comprehensive framework for understanding the emergence
and spread of complex behaviors.

2.3 Temporal Network
So far, we have discussed static networks, in which interactions do not change over
time. However, in real-world systems, the connections between entities are rarely
}xed; they evolve dynamically as a function of time. This motivates the study
of Time-Varying Networks, also referred to as Temporal Networks. We will not
delve into the full complexity of this }eld. As highlighted in [47] [45], unlike static
networks, providing a uni}ed theoretical framework for temporal networks is con-
siderably more challenging, particularly regarding generative models and analytical
treatments. The landscape of temporal networks is highly heterogeneous: for exam-
ple, a temporal network modeling the dynamics of a sexually transmitted disease
dizers substantially from one describing biological interactions among cells, both in
terms of structure and the nature of contacts.

In particular, the speci}c model we consider falls within the category of Con-
tact Networks [47]. In this framework, a network Ӽ֏ is de}ned for each discrete time
step ԣ, capturing the instantaneous interactions among nodes. One can also consider
the aggregated network over a time window, de}ned as Ӽ = ⋃֏ Ӽ֏, which retains
information about which nodes have interacted at least once during the observed
period. These networks can be described by a time-dependent adjacency matrix
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Ӷքօ(ԣ), where each element represents the presence or absence of a contact between
nodes Ԙ and ԙ at time ԣ. An alternative representation is provided by the Contact
Matrix Ӹ(ԣ), whose elements encode the number of contacts occurring between pairs
of nodes within a single time step ԣ.

A key aspect in the study of temporal networks is the consideration of time scales
[29]. Speci}cally, the dynamics of the process of interest-such as the spread of in-
formation, epidemics, or social in~uence-interact with the time scale over which the
network evolves. When the network evolves much faster than the dynamical process,
an ezective mean-}eld or aggregated approximation may be su{cient. Conversely,
when the network changes on a comparable or slower time scale, the temporal or-
dering of contacts becomes crucial, and neglecting the time dimension can lead to
inaccurate predictions of the system’s behavior. This interplay between dynami-
cal and structural time scales is essential for understanding spreading processes on
temporal networks.

2.3.1 Activity Driven Model
A prominent example of a temporal network is the Activity-Driven Network model
[82]. To motivate this framework, the authors analyzed several real-world datasets
in order to quantify the level of engagement of individual agents. These datasets
include: publications recorded in Physical Review Letters, direct message exchanges
on Twitter, and the participation of actors and actresses in movies or television
series as listed on IMDB.

In each dataset, an agent’s activity is measured as the number of interactions
performed over a }xed time interval. Speci}cally, this corresponds to the number
of published papers, messages sent, or appearances in media productions. Based on
these observations, each agent Ԙ is assigned an activation potential ԧք, de}ned as the
fraction of interactions carried out by agent Ԙ during a time window Δԣ relative to the
total number of interactions in the system during the same interval. This quantity
provides a measure of how actively an individual participates in the network at each
moment.

The empirical distribution of activation potentials, denoted ӻ(ԧ), character-
izes the likelihood that a randomly selected agent exhibits a given level of activityԧ. These insights form the foundation for the formalization of the Activity-Driven
model.

Consider a system with ԃ nodes, each assigned an activity rate Ԑք = ᅱԧք, rep-
resenting the probability per unit time that node Ԙ becomes active and initiates
interactions. The scaling factor ᅱ ensures that the average number of active nodes
per unit time is ᅱE[ԧ]ԃ . The network evolves as follows:

1. At each discrete time step, the network Ӽ֏ starts with ԃ disconnected nodes.

2. Each node becomes active with probability ԐքΔԣ. Upon activation, the node
generates Ԝ links connecting to other randomly selected nodes (inactive nodes
can still receive links from active nodes).

3. At time ԣ + Δԣ, all edges in Ӽ֏ are removed, so that the duration of each
interaction is }xed and equal to ᅽք = Δԣ.
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Figure 2.5: CCDF in Log-Log Scale for a single realization of an Activity-Driven
Temporal Network. Parameters: ԃ = 5000, ԣ = 1000, Ԝ = 4. Activity is sampled
from a power-law distribution with a cut-oz near the origin (10−3) to avoid singu-
larities and exponent 2.7, compact support in [10−3, 1].

Assuming discrete time steps with Δԣ = 1, the instantaneous network at a
given time ԣ is formed by nodes representing agents that are active at that moment,
together with nodes that receive connections from these active agents. Each active
node generates Ԝ links, resulting in a total of ԁ֏ = ԜԃᅱE[ԧ] links per time step.
Consequently, the average degree per node within a single time step is:Ԛ֏ = 2ԁ֏ԃ = 2ԜᅱE[ԧ]. (2.63)

Structurally, the instantaneous network can be viewed as a collection of star-like
con}gurations: the active nodes form the hubs with degree at least Ԝ, while other
nodes have lower connectivity, being linked only to active nodes. In contrast, the
integrated network, obtained by aggregating all instantaneous networks up to a }nal
time 𝑇 , tends to be signi}cantly denser. For large 𝑇 and ԃ , the expected degree of
node Ԙ in the aggregated network can be approximated as:Ԛք(𝑇 ) = ԃ [1 − exp (−𝑇 Ԝᅱԧքԃ )] . (2.64)

This expression highlights how the cumulative activity of each agent over time
determines its overall connectivity in the integrated network.

The network structure has important implications for dynamical processes such
as epidemic spreading. In particular, the Invasion Threshold Problem for the SIS
model can be addressed on an activity-driven network using the Activity-Based
Mean-Field Approximation (ABMF) [82]. Let Ӿ֏ռ denote the number of infected
nodes with activity Ԑ at time ԣ. The discrete-time evolution is given by:

Ӿ֏+Δ֏ռ − Ӿ֏ռ = −ᅭΔԣ Ӿ֏ռ + ᅬԜ(ԃ ֏ռ − Ӿ֏ռ)ԐΔԣ ∫ ԓԐ′ Ӿ֏ռ′ԃ + ᅬԜ(ԃ ֏ռ − Ӿ֏ռ) ∫ ԓԐ′ Ӿ֏ռ′Ԑ′Δԣԃ ,
(2.65)
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where the third term accounts for susceptible nodes of class Ԑ that are active and
get infected by any other infected node, and the fourth term accounts for susceptible
nodes that are inactive but receive a connection from an active infected node.

De}ning the total fraction of infected nodes as Ӿ(ԣ) = ∫ ժՆ(֏)կ ԓԐ and the auxiliary
quantity ᅲ(ԣ) = ∫ ժՆ(֏)կ Ԑ ԓԐ, we linearize Eq. (2.65) and neglect terms of order 1/ԃ
to obtain the following system of ordinary dizerential equations:{տժտ֏ = −ᅭӾ(ԣ) + ᅬԜE[Ԑ]Ӿ(ԣ) + ᅬԜᅲ(ԣ),տᇆտ֏ = ᅬԜE[Ԑ2]Ӿ(ԣ) − ᅭᅲ(ԣ) + ᅬԜE[Ԑ]ᅲ(ԣ). (2.66)

The epidemic threshold can be determined using the largest eigenvalue ᅶmax of
the Jacobian associated with the linearized system (2.66). The critical point occurs
at ᅶmax = 0, yielding the epidemic threshold:ᅬᅭ = 1Ԝ (E[Ԑ] + √E[Ԑ2]). (2.67)

Empirical comparisons between the spread of a pathogen on the temporal activity-
driven network and its integrated (aggregated) counterpart show that temporal ~uc-
tuations tend to slow down the spread, ezectively increasing the epidemic threshold.
The interplay between temporal structure and epidemic dynamics is therefore a key
aspect in understanding contagion on activity-driven networks [81]. In this thesis,
this approximation will be applied in Chapter 3.

2.4 HONs
2.4.1 Higher-Order Interactions and High-Order Networks
Over the last decade, one of the most active areas of research in network theory
has been the study of higher-order interactions (HOIs). Up to this point, we have
considered networks composed of pairwise interactions, where links connect nodes
in dyads and the system’s dynamics are fully captured by two-body interactions.
However, in many real-world systems, interactions naturally occur in groups rather
than pairs. Examples include chemical reactions, social gatherings, and economic
transactions [17].

To formalize the notion of HOIs, it is necessary to de}ne precisely what consti-
tutes an interaction:

De}nition 2.4.1. Consider a system of ԃ elements ԅ = {ԟք}ք=0,…,կ−1. An inter-
action is a set Ӿ = (ԟ0, … , ԟֆ−1) consisting of Ԛ elements of the system. The order
of an interaction is de}ned as Ԛ − 1.

Within this framework, a 0-interaction corresponds to a single node interacting
with itself, a 1-interaction corresponds to a standard link between two nodes, and aԚ-interaction involves Ԛ + 1 nodes simultaneously.

De}nition 2.4.2. An interacting system is a pair (ԋ , ℐ), where ԋ is the set of
nodes and ℐ = {Ӿօ}օ∈ի is the collection of interactions occurring on ԋ .

Although such systems can be described using traditional network tools (e.g.,
bipartite graphs or cliques), these approaches often introduce limitations when rep-
resenting group interactions. To capture HOIs more naturally, the network science
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community has proposed explicit representations such as simplicial complexes and
hypergraphs [12]. In broad terms, a Higher-Order Network is a network represen-
tation that explicitly captures interactions involving groups of nodes, rather than
only pairwise connections.

In particular, there are two common approaches to represent higher-order in-
teractions. The }rst is through simplicial complexes, which explicitly encode inter-
actions as simplices of various dimensions, capturing not only nodes but also their
group structure and all subgroups. The second approach is through hypernetworks
(or hypergraphs), where interactions are represented as hyperedges connecting arbi-
trary numbers of nodes without necessarily including all subfaces. Both formalisms
allow the study of dynamical processes beyond pairwise interactions, but they em-
phasize dizerent structural aspects of the system.

We thus introduce simplices and simplicial complexes [16] [17] [12].
De}nition 2.4.3. Let ԋ be a }nite node set. An ԝ-simplex ᅼ = {ԥ0, … , ԥ։} is a
subset of ԝ + 1 nodes in ԋ . The dimension of ᅼ is ԝ, and any subset ᅽ ⊂ ᅼ is called
a subface of ᅼ.
De}nition 2.4.4. A simplicial complex ԍ = {ᅼ0, … , ᅼ։} is a }nite collection of
simplices such that for every ᅼք ∈ ԍ, all its subfaces of any dimension also belong
to ԍ.

To develop a more intuitive understanding of simplicial complexes, following
[83], it is useful to start from the notion of the Ԛ-skeleton. Given a simplicial
complex ԍ, its Ԛ-skeleton, denoted by ԍֆ, contains all simplices of dimension up toԚ. For instance, the 1-skeleton includes only vertices and edges, thus recovering the
underlying graph associated with the complex.

We now introduce the concept of chains. The set of ԝ-chains, denoted by Ӹ։(ԍ),
is de}ned as the collection of formal linear combinations of ԝ-simplices with integer
coe{cients: Ӹ։(ԍ) = {ԡ1ᅼ1 + ԡ2ᅼ2 + ⋯ ∣ ԡք ∈ ℤ, ᅼք ∈ ԍ։}. (2.68)
This construction provides an algebraic framework that allows one to study the
topological properties of simplicial complexes.

A key ingredient in this framework is the boundary operator ᆉ։, which mapsԝ-chains to (ԝ − 1)-chains by associating to each simplex the sum of its faces. More
precisely, for an ԝ-simplex [ԥ0, … , ԥ։], the boundary is given byᆉ։[ԥ0, … , ԥ։] = ։∑ք=0(−1)ք[ԥ0, … , ̂ԥք, … , ԥ։], (2.69)

where ̂ԥք denotes the omission of the vertex ԥք. As an example, the boundary of a
2-simplex (a }lled triangle) is given by the alternating sum of its three edges. An
important property of the boundary operator is that applying it twice always yields
zero, that is ᆉ։ᆉ։+1 = 0.

These operators de}ne a sequence of spaces and maps, known as a chain complex:⋯ → Ӹ։+1(ԍ) ᇝՓ+1−−−→ Ӹ։(ԍ) ᇝՓ−→ Ӹ։−1(ԍ) → ⋯
From this structure, one can de}ne the ԝ-th homology group ӽ։(ԍ), which

characterizes the ԝ-dimensional topological features of the complex. It is de}ned asӽ։(ԍ) = ker ᆉ։ / im ᆉ։+1. (2.70)
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The dimension of ӽ։(ԍ), known as the ԝ-th Betti number ᅬ։, provides a count of
the number of ԝ-dimensional holes in the complex.

We can also de}ne the notion of a simplicial connected Ԛ-component, namely a
set of Ԛ-simplices in ԍ satisfying the following properties:

1. Each simplex shares at least one (Ԛ−1)-face with another simplex in the same
component;

2. Any two simplices Ӷ and ӷ in the component are connected by a sequence ofԚ-simplices [Ӷ0 = Ӷ, Ӷ1, … , Ӷ։ = ӷ] such that consecutive simplices share a(Ԛ − 1)-face.

Finally, given a simplicial complex ԍ, it is often useful to consider derived con-
structions:

1. The 1-skeleton ԍ1, consisting of all vertices and edges, which recovers the
underlying graph and is particularly relevant for processes such as the SIS
model;

2. The clique complex Cl(ԍ), obtained from ԍ1 by promoting each (Ԛ+1)-clique
of the graph to a Ԛ-simplex. For example, a 4-clique corresponds to a 3-simplex
in Cl(ԍ).

Remark 6. More generally, higher-order interactions can be represented using hy-
pergraphs, which are de}ned by a node set ԋ and a collection of hyperedges ӽ,
specifying which nodes participate in each interaction.

Remark 7. It is worth brie~y highlighting the advantages and disadvantages of
simplicial interactions. As mentioned, these are less general structures than hy-
pernetworks. The condition regarding the topology therefore does not allow us to
capture ezects that might occur in a three-body interaction. Consider, for example,
the expression of a phenotypic trait that depends on three genes which, when taken
in pairs, have no function.

However, the simplicial representation allows us to make use of the tools of Al-
gebraic Topology [43].

For this reason, it is necessary to consider under what conditions a system can be
represented by simplicial interactions-that is, where the approximation is legitimate-
and when, on the other hand, hypernetworks are more natural.

As pointed out in [13], one of the most interesting dynamical features of higher-
order network models is the emergence of }rst-order phase transitions, which are
much less common in traditional pairwise interaction models. This highlights how
group interactions can fundamentally alter the collective behavior of a system, lead-
ing to abrupt changes in the state of the network that would not be observed in
standard dyadic networks (or at least, not so often).

2.4.2 Simplagion
Building upon our previous discussion of the SIS model on pairwise networks, it is
possible to extend epidemic dynamics to simplicial complexes and hypergraphs. A
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notable example is the Simplagion model [49], which describes complex contagion
processes on simplicial complexes.

The main idea of Simplagion is that contagion may occur not only via pairwise
interactions but also through group interactions. This aligns with empirical observa-
tions in social systems [39], where the adoption of behaviors or beliefs often requires
simultaneous exposure to multiple peers.

The mean-}eld equation governing the dynamics up to simplices of dimension ӹ
can be written as: ̇ᅻ(ԣ) = −ᅭᅻ(ԣ) + ե∑ᇖ=1 ᅬᇖ⟨Ԛᇖ⟩ᅻᇖ(ԣ)(1 − ᅻ(ԣ)), (2.71)

which for the simplest case including pairwise and 2-body interactions becomeṡᅻ(ԣ) = −ᅭᅻ(ԣ) + ᅬ⟨Ԛ⟩ᅻ(ԣ)(1 − ᅻ(ԣ)) + ᅬΔ⟨ԚΔ⟩ᅻ(ԣ)2(1 − ᅻ(ԣ)). (2.72)

This system admits up to three stationary states. De}ning ᅶ = ᇀᇁ and ᅶΔ = ᇀΔᇁ ,
the }xed points areᅻ∗2± = ᅶΔ − ᅶ ± √(ᅶ − ᅶΔ)2 − 4ᅶΔ(1 − ᅶ)2ᅶΔ . (2.73)

The phenomenology of the model can be summarized as follows:

• If ᅶΔ ≤ 1, the transition is continuous, similar to the classical SIS model.

• If ᅶΔ > 1 and ᅶ > 2√ᅶΔ − ᅶΔ, two regimes arise:

1. For ᅶ > 1, the system behaves like the standard SIS model.
2. For 2√ᅶΔ−ᅶΔ < ᅶ < 1, both solutions ᅻ∗2± exist. In this case, the quasi-

stable }xed point ᅻ∗2− de}nes a threshold: if the fraction of infected nodes
surpasses this value, the system undergoes a discontinuous (}rst-order)
transition.

As the authors point out, the presence of a metastable state highlights the impor-
tance of a critical mass for the spread of complex contagion, in line with sociological
research.

2.4.3 Simplicial Activity Driven SAD
The theory of Time Varying HONs is still in its infancy. In this section we will
then focus on a speci}c model proposed by Petri and Barratt [83]. Building on the
Activity Driven, they proposed the Simplicial Activity Driven SAD.
In particular, we will focus on the Nodes Preserving Model. Consider then a }xed
set of nodes ԃ . Each node has an activity Ԑք assigned. At each time step ԣ, the
node becomes active with probability Ԑք and forms a m-simplex. At time ԣ+1 every
link is removed and the process starts again. In their work, the authors analyzed
the structure of the model and the dynamics of a SIS model analytically.

The }rst quantity of interest is the average degree. In order to evaluate it,
consider the expected number of contacts made by a single node in 𝑇 time steps.

25



It consists of two terms: the number of times the node became active and formed a
m-simplex; the number of times the node participated in a m-simplex originated by
another node. This gives us:Ԛյ (Ԙ) = Ԝ𝑇 Ԑք + ∑օ≠ք Ԝ2𝑇 Ԑօԃ − 1 (2.74)

For ԃ >> 1, we can approximate:Ԛյ (Ԙ) = ԜԐք𝑇 + ∑օ≠ք Ԝ2𝑇 Ԑօԃ − 1 ≃ Ԝ𝑇 (Ԑք + ԜE[Ԑ]) (2.75)

Now, For any node distinct from Ԙ, the probability not to have been involved in
any of these interactions is given by: (1 − ( 1կ−1)ֆԿ (ք)).

Using this formula, they get the number of distinct nodes having interacted withԘ by inserting the number of contacts in eq. 2.75Ԛմբեյ (Ԙ) = (ԃ − 1) [1 − (1 − 1ԃ − 1)ֆԿ (ք)] (2.76)≃ ԃ [1 − Ԕ− ԿՒ̄(ՆՎ+E[Ն]Ւ)Թ ] (2.77)

Then, they consider the simplicial structure of the model. In particular, they
compute the average number Ԛ2(Ԙ, 𝑇 ) of 2-simplices to which a node Ԙ belongs in the
SAD aggregated until 𝑇 . Using a similar argument, they get:Ԛ2(Ԙ, 𝑇 ) = (ԃ − 12 ) (1 − Ԕ− (Ւ)(Ւ−1)(Թ−1)(Թ−2) յ (ռՎ+ֈE[ռ])) . (2.78)

As noted by the authors, this is equivalent to evaluate the number of distincts cliques
of three nodes to which Ԙ has participated from time 0 to 𝑇 .

ᆉ֏Ӿռ = −ᅭӾռ + ᅬԜ Ԉռ Ԑ ∫ Ӿռ′ԃ ԓԐ′+ ᅬԜ Ԉռ ∫ Ԑ′ Ӿռ′ԃ ԓԐ′+ ᅬԈռ ∫ Ԑ′ԜԈռ′ԃ ԓԐ′ ∫(Ԝ − 1)Ӿռ″ԃ ԓԐ″ (2.79)

The last term in Eq. (2.79) represents the characteristic contribution of simpli-
cial interactions. Unlike pairwise contagion, here a susceptible node may become
infected not only by the node that initiated the interaction, but also due to the
presence of another infected node within the same group interaction. This term
therefore captures the higher-order mechanism of infection through group contacts.

Following the procedure outlined previously for linearization and threshold anal-
ysis, the epidemic threshold can be derived and is given by:

ᅶSADվ = ᅬᅭ > 2
E[Ԑ](Ԝ + 1)Ԝ) + Ԝ√E[Ԑ]2(Ԝ + 1)2 + 4(E[Ԑ2] − E[Ԑ]2} (2.80)
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2.5 Adaptive Networks
Over the past few years, a substantial body of literature has developed around
so-called Adaptive Networks. The de}ning feature of these models is the mutual
interplay between the dynamical system under study and the underlying network
topology on which it is embedded. In other words, not only does the network struc-
ture in~uence the evolution of the dynamical variables, but the dynamics themselves
can feed back to reshape the network connectivity over time.

More formally, we can now introduce Adaptive Dynamical Networks (ADNs), in
which the network structure is an integral part of the dynamical system. Starting
from Eq. 2.39 and following [15] we extend the state space to ℒ = {0, 1}ծ with
l ∈ ℒ. In general terms, the evolution of an adaptive dynamical network can then
be written as: {տxտ֏ = ԕ(ԧ1, … , ԧկ , ԛ1, … , ԛծ , ԣ),տlտ֏ = ℎ(ԧ1, … , ԧկ , ԛ1, … , ԛծ , ԣ), (2.81)

where x = (ԧ1, … , ԧկ) denotes the dynamical variables associated with the
nodes, and l = (ԛ1, … , ԛծ) encodes the network structure.

In the literature, a more practical representation is often used. Consider, as
usual, the adjacency matrix of the network with elements Ԑքօ ∈ {0, 1}. The dynamics
can then be expressed as:{տ֓Վտ֏ = ԕք(ԧ, ԣ) + ∑կօ=1 Ԑքօ(ԣ)Ԗ(ԧք, ԧօ, ԣ),Ԑքօ(ԣ) = ӽ֏քօ[ԧ(⋅), Ӷ(⋅), ԣ], (2.82)

where ӽ֏քօ is an operator governing the appearance or disappearance of a link,
i.e., determining when Ԑքօ transitions from 0 to 1 (or vice versa). This formula-
tion captures the coevolution of node dynamics and network topology, which is the
de}ning feature of adaptive networks.

To make the discussion more concrete, we can consider the case of an Adaptive
SIS model. As usual, we assume a continuous-time SIS model with infection rate ᅬ
and recovery rate ᅭ. We now describe the dynamics of the links. Mathematically,
the network is encoded by a time-dependent adjacency matrix Ӷ(ԣ). The adaptive
dynamics of the links consist of two processes:

1. If one of the nodes Ԙ or ԙ is infected and the other is susceptible, the link
between them can be removed with a Poisson rate ᅹ;

2. If two susceptible nodes Ԙ and ԙ are not connected, a link can be created
between them with a Poisson rate ᅱ.

For our purposes, it is worth mentioning recent work that incorporates adaptive
dynamics into temporal networks. In [68], the activity of the nodes is made adaptive
to study adaptation and mitigation strategies in the context of epidemic spreading.
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Chapter 3

Interpolating HO Temporal
Networks (IHTNs)

3.1 The rationale behind Interpolating HO Tem-
poral Networks

In the previous chapter, we recalled the Network Theory developments. In particu-
lar,we drew attention to group dynamics and the temporal properties. We have seen
a paradigmatic example of pairwise temporal network: the Activity Driven model
[82]. Then we recalled the SAD model [83], where the interaction is always simpli-
cial. In social contexts, however, both types of interaction are present. A person
might decide to contact part of their social circle for a group hangout (simplicial
interaction) or see the same people individually (pairwise interactions).

In this chapter, we build on these frameworks to study how the tendency of nodes
to form group interactions shapes network structure and dynamics. We introduce
a minimal extension of the AD and SAD models by adding a single parameter ԡ,
which interpolates between dyadic and group-based interactions in the case of node
preserving. Although reality is more nuanced, this model on the one hand allows
for analytical results to be obtained, and on the other hand makes it possible to
isolate, ceteris paribus, the impact that the type of interaction has on structure and
dynamics.

In particular, we studied how group interaction in~uences the network structure
(contacts and 1-skeleton). Subsequently, we investigated the invasion threshold
problem of an SIS model [81] unfolding on the network.

Our analysis reveals that increasing ԡ has two major ezects:

1. it democratizes connectivity by boosting the degree of low-activity nodes,

2. it lowers the epidemic threshold of an SIS process unfolding on the resulting
network, consistent with the role of large gatherings as epidemic accelerators.

Next, a more complex model, ԜԒ − ԈӶӹ, is proposed, which takes into account
the variability of the target of pairwise interactions and the size of the simplex. This
model increases realism, but at the cost of greater complexity.

These results highlight the fundamental role of higher-order interactions in shap-
ing both structural and dynamical properties of temporal networks. As we shall see
in the SH Model, it is crucial for understanding social dynamics, where both group
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and pairwise interactions take place.

Independently, in [41] the authors proposed a framework that allows for the
incorporation of both pairwise and group interactions. Their work focuses on the
edge preserving AD (eAD) of [83]. Given this interpolating nature, we call them
Interpolating High Order Temporal Networks (IHTNs).

3.2 r-SAD: structure and dynamics
We now introduce the rSAD model, an interpolation between the Activity-Driven
(AD) and Simplicial Activity-Driven (SAD) models. The model employs a simple
interpolatory parameter ԡ, a strategy that is also widely used in the most recent
literature [3]. Heuristically, the model work as the follow: }x the number of inter-
actions per unit of time Ԝ; for every time step the node is active, with probabilityԡ the interactions with the nodes will be in a simplex; with probability (1 − ԡ) the
interactions will be pairwise. This is a drastic simpli}cation, but allows us to un-
derstand how the propensity to form group interactions in~uence the structure of
the corresponding network and eventually the properties of the dynamical processes
that can be studied on the underlying structure. We highlight that when ԡ = 0,
we fall back into the original Activity Driven, whereas when ԡ = 1, this is just the
simplicial activity driven. The situation is depicted in }g. 3.1

Figure 3.1: The }gure illustrates the role of the parameter ԡ, which allows interpo-
lation between AD and SAD. This parameter also allows us to investigate the ezect
of group interactions in this class of models.

De}nition 3.2.1. We say r-Simplicial Activity Driven (r-SAD) the following col-
lection of graph {Ӽ֏}: given a set of ԃ agents with activity Ԑք ∼ ԟ(Ԑ) where ԟ is a
probability distribution with compact positive support [ᅯ, 1], a parameter ԡ ∈ [0, 1],
for each time step a node Ԙ activates with probability Ԑք and with probability ԡ she
forms a Ԝ − ԢԘԜԟԛԔԧ and with probability 1 − ԡ she forms Ԝ dyadic interactions.

In more practical terms, for each step the model work as the follow:

1. For each agent Ԙ generate a random number ᅱք(ԣ);
2. If ᅱք(ԣ) < Ԑք, then the node Ԙ is active;

3. If the agent is active, generate a second random number ᅰք(ԣ);
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4. If ᅰք(ԣ) < ԡ the node Ԙ forms a Ԝ − ԢԘԜԟԛԔԧ choosing the other nodes with
uniform probability 1կ−1 otherwise she forms Ԝ pairwise interactions;

5. Delete all the links created in the time stamp.
In line with the literature on temporal network we de}ne:

De}nition 3.2.2. We say integrated graph of the r-SAD the graph Ӽr-SAD֏ the one
generated by the following adjacency matrix:Ӷըՙ = (Ԑքօ(ԣ)) = {1 if Ӹքօ(ᅽ) = 1for at least one ᅽ = 0, … , ԣ0 otherwise

(3.1)

or more in line with the notation of Network Theory Ӽr-SAD֏ = ⋃֏0 ԍᇑ .

Contacts in the r-SAD

We start by calculating the number of expected contacts for a node Ԙ in a }xed
window of time.

Consider a }xed time frame 𝑇 , then the number of contacts accumulated by a
generic node Ԙ can be broken down into three dizerent components.
First of all, a node can be active with probability Ԑք and generate Ԝ contacts.
Then the node can be involved in both pairwise and group interactions. A nodeԘ can be selected by another node ԙ to form a pairwise interaction among ԃ − 1
agents. Given that the number of agents contacted per unit of time is equal to Ԝ,
the probability that a node ԙ, once active, selects Ԙ to form a pairwise interaction isֈկ−1 . Given the interpolating nature of the r-SAD, we have that these interaction
occurs with probability (1 − ԡ).
Moreover, a node Ԙ can be selected by another node ԙ to form a group interaction of
size Ԝ. In this case, the number of partners is no longer just the active node ԙ, but
all the nodes involved in the group interaction. The two possibilities for an active
node are depicted in }g. 3.2.

Figure 3.2: The }gure shows the two interactions for an active node when Ԝ = 4.
On the left, the interaction is of the dyadic kind, while on the right, it is of the
group kind.

Theorem 3.2.3. In the r-SAD model, the expected number of contacts of a node Ԙ
with activity Ԑք is given by:

Eյ [Ӹ](Ԙ) = ԜԐք𝑇 + ∑օ∈շ \{ք} Ԝ2𝑇 Ԑօԃ − 1 ԡ + ∑օ∈շ \{ք} Ԝ𝑇 Ԑօԃ − 1(1 − ԡ). (3.2)
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Proof. Let Ӹ֏ք be the random variable representing the number of contacts made by
agent Ԙ at time step ԣ. It can be written asӸ֏ք = Ӹ֏ք-ք։ + Ӹ֏ք-֊֐֏, (3.3)

where Ӹ֏ք-֊֐֏ denotes the contacts initiated by Ԙ (if active), and Ӹ֏ք-ք։ the contacts
received from other active nodes at time ԣ.

The variable Ӹ֏ք-֊֐֏ is de}ned asӸ֏ք-֊֐֏ = Ԝ ⋅ ӷ֏ք , ӷ֏ք ∼ Bernoulli(Ԑք), (3.4)

so that Ӹ֏ք-֊֐֏ = {Ԝ with probability Ԑք,0 with probability 1 − Ԑք. (3.5)

When node Ԙ is active, the number of contacts it generates is always Ԝ, regardless
of whether interactions are pairwise or simplicial.

This is not the case for Ӹ֏ք-ք։. Since pairwise and group interactions cannot occur
simultaneously, we decompose Ӹ֏ք-ք։ into two contributions:Ӹ֏ք-ք։ = Ӹ֏ք,օ,֋-ք։ + Ӹ֏ք,օ,Δ-ք։, (3.6)

where Ӹ֏ք,օ,֋-ք։ = {1 with probability ֈռՏկ−1(1 − ԡ),0 otherwise, (3.7)

and Ӹ֏ք,օ,Δ-ք։ = {Ԝ with probability ֈռՏկ−1ԡ,0 otherwise. (3.8)

For a single step ԣ, we then have

E[Ӹ֏ք ] = E[Ӹ֏ք-֊֐֏] + ∑օ∈շ \{ք}E[Ӹ֏ք,օ,֋-ք։] + ∑օ∈շ \{ք}E[Ӹ֏ք,օ,Δ-ք։]. (3.9)

Using the expectations of the single random variables we obtain

E[Ӹ֏ք ] = ԐքԜ + ∑օ∈շ \{ք} ԐօԜԃ − 1(1 − ԡ) + ∑օ∈շ \{ք} ԐօԜ2ԃ − 1ԡ. (3.10)

Summing over 𝑇 time steps gives

E[Ӹ֏ք ] = E[ յ∑֏=0 Ӹ֏ք ] = յ∑֏=0 E[Ӹ֏ք ], (3.11)

which yields the desired result.

We give two other properties of the ԡ − ԈӶӹ model.

Proposition 3.2.4. For any 𝑇 > 0 the expectation of the number of contacts
received by a node in 𝑇 steps is a monotonic function of ԡ if Ԝ > 1
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Proof. It follows from a direct computation. In fact if we derive for ԡ the expected
value of 3.2.3:ԓEյ [Ӹք]ԓԡ = ԓEյ [Ӹք−ք։]ԓԡ = ԓԓԡ( ∑օ∈շ \{ք} Ԝ2𝑇 Ԑօԃ − 1 ԡ + ∑օ∈շ \{ք}) Ԝ𝑇 Ԑօԃ − 1(1 − ԡ)) (3.12)

we get: ԓEյ [Ӹք−ք։]ԓԡ = ∑օ∈շ \{ք} Ԝ2𝑇 Ԑօԃ − 1 − ∑օ∈շ \{ք} Ԝ𝑇 Ԑօԃ − 1 (3.13)

Note that, in the derivative, the terms originating from node activation do not
appear. In fact, having }xed Ԝ, the parameter ԡ has no in~uence on them.

Setting: Ԛ = ∑օ∈շ \{ք} ֈյ ռՏկ−1 and plugging it in 3.13:ԓEյ [Ӹք−ք։]ԓԡ = (Ԝ − 1)Ԛ (3.14)

Now Ԛ > 0, in fact it is a sum of positive quantities. Then we get, if Ԝ > 1:(Ԝ − 1)Ԛ > 0 (3.15)

Proposition 3.2.5. The expected number of contacts received by a node is bigger
than the expected number of contacts created if:Ԑք∑օ∈շ \{ք} Ԑօ < (Ԝ − 1)ԡ + 1ԃ − 1 (3.16)

Proof. We consider:
E[Ӹք−֊֐֏] − E[Ӹք−ք։] < 0 (3.17)

From previous calculations:ԜԐք𝑇 − ∑օ∈շ \{ք} Ԝ2𝑇 Ԑօԃ − 1 ԡ − ∑օ∈շ \{ք} Ԝ𝑇 Ԑօԃ − 1(1 − ԡ) < 0 (3.18)

We can simplify this relation by dividing both sides by Ԝ𝑇 . It yields:Ԑք < ∑օ∈շ \{ք} ԜԐօԡ + Ԑօ(1 − ԡ)ԃ − 1 (3.19)

Since Ԝ, ԡ and ԃ − 1 are not involved in the summation, we get:Ԑք < (Ԝ − 1)ԡ + 1ԃ − 1 ∑օ∈շ \{ք} Ԑօ (3.20)

and then: Ԑք∑օ∈շ \{ք} Ԑօ < (Ԝ − 1)ԡ + 1ԃ − 1 (3.21)
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First of all these two results provide a framework for understanding the ezect
of group interactions on contacts. As the parameter ԡ increases, the number of
contacts increases, but this increase stems from received contacts. As shown by
the second result, this can cause a node to shift from a net giver to a net receiver,
depending on its activity level. Therefore, the two results highlight the impact that
group interaction has on nodes with low activity.

This result allows us to de}ne a new index for activity driven temporal networks
to quantify the importance of nodes in the process. In fact we can distinguish
between Net Receiver and Net Giver, based on whether the inequality holds or not.
Given the activity distribution, we de}ne:Ԑք∑օ∈շ ∖{ք} Ԑօ − Ԗք = (Ԝ − 1)ԡ + 1ԃ − 1 (3.22)

where Ԗք measures the distance of the node’s weight in the distribution from the
critical value as ԡ varies. We say that Ԗք is the activity centrality. In particular, we
have that if Ԗք > 0, then the node is a Net Giver, otherwise a Net Receiver.

Now from theorem.3.2.3 we can derive an approximation for the expected degree
in the Integrated Graph Ӽյ = ⋃յ֏=0 Ӽ֏.

Following [83], we can approximate the number of contacts derived in 3.2.3 in the
case of ԃ >> 1. In fact, applying the Law of Large Numbers[38] since the activities
are IID and satis}es the conditions of the theorem, we get:

E֏[Ӹ(Ԙ)] = ԜԐք𝑇 + ∑օ∈շ \{ք} Ԝ2𝑇 Ԑօԃ − 1 ԡ+ ∑օ∈շ \{ք} Ԝ𝑇 Ԑօԃ − 1(1−ԡ) ≅ Ԝ𝑇 [Ԑք+((Ԝ−1)ԡ+1)E[Ԑ]]
(3.23)

The simulation, shown in }gure 3.3 yields striking agreements with the theoret-
ical prediction of 3.23.
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Figure 3.3: Number of Contacts: Simulated vs Theoretical. Simulations for dizerent
values of ԡ obtained with Ԝ = 3, ԃ = 5000, 𝑇 =1000, activity from a power law
with threshold ᆃ = 0.005 and ᅭ = 2.4. Results averaged over 30 simulations.

In order to evaluate the average degree Ԛ֍−մբեյ (Ԙ) in the integrated network Ӽ
after 𝑇 steps, we use the same approximation used in the Supplementary Informa-
tion of [82], which draw an analogy with an urn model with replacement. This
approximation is valid in the case ԃ >> Ԝ. Therefore the probability that a single
node ԙ have never been in contact with Ԙ at time 𝑇 is given by:ԟյք↮օ) = (1 − 1ԃ − 1)EԿ [դ(ք)] (3.24)

It follows immediately that:ԟյք↔օ) = 1 − [(1 − 1ԃ − 1)EԿ [դ(ք)]] (3.25)

From this quantity we can compute the average degree of the Ԙ − ԣℎ node. In
fact, multiplying for the number of nodes we get:Ԛ֍−մբեյ (Ԙ) = (ԃ − 1)[1 − (1 − 1ԃ − 1)]EԿ [դ(ք)] ≅ ԃ[1 − Ԕ−ՒԿ[ՆՎ+((Ւ−1)՗+1)E[Ն]Թ ] (3.26)

where we use the Neper approximation. The approximation is valid when ԃ ≫ 1
and յկ is small.

We highlight that, for ԡ = 1, the expression 3.26 become:Ԛ1−մբեյ (Ԙ) ≅ ԃ[1 − Ԕ−ՒԿ[ՆՎ+ՒE[Ն]Թ ] (3.27)
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which is equivalent to the one found in [83].

From this quantity we get an important feature of the ezect of group interactions.
Theorem 3.2.6 (Poor Get Richer Ezect). Consider ԡ2 > ԡ1 and de}ne the function:ԕ(Ԑ) = Ԛ֍2(Ԑ) − Ԛ֍1(Ԑ) (3.28)

where Ԛ is de}ned in 3.26. Then ԕ(Ԑ) is a monotonically decreasing function ofԐ
Proof. Inserting the approximation for Ԛ we get:ԕ(Ԑ) = Ԕ− ՒԿ[Ն+((Ւ+1)՗1+1)E[Ն]]Թ − Ԕ− ՒԿ[Ն+((Ւ+1)՗2+1)E[Ն]]Թ (3.29)

Set ӷ = ֈյկ and Ԗ(ԡ) = [(Ԝ + 1)ԡ + 1]E[Ԑ]. Then:ԕ(Ԑ) = Ԕ−գռԔ−գւ(֍1) − Ԕ−գռԔ−գւ(֍2) = Ԕ−գռ[Ԕ−գւ(֍1) − Ԕ−գւ(֍2)] (3.30)

Notice that Ԗ(ԡ) is monotonically increasing in ԡ and ӷ > 0, which implies:ᅭ = Ԕ−գւ(֍1) − Ԕ−գւ(֍2) > 0 since ԡ1 < ԡ2 (3.31)

Therefore: ԕ(Ԑ) = ᅭԔ−գռ (3.32)
which is clearly a monotonically decreasing function of Ԑ.

Remark 8. The calculations show that, on average, the gain in degree distribution
as ԡ varies increases more for nodes with lower activity. This democratising ezect
is con}rmed by numerical simulations.

Figure 3.4: Simulation for dizerent values of ԡ obtained with Ԝ = 3, ԃ = 5000,𝑇 =1000, activity from a power law with threshold ᆃ = 0.005 and ᅭ = 2.4. Results
averaged over 100 simulations.
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Calculations for the r-SAD 2-skeleton

Then we focus on the 2-skeleton.

We start by considering the average number of group interaction in the aggre-
gated network:

Theorem 3.2.7. In the r-SAD model de}ned in 3.2.1, the expected number of group
interactions of a node Ԙ with activity Ԑք is given by:

Eյ [ᆀք] = Ԑքԡ𝑇 + ∑օ∈շ \{ք} Ԝ𝑇 Ԑօԃ − 1ԡ (3.33)

Proof. As we have done in th. 3.2.3, we consider the random variable ᆀ֏ք. This
represents the number of group interactions at time ԣ involving node Ԙ. We can
decompose the active and passive contribution, allowing us to write:ᆀ֏ք = ᆀ֏ք−ք։ + ᆀ֏ք−֊֐֏ (3.34)

In particular we have:ᆀ֏ք−֊֐֏ = {1 with probability Ԑքԡ0 with probability 1 − Ԑքԡ (3.35)

This accounts for the number of group interactions originated by node Ԙ in a time
step ԣ. ᆀ֏ք,օ−ք։ = {1 with probability ռՏ֍ֈկ−10 with probability 1 − ռՏ֍ֈկ−1 (3.36)

Then for a single time step we have:

E[ᆀ֏] = E[ᆀ֏ք−֊֐֏ + ∑օ∈շ \{ք} ᆀ֏ք,օ−ք։] = E[ᆀ֏ք−֊֐֏] + ∑օ∈շ \{ք}}E[ᆀ֏ք,օ−ք։] (3.37)

Since they are I.I.D. the expectation over 𝑇 steps is given by:

E[ յ∑֏=0 ᆀ֏] = յ∑֏=0 E[ᆀ֏] (3.38)

Inserting the values of the expectations, we get:

Eյ [ᆀք] = Ԑքԡ𝑇 + ∑օ∈շ \{ք} Ԝ𝑇 Ԑօԃ − 1ԡ (3.39)

From this formula, we can get an approximation for the 2-skeletons following
[83]. We consider ԛ ≠ Ԛ ≠ Ԙ nodes. For each simplex ᆀյ (Ԙ), assuming that the
node choose with uniform probability ֈկ−1 and that each choice is independent, the
probability ԟ[ք,օ,և] that they are part of it can be approximated by:ԟ[ք,օ,և] = Ԝ(Ԝ − 1)(ԃ − 1)(ԃ − 2)
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And therefore probability that the pair of nodes (ԛ, Ԛ) is not involved in any of these
simplices is given by: ԟΔ = (1 − Ԝ(Ԝ − 1)(ԃ − 1)(ԃ − 2))ᇔԿ (ք) (3.40)

The number of pairs excluding the point Ԙ ᅷ[(ԛ, ԙ)] is simply given by the arrangement
of ԃ − 1 elements by couple, which leads to:ᅷ[(ԛ, ԙ)] = (ԃ − 12 ) = (ԃ − 1)!2(ԃ − 3)! = (ԃ − 1)(ԃ − 2)(ԃ − 3)!2(ԃ − 3)! = (ԃ − 1)(ԃ − 2)2

(3.41)
Taking stock we get that the average number of 2-simplex Ԛյ2 (Ԙ)is given by:Ԛյ2 (Ԙ) = (ԃ − 1)(ԃ − 2)2 (1 − Ԝ(Ԝ − 1)(ԃ − 1)(ԃ − 2))ᇔԿ (ք) (3.42)

which can be approximated as:

Ԛյ2 (Ԙ) = (ԃ − 1)(ԃ − 2)2 (1 − exp [Ԝ(Ԝ − 1)ԡ𝑇 (Ԑք + ԜE[Ԑ])(ԃ − 1)(ԃ − 2) ]) (3.43)

Once again, in the case ԡ = 1 we get the formula derived in [83]. And, of
course, when ԡ = 0 the average number of 2-simplex is 0, since there are no group
interactions.

SIS on r-SAD

Next, we study the dynamics of an SIS model-a cornerstone in the }eld of Infec-
tious Disease Modelling [21, 22, 55, 64]-on the r-SAD. We focus on the threshold
phenomenon, i.e., the existence of a critical point above which an epidemic outbreak
becomes likely. This allows for a mathematical simpli}cation, as the early-stage
dynamics can be studied through a linearized version of the model.

In literature, several approaches have been proposed to understand dizerent
aspects of disease spreading on temporal networks (see, for example, Chapter 11 of
[29]).

Here, we adopt the so-called Activity-Based Mean Field Approximation (ABMF),
introduced in [82] and used in [83][68]. The key idea behind the ABMF is to track
the density of infected agents as a function of their activity level. In a continuous-
time setting, we obtain the following equation for the number of infected agents
with activity Ԑ, denoted by Ӿռ:ᆉ֏Ӿռ = −ᅭӾռ + ᅬԜ Ԉռ Ԑ ∫ Ӿռ′ԃ ԓԐ′+ ᅬԜ Ԉռ ∫ Ԑ′ Ӿռ′ԃ ԓԐ′+ ᅬԈռ ∫ Ԑ′ԡԜԈռ′ԃ ԓԐ′ ∫(Ԝ − 1)Ӿռ″ԃ ԓԐ″ (3.44)

Here, the }rst term on the right-hand side accounts for spontaneous recovery.
The second and third terms describe infection events occurring through ”pairwise”
interactions: the second term accounts for cases in which a susceptible node becomes
infected by forming a connection with an infected one, while the third term accounts
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for the reverse situation, where the infected node initiates the contact. The fourth
term accounts for higher-order (simplicial) transmission events, where a susceptible
node becomes infected through a group interaction involving another susceptible
and an infected node.
Next we de}ne the quantity: ᅲ(ԣ) = ∫ ӾռԐԓԐ (3.45)

Integrating the equation 3.44 over the activity Ԑ:∫ ᆉ֏Ӿռ ԓԐ = −ᅭ ∫ Ӿռ ԓԐ + ᅬԜ ∫ ԐԈռ ԓԐ ∫ Ӿռ′ԃ ԓԐ′+ ᅬԜ ∫ Ԉռ ԓԐ ∫ Ԑ′ Ӿռ′ԃ ԓԐ′ + ᅬ ∫ Ԉռ ԓԐ ∫ ԡԐ′ԜԈռ′ԃ ԓԐ′ ∫(Ԝ − 1)Ӿռ″ԃ ԓԐ″= −ᅭӾ֏ + ᅬԜE[Ԑ]Ӿ֏ + ᅬԜᅲ֏ + ᅬԡE[Ԑ]Ԝ(Ԝ − 1)Ӿ֏
(3.46)

In order to get a closed form for ᅲ we multiply 3.44 by Ԑ the equation 3.44 and
then integrating we get:ᆉ֏ᅲ = −ᅭᅲ֏ + ᅬԜE[Ԑ2]Ӿ֏ + ᅬԜE[Ԑ]Ԕᅲ֏ + ᅬԡԜ(Ԝ − 1)E[Ԑ]2Ӿ֏ (3.47)

Taking stock, the system around the equilibrium can be studied as:{ᆉ֏Ӿ = −ᅭӾ֏ + ᅬԜE[Ԑ]Ӿ֏ + ᅬԜᅲ֏ + ᅬԡE[Ԑ]Ԝ(Ԝ − 1)Ӿ֏ᆉ֏ᅲ = −ᅭᅲ֏ + ᅬԜE[Ԑ2]Ӿ֏ + ᅬԜE[Ԑ]ᅲ֏ + ᅬԡԜ(Ԝ − 1)E[Ԑ]2Ӿ֏ (3.48)

The problem of invasion threshold can be addressed considering the dominant eigen-
value of the Jacobian matrix. In particular, from the theory of dynamical system
[19, 97], an endemic state exist if the dominant eigenvalue of the Jacobian matrix is
positive, which implies that the disease free equilibrium is unstable.

Theorem 3.2.8. Consider the system de}ned by:{ᆉ֏Ӿ = −ᅭӾ֏ + ᅬԜE[Ԑ]Ӿ֏ + ᅬԜᅲ֏ + ᅬԡE[Ԑ]Ԝ(Ԝ − 1)Ӿ֏ᆉ֏ᅲ = −ᅭᅲ֏ + ᅬԜE[Ԑ2]Ӿ֏ + ᅬԜE[Ԑ]ᅲ֏ + ᅬԡԜ(Ԝ − 1)E[Ԑ]2Ӿ֏ (3.49)

The Disease Free Equilibrium is unstable if:ᅶrSADվ = ᅬᅭ > 2
E[Ԑ]Ԝ[ԡ(Ԝ − 1) + 2] + Ԝ√E[Ԑ][ԡ2(Ԝ + 1)(Ԝ − 1) + ԡ(4Ԝ − 4)] + 4E[Ԑ2]}

(3.50)
Therefore, it is monotonically decreasing with ԡ.

Proof. We start by evaluating the Jacobian Matrix associated to the 3.49:ӿ = [−ᅭ + ᅬԜE[Ԑ] + ᅬԡԜ(Ԝ − 1)E[Ԑ] ᅬԜᅬԜE[Ԑ2] + ᅬԡԜ(Ԝ − 1)E[Ԑ]2 −ᅭ + ᅬԜE[Ԑ]] (3.51)

As we are interested in the stability of the Disease Free Equilibrium we evaluate
the eigenvalues of the matrix 3.51:ӹԔԣ[ӿ − Λ12] = 0 (3.52)

The eigenvalues of this matrix are given by:
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Λ± = 12{ᅬE[Ԑ]Ԝ(ԡ(Ԝ−1)+2)−2ᅭ±ᅬԜ√E[Ԑ](ԡ2Ԝ2 − 2ԡ2Ԝ + 4ԡԜ + ԡ2 − 4ԡ) + 4E[Ԑ2]}
(3.53)

Choosing the positive root, we get:

ᅶrSADվ = ᅬᅭ > 2
E[Ԑ]Ԝ[ԡ(Ԝ − 1) + 2] + Ԝ√E[Ԑ][ԡ2(Ԝ + 1)(Ԝ − 1) + ԡ(4Ԝ − 4)] + 4E[Ԑ2]}

(3.54)
from eq. 3.54 we note that, if Ԝ > 1, which means unless the degenerate case,

the critical value is monotonically decreasing with ԡ.
Moreover, the threshold is equivalent to the one in [83]. Recall that, as stated

above, in the rSAD we use Ԝ as the size of the simplex whereas in the SAD the size
is Ԣ − 1. Once we plug this into 3.54 and set ԡ = 1 we get:

ᅶ1-SADվ = ᅬᅭ > 2
E[Ԑ]Ԣ(Ԣ − 1) + (Ԣ − 1)√E[Ԑ]2Ԣ2 + 4(E[Ԑ2] − E[Ԑ]2} (3.55)

Once again, numerical simulation highlights the role of the parameter ԡ on the
critical value. This is in agreement with the importance of superspreader events [1,
44, 65] in an epidemic.

Figure 3.5: SIS model on rSAD for dizerent values of ԡ, obtained with Ԝ = 3,ԃ = 1000, activity from a power law with threshold ᆃ = 0.005 and ᅫ = 2.7. Results
averaged over 100 simulations.
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3.3 A generalized model: mc-SAD
In the previous section, we proposed and analyzed a simple model interpolating be-
tween dyadic and group interactions within the activity driven framework. At each
time step, a single active node would form a group interaction with probability ԡ
and a dyadic interaction with the complementary probability. However, the number
of contacted nodes per interaction remained }xed, regardless of whether it was a
group or dyadic interaction. This does not allow for the study of the impact of the
target set’s size.

A possible generalization that accounts for heterogeneity in the target size is the
following. Consider a natural number Ԝ greater than 1. This represents the max-
imum limit of nodes in the target set. Then, consider the 2Ԝ-dimensional vector
c = (Ԓ1տ, … , Ԓֈտ, Ԓ1֎, … , Ԓֈ֎) such that ∑ Ԓքօ = 1. This vector represents the prob-
abilities that, once active, a node forms a dyadic or a group interaction involvingԙ = 1, … , Ԝ other nodes with uniform probability. To avoid the degenerate case,
we set Ԓ1֎ = 0.

This model, the mc-SAD, accounts for heterogeneity in the interaction size, at
the cost, however, of a considerable number of parameters. These can be reduced in
dizerent ways, for example by assuming a decay for the size starting from an initial
probability for the two types of interaction or by de}ning a probability distribution
as in [83]. L

3.4 Discussion and Limitations
In this work, we introduced the ԡ-SAD model, a minimal extension of the Simpli-
cial Activity-Driven, that interpolates between dyadic and simplicial interactions.
By combining analytical results with simulations, we demonstrated that increasing
the probability of group interactions (ԡ) profoundly alters network structure and
dynamics.

Structurally, group interactions democratize connectivity: low-activity nodes
gain disproportionately more links, reducing heterogeneity in degree distributions
and mitigating the isolation of peripheral agents. Dynamically, the presence of
group interactions lowers the invasion threshold of an SIS process, showing that
large gatherings can accelerate epidemic outbreaks. Both results are consistent with
the intuition that higher-order interactions amplify connectivity in ways that pair-
wise models cannot capture.

Beyond epidemiology, our }ndings are relevant for broader social and organi-
zational systems. Group interactions can promote integration and reduce segre-
gation, ensuring that even less active individuals remain connected to the system.
At the same time, they introduce vulnerabilities by facilitating the rapid spread of
contagion. This dual role underscores the importance of explicitly incorporating
higher-order mechanisms into temporal network models.

Several directions remain open. The model could be enriched by introducing
heterogeneity in ԡ, as has been done in the case eAD [41]. Extensions of the AD
framework such as memory[61, 99, 106], attractiveness [85], or burstiness [67, 75,
100] can also be incorporated into the rSAD. Finally, our model currently enforces an
either-or choice between dyadic and group interactions at each activation. A more
general framework that allows both types of interactions simultaneously would fur-
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ther enhance realism, paving the way for a new class of Interpolating Higher-Order
Temporal Networks (IHTNs).
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Chapter 4

The SH Model: A Minimal Model
for Chronic and Acute Isolation

In recent years, themes such as the ”loneliness epidemic” or the ”anti-social century”
have received widespread attention. Data indicate that the number of close social
connections has sharply declined in the past 30 years, at least in the USA. Moreover,
loneliness has detrimental ezects on individuals’ physical and mental health[48] [59,
98, 101].

In this chapter, we leverage the theory of Social Homeostasis to propose a model
of isolation and loneliness. Social Homeostasis Theory is a framework proposed in
2019 in [73] and further elaborated in [63], in which each agent is characterized by
a set point representing its optimal level of sociality. This set point adapts to the
social conditions of the environment in which the individual is embedded, in order
to maintain a state of social homeostasis. At the same time, states of acute isolation
or acute overcrowding increase the agent’s compensatory ezort to correct signi}cant
deviations from the optimal level of sociality.

The formulation of the model is deliberately chosen to be minimal, in order to
capture the key mechanism of set point adaptation and how this, in turn, azects
the dynamics of (Acute) Isolation and Chronic Isolation. To simplify the analysis,
a zero-ezort modeling approach is adopted. While this assumption abstracts from
several aspects of Social Homeostasis Theory, the results nonetheless reveal clear
ezects of set point adaptation in shaping the individual’s state.

Starting from this chapter, we will use the term Isolation as a synonym for Acute
Isolation. Conversely, we will specify when we are referring to Chronic Isolation.

Thus, the model belongs to the class of mechanistic models on networks in so-
cial science [46], such as Axelrod’s [4], Social Impact Theory-inspired models [79],
Schelling’s [90], and, even more profoundly, the Cascade Model for complex conta-
gion introduced by Watts [102].

4.1 A Framework for Acute-Chronic Isolation
The model consists of three main elements.

First, it is necessary to consider a Temporal Network. In this chapter, it is
assumed to be a Contact Network. Its realization can be represented by a time-
dependent matrix Ӹ(ԣ) = Ԓքօ(ԣ), where:
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Ԓքօ(ԣ) = {Ԥք→օ(ԣ) if Ԙ and ԙ are in contact at time ԣ0 otherwise
(4.1)

where Ԥք→օ(ԣ) represents the bene}t of the interaction that agent Ԙ receives from
contacts with ԙ at time ԣ.

In the simplest case, the elements of (4.1) are given by:Ԓքօ(ԣ) = {1 if Ԙ and ԙ are in contact at time ԣ0 otherwise
(4.2)

where it is assumed that the bene}t of contact at time ԣ is unitary, Ԥք→օ = 1, so
that the matrix is symmetric, Ԓքօ = Ԓօք. This form will be employed in Chapter V.

Since the Contact Network is itself a stochastic process, it can be conveniently
represented by a continuous random vector

C(ԣ) = (Ӹ1(ԣ), … , Ӹկ(ԣ)), (4.3)

with joint probability density

C(ԣ) ∼ ԕ(c) = ԕ(Ԓ1, … , Ԓկ). (4.4)

We assume that the contact network forms a sequence of independent and iden-
tically distributed (IID) r.v. in time, i.e.,Ӹ(ԣ1), Ӹ(ԣ2), … are independent and each Ӹ(ԣ) ∼ ԕ(c). (4.5)

Remark 9. The assumption that {Ӹ(ԣ)}֏∈ℕ forms an IID sequence is a strong one.
While this assumption abstracts away temporal correlations in the contact sequence,
it simpli}es the analysis.

For the model, we make two assumptions about the support of the distribution.
First, the marginal distribution ԕ(Ԓք), where Ӹք represents the random variable of
contacts weighted by their bene}t for agent Ԙ, has compact support [0, ԑ]:∫ս0 ԕ(Ԓք) ԓԒք = 1. (4.6)

The lower bound implies that interactions cannot have negative bene}t,Ԥք→օ ≥ 0, (4.7)

and the upper bound establishes that at a given instant an agent can obtain only a
}nite bene}t from their contacts.

Moreover, we assume ԕ(Ԓք) > 0 almost surely (a.s.), (4.8)

unless otherwise stated.
Second, we are interested in the dynamic process that de}nes the “optimal”

level of sociability. It is important to emphasize that, unlike other types of models,
the concept of optimality must be understood in a broad sense. The agent is not
optimizing this function in the strict sense of the term. The adjustment mechanism
is in fact based on hard-coded rules rather than on a true optimization process.
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De}nition 4.1.1. The optimal sociability or set point of agent Ԙ-th at time ԣ is the
value ᅿք(ԣ).
De}nition 4.1.2. A Realization Adaptive Function is a function ӻ ∶ R+ × [0, ԑ] ⟶
R such that:

1. ӻ(ᅿ, ԧ) > 0 if ᅿ + ᅮ < ԧ;

2. ӻ(ᅿ, ԧ) < 0 if ᅿ − ᅮ > ԧ;

3. ӻ(ᅿ, ԧ) = 0 if ԧ ∈ [ᅿ − ᅮ, ᅿ + ᅮ]
4. |ӻ (ᅿ, ԧ)| ≥ |ӻ(ᅿ, Ԩ)| if |ᅿ − ԧ| ≥ |ᅿ − Ԩ|

Here ᅮ ≥ 0 and the interval [ᅿ − ᅮ, ᅿ + ᅮ] de}nes the no-update band, B(ᅿ) =[ᅿ − ᅮ, ᅿ + ᅮ].
Starting from the de}nition of RAF given in 4.1.2, we can de}ne the dynamics

of the individual set point:ᅿք(ԣ + 1) = [ᅿք(ԣ) + ᅼӻ(Ԓք(ԣ), ᅿք(ԣ))]+ (4.9)
where ᅼ ∈ [0, 1] is a parameter that allows us to distinguish the time scales,

imposing a limited correction over time, in accordance with the view that the adap-
tation process is slower than that of contacts. Note that in the case in which ᅼ = 0,
the version of the model without update is obtained. This dynamics allows the
agent to adapt its optimal level of sociability based on the realization of the random
variable of contacts. In particular, note that, according to the de}nition of RAF,
if the realization falls outside the homeostasis band ӷ(ᅿ), the set point decreases
if this discrepancy is downward, and increases otherwise. To ensure that the level
of sociability remains greater than zero, the positive part of the update has been
taken.

Let us now introduce the concept of Embedded Compartments.

In order to model these states, we rely on compartmental theory [104], a frame-
work widely applied in }elds like pharmacokinetics [26] and Infectious Disease Dy-
namics [55] [44] [22]. So we de}ne three dizerent Embedded Compartments: Isolated
(I), Social Homeostasis (SH), and Overcrowded (OV ). It is important to emphasize
that because SH theory is a subjective theory of isolation, the compartments depend
not only on the dynamic process on the network but also on a target value. To avoid
confusion, we refer to these as Embedded Compartments (EC).

De}nition 4.1.3. Let 𝑇 ∈ R
+ be }xed such that 𝑇 > 0:

• The Ԙ-th agent is said to be in Isolation (IS) at time ԣ + 1 if:Ԓք(ԣ) < ᅿք(ԣ) − 𝑇 (4.10)

• The Ԙ-th agent is said to be in Overcrowding (OV) at time ԣ + 1 if:Ԓք(ԣ) > ᅿք(ԣ) + 𝑇 (4.11)

• The Ԙ-th agent is said to be in Social Homeostasis (SH) at time ԣ + 1 if:Ԓք(ԣ) ∈ [ᅿք(ԣ) − 𝑇 , ᅿք(ԣ) + 𝑇 ] (4.12)
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The de}nition given re~ects what has been emphasized by psychological research
on the topic: loneliness is not an absolute state, but rather a signi}cant deviation,
quanti}ed by 𝑇 , from a certain optimal level of sociability, in this case the set pointᅿ.

Remark 10. The threshold 𝑇 can be generalized, allowing for heterogeneity, regard-
ing the individual agent, time and the set point.

From the de}nition 4.1.3, we can straightforwardly write:

P(ӺӸք(ԣ + 1) = ӾԈ) = {1 ԘԕԒք(ԣ) < ᅿք(ԣ) − 𝑇0 ԞԣℎԔԡԦԘԢԔ (4.13)

where ӺӸք is the random variable associated to the Embedded Compartment.
Therefore, it can be seen as Monotonic Threshold Dynamics [84] thus drawing an
analogy with Complex Contagion [102]. The same line of reasoning can be used for
the Overcrowded EC. The situation is dizerent, however for SH :

P(ӺӸք(ԣ + 1) = Ԉӽ) = {1 ԘԕԒք(ԣ) ∈ [ᅿք(ԣ) − 𝑇 , ᅿք(ԣ) + 𝑇 ]0 ԞԣℎԔԡԦԘԢԔ (4.14)

In this case, as we are dealing with an interval, the response is no longer mono-
tonic.

Remark 11. As we have stated, it should be seen as an analogy, since we are dealing
with probabilities and not transition probability. In fact, the transition from one EC
to another is driven not by the EC at the previous state, but by the contact network
realization and the value of the set point.

Mathematically, each Embedded Compartment ӺӸք(ԣ+1) should be interpreted
as both a state variable and a random variable. It is a state variable because it rep-
resents the agent’s social condition at time ԣ + 1 (IS, SH, or OV), and it is random
because it depends on the stochastic realization of the contact network Ԓք(ԣ).

To take stocks, we have outlined the structure of the model. We de}ned the
contact network, which serves as the basis for the model. Secondly, we de}ned the
two main mechanisms of social homeostasis. Firstly, the set-point dynamic, which
acts as an adjustment of optimal sociality in relation to the realisation of the contact
network. Secondly, we considered the Embedded Compartments, which allow us to
classify the state of the i-th agent, given the set point and the realisation of the
contact network.

4.1.1 Properties of the Framework
From the general framework we have introduced in this section we can derive a set
of related properties.

It is important to emphasise that this section is not devoted to a systematic
analysis of the model, which will be left to future work. On the contrary, the results
will serve as a guide for our analysis of the phenomenon under consideration.
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Theorem 4.1.4 (Isolation Path). Consider an agent Ԙ who is in isolation for ԣ +1, … , ԣ + Δԣ + 1, then if 𝑇 > ᅮ and ᅼ ≠ 0, for ᅽ = ԣ, … ԣ + Δԣ:
1. ᅿք(ᅽ) > 𝑇 ;

2. ᅿ(ᅽ) is a strictly decreasing sequence in the time interval {ԣ+1, … , ԣ+1+Δԣ};

3. ᅿ(ᅽ + 1) − ᅿ(ᅽ) ≥ ᅼӻ(ᅿ(ᅽ), ᅿ(ᅽ) − 𝑇 ).
Proof. 1. For contradiction.

Suppose that agent Ԙ is in isolation at ̄ԣ + 1. Therefore, condition 4.10 implies
that: Ԓք( ̄ԣ) < ᅿք( ̄ԣ)) − 𝑇 (4.15)
If ᅿ( ̄ԣ) < 𝑇 , then we get: ᅿք( ̄ԣ) − 𝑇 < 0
Using again 4.10 yields: Ԓք( ̄ԣ) < ᅿք( ̄ԣ) − 𝑇 < 0
Since we have assumed that the random variable associated to the contact
network has positive support, the agent can not be in Isolation at time ̄ԣ + 1,
which contradict the hypothesis.
If ᅿ( ̄ԣ) = 𝑇 , the condition 4.10 gives:Ԓք( ̄ԣ) < ᅿ( ̄ԣ) − 𝑇 (4.16)

But the l.h.s of 4.16 is equal to zero and we get, once again, Ԓք( ̄ԣ) < 0. Thenᅿ( ̄ԣ) > 𝑇 .

2. Suppose that agent Ԙ is in isolation for two consecutives ̄ԣ and ̄ԣ+1. Therefore,
once again, condition 4.10 yields:Ԓք( ̄ԣ) < ᅿք( ̄ԣ) − 𝑇
From the discussion above, we can write 4.9 without the positive part:ᅿք( ̄ԣ + 1) = ᅿք( ̄ԣ) + ᅼӻ(ᅿ( ̄ԣ), Ԓք( ̄ԣ))
Using the fact that: ᅿք( ̄ԣ) − Ԓք( ̄ԣ) > 𝑇 > ᅮ
Therefore, from the condition of the RAF 4.1.2, we have:ӻ(ᅿք( ̄ԣ), Ԓք( ̄ԣ)) = ᅬ < 0
which implies, since ᅼ ≠ 0:ᅿք( ̄ԣ + 1) = ᅿք( ̄ԣ) + ᅼӻ(ᅿ( ̄ԣ), Ԓք( ̄ԣ)) = ᅿք( ̄ԣ) + ᅼᅬ < ᅿք( ̄ԣ) (4.17)

3. Without loss of generality, we set ᅼ = 1.
From the discussion above, we are interested in ᅿք( ̄ԣ + 1) − ᅿք( ̄ԣ). Using 4.9,
we get: ᅿք( ̄ԣ + 1) − ᅿք( ̄ԣ) = ᅼӻ(ᅿ( ̄ԣ), Ԓք( ̄ԣ))
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Using condition 4.10, we can rewrite the problem of }nding the minimum as
a one dimensional constrained optimization problem:

min֓ ӻ(ᅿք( ̄ԣ), ԧ) s.t. ԧ ≤ ᅿք( ̄ԣ) − 𝑇 (4.18)

where we have inserted the equality to obtain the optimization over a closed
set. The solution of this problem can be easily obtained, even if we include the
point ԧ = ᅿք( ̄ԣ)−𝑇 using the conditions of 4.1.2, in particular the monotonicity
4 which yields the thesis.

Theorem 4.1.5. Let ᅿ∗(ԣ) = {ᅿ∗ք}կք=1 an equilibrium for the dynamics 4.9, namely:ᅿք(ԣ + 1) = [ᅿք(ԣ) + ᅼӻ(ᅿք(ԣ), Ԓք(ԣ))]+ = ᅿ∗ք , ∀Ԙ, ∀ԣ (4.19)

then:

1. If ᅮ < 𝑇 , at the equilibrium all agents are in Social Homeostasis;

2. The equilibrium exist if and only if:∫ᇓ∗Վ+ᇂ
min{0,ᇓ∗Վ−ᇂ} ԕ֏(Ԓք) = 1, ∀Ԙ, ∀ԣ (4.20)

Proof. 1. We prove the statement by showing that both condition 4.10 and 4.11
are not satis}ed. By contradiction, suppose that for ̄ԣ+1 there exists an agentԘ who is in Isolation EC.
Therefore, we have: Ԓք( ̄ԣ) < ᅿք( ̄ԣ)) − 𝑇 (4.21)
And therefore: ᅿք( ̄ԣ)) − Ԓք( ̄ԣ) > 𝑇 > ᅮ (4.22)
where in the last inequality we have used the hypothesis.
From the discussion in the previous theorem, we can write down:ᅿք( ̄ԣ + 1) − ᅿք( ̄ԣ) = ᅼӻ(ᅿ( ̄ԣ), Ԓք( ̄ԣ))
But using 4.22, it follows that:ᅼӻ(ᅿ( ̄ԣ), Ԓք( ̄ԣ)) < 0 (4.23)

Therefore: ᅿք( ̄ԣ + 1) − ᅿք( ̄ԣ) ≠ 0 (4.24)
therefore the set point is not at the equilibrium.

A similar argument can be used to prove it for condition 4.11.

2. For the sake of simplicity we assume that ̄ᅿք > 0. If ̄ᅿք is an equilibrium as
de}ned above, it follows that:ᅿք(ԣ + 1) − ᅿք(ԣ) = ̄ᅿք − ̄ᅿք = 0 (4.25)
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Recalling the de}nition 4.9: ӻ(ᅿք(ԣ), Ԓք(ԣ)) = 0
And from the conditions of the RAF 4.1.2, this is guaranteed when:Ԓք(ԣ) ∈ B(ᅿք(ԣ))
Therefore, if ̄ᅿք is an equilibrium, the condition is equivalent to:∫ ̄ᇓՎ+ᇂ̄ᇓՎ−ᇂ} ԕ֏(Ԓք) = 1, ∀ԣ (4.26)

The other implication follows from the fact that if 4.20 holds, then every
realization of the contact network falls into B( ̄ᅿ). Therefore if ᅿք(0) = ̄ᅿք, it
is an equilibrium ∀Ԙ.

The two theorems we have proved provide an interpretive key for the phe-
nomenon under consideration. In particular, the }rst theorem guarantees that for
an agent to be in Isolation, its set point at the step prior to the EC update must
be greater than the threshold 𝑇 . Below this threshold, since the contact network
has been assumed to have positive support, it is not possible for an agent to enter
Isolation. Conversely, we have seen in the second theorem that at equilibrium, all
agents are in Social Homeostasis. This occurs when the realization of the contact
network is extremely regular, i.e., within the homeostasis band.

We can therefore conclude that Isolation is a dynamic phenomenon that cor-
responds precisely to what scienti}c research con}rms on the matter, namely a
signi}cant deviation from the optimal level of sociality. But, for this very reason,
under the assumptions of the model, this condition is never met below a certain
optimal sociality level. This motivates the following de}nition.
De}nition 4.1.6. We say that an agent is experiencing Chronic Isolation at timeԣ if ᅿք(ԣ) ≤ 𝑇 .
De}nition 4.1.7. We de}ne the intensity of Chronic Isolation for an agent Ԙ at
time t in a population with threshold 𝑇 as the following quantity:ℐյ (Ԙ, ԣ) = |ᅿք(ԣ) − 𝑇 |𝑇 (4.27)

De}nition 4.1.8. Given an equilibrium ̄ᅿ of the dynamic de}ned in 4.9 and in th.
4.1.5, we say that ̄ᅿ is a Ill-Equilibrium if all agents are in Chronic Isolation
Corollary 1 (Ill-Equilibrium Condition). Given an equilibrium ̄ᅿ as de}ned in th.
4.1.5, this is an Ill-Equilibrium iz:

supք ( ̄ᅿք) ≤ 𝑇 (4.28)

Proof. The result follows directly from the de}nition 4.1.6 and 4.1.8.
Suppose that ̄ᅿ is a Ill-Equilibrium, then 4.28 is satis}ed. On the other hand, if

4.28 is satis}ed: ̄ᅿօ ≤ supք ( ̄ᅿք) ≤ 𝑇 (4.29)

then every agent is in chronic isolation from the uniform bound on the set points,
which is the de}nition of Ill-Equilibrium
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Theorem 4.1.9. We have the following:
1. Consider the function:ℎ(ᅿ) = P(Ӻ֏+1 = Ԅԋ ∣ ᅿք(ԣ) = ᅿ) (4.30)

Then ℎ(⋅) is a monotonic decreasing function in [0, 𝑇 );
2. Consider the function:Ԗ(ᅿ) = P(Ӻ֏+1 = ӾԈ ∣ ᅿք(ԣ) = ᅿ) (4.31)

then Ԗ(⋅) is a monotonic increasing function for ᅿ > 𝑇 .
Proof. 1. Using 4.11 we can write the probability in 4.30 as:

P(Ӻ֏+1 = Ԅԋ ∣ ᅿք(ԣ) = ᅿ) = P(Ԓ > ᅿ + 𝑇 ) (4.32)

The r.h.s of eq. 4.32 is equal to:

P(Ԓ > ᅿ + 𝑇 ) = ∫սᇓ+յ ԕ(Ԓ)ԓԒ (4.33)

Consider then two set points ᆁ and ᆈ such that: ᆁ < ᆈ. In order to prove the
statement, we evaluate:ℎ(ᆈ) − ℎ(ᆁ) = ∫սᇜ+յ ԕ(Ԓ)ԓԒ − ∫սᇕ+յ ԕ(Ԓ)ԓԒ (4.34)

Since ᆁ < ᆈ, we get that: ᆁ + 𝑇 < ᆈ + 𝑇 . Therefore:ℎ(ᆈ) − ℎ(ᆁ) = ∫սᇜ+յ ԕ(Ԓ)ԓԒ − ∫սᇕ+յ ԕ(Ԓ)ԓԒ= ∫սᇜ+յ ԕ(Ԓ)ԓԒ − ∫ᇜ+յᇕ+յ ԕ(Ԓ)ԓԒ − ∫սᇜ+յ ԕ(Ԓ)ԓԒ= − ∫ᇜ+յᇕ+յ ԕ(Ԓ)ԓԒ
Since ∫ᇜ+յᇕ+յ ԕ(Ԓ)ԓԒ > 0, it follows that: ℎ(ᆈ) − ℎ(ᆁ) < 0.

2. Following the same line of reasoning, we get:

P(Ӻ֏+1 = ӾԈ ∣ ᅿք(ԣ) = ᅿ) = P(Ԓ < ᅿ − 𝑇 ) = ∫ᇓ−յ0 ԕ(Ԓ)ԓԒ (4.35)

Consider then two set points ᆁ and ᆈ such that: ᆁ < ᆈ. From th. 2.1.4 we
get that ᆈ > ᆁ > 𝑇 , which in turn implies: ᆈ − 𝑇 > ᆁ − 𝑇 > 0.
Now, we evaluate:Ԗ(ᆈ) − Ԗ(ᆁ) = ∫ᇜ−յ0 ԕ(Ԓ)ԓԒ − ∫ᇕ−յ0 ԕ(Ԓ)ԓԒ= ∫ᇕ−յ0 ԕ(Ԓ)ԓԒ + ∫ᇜ−յᇕ−յ ԕ(Ԓ)ԓԒ − ∫ᇕ−յ0 ԕ(Ԓ)ԓԒ= ∫ᇜ−յᇕ−յ ԕ(Ԓ)ԓԒ
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Since ∫ᇜ−յᇕ−յ ԕ(Ԓ)ԓԒ > 0, we have that Ԗ(⋅) is monotonically increasing.

Remark 12. Theorem 4.1.9 should be interpreted as a static result: it character-
izes the probability of entering each Embedded Compartment at a single time step,
conditional on the current set point. It does not directly imply a dynamical trap.
However, combined with the set point dynamics 4.9, it suggests that agents in Chronic
Isolation - characterized by low set points - face a higher probability of Overcrowding-
especially given the reduction in ezort, which is not takes into account in this min-
imal framework- which may hinder the recovery of the set point above the threshold𝑇 . A rigorous dynamical characterization of this phenomenon remains an open
direction.

4.2 A Birth-and-Death Process for Set Point Dy-
namics

In this section we consider a simple example of the RAF. This choice can be viewed
as an approximation of a more general RAF whose value is neglectable around the
set point, whilst it saturates rapidly outside this range. Thus, it can also be seen as
a birth-and-death process, in which the transitions are driven by the realization of
the contact network.

Furthermore, the model is limited to the analysis of a single set point. It can
therefore be interpreted as a psychological model. A generalisation that explicitly
accounts for correlations with other agents regarding the contact network and con-
siders macroscopic variables represents a future direction.

We de}ne the following piecewise constant RAF:

ӻ(ᅿ, Ԓ) = ⎧{⎨{⎩+1 if Ԓ ∈]ᅿ + 1, ԑ],0 if Ԓ ∈ [ᅿ − 1, ᅿ + 1],−1 if Ԓ ∈ [0, ᅿ − 1[. (4.36)

The band of no update is symmetric and de}ned as

B(ᅿ) ∶= [ᅿ − 1, ᅿ + 1], (4.37)

and has Lebesgue measure equal to 2.

From eq.4.36 we get that it can be mapped into a simple Markov Chain. In fact,
assuming that the contact network has density distribution given by Ӹ ∼ ԕ(Ԓ), the
probability that Ԓ ∈ ]ᅿ + 1, ԑ] is simply given by ∫սᇓ+1 ԕ(Ԓ)ԓԒ. On the other hand,

the probability that Ԓ ∈ [0, ᅿ − 1[ is ∫ᇓ−10 ԕ(Ԓ)ԓԒ. Finally the probability that the
realization falls into the no update ball is ∫ᇓ+1ᇓ−1 ԕ(Ԓ)ԓԒ.

If we assume that the initial distribution ᅷ0(ᅿ) is equal to zero outside N0 we
have the the Markov Chain {ᅿ։}։∈N with state space Ԉ-see the next theorem- and
transmission probabilities given by:
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P(ᅿ ∣ ᅿ′) =
⎧{{{{{⎨{{{{{⎩

∫սᇓ′+1 ԕ(Ԓ) ԓԒ if ᅿ = ᅿ′ + 1,∫ᇓ′+1ᇓ′−1 ԕ(Ԓ) ԓԒ if ᅿ = ᅿ′,∫ᇓ′−10 ԕ(Ԓ) ԓԒ if ᅿ = ᅿ′ − 1,0 otherwise.
(4.38)

The Markov chain {ᅿ֏}֏∈N satis}es the following discrete-time master equation:

P(ᅿ, ԣ + 1) − P(ᅿ, ԣ) =P(ᅿ − 1, ԣ) ∫սᇓ ԕ(Ԓ) ԓԒ+ P(ᅿ + 1, ԣ) ∫ᇓ0 ԕ(Ԓ) ԓԒ− P(ᅿ, ԣ)[1 − ∫ᇓ+1ᇓ−1 ԕ(Ԓ) ԓԒ] (4.39)

The }rst term represents the gain contribution due to transitions from state ᅿ−1
to ᅿ, weighted by the corresponding transition probability de}ned in Eq. (4.38). The
second term analogously accounts for the gain contribution from state ᅿ + 1. The
last term represents the loss contribution, corresponding to the probability that
the system leaves state ᅿ at time ԣ, which is obtained as the complement of the
probability of remaining within the band of no update.

Theorem 4.2.1. Consider the markov chain {ᅿ֏}֏∈ℕ , if ԑ ∉ N, ԕ > 0 a.s in [0, ԑ],
then we have:

1. If ᅷ0 have null component outside Ԉ = {0, 1, … , ⌊ԑ⌋}, the state space is }nite
and it coincides with Ԉ;

2. Suppose that ᅿ։−ֈ ≠ 0 for at least one Ԝ ∈ {1, … , ԝ}. Thenԅ (ᅿ։ = 0|∃ Ԝ ∈ {1, … , ԝ} ∶ ᅿ։−ֈ ≠ 0) = 0.(4.40)

In other words, once the chain has left state 0, it cannot return to it, or, more
rigorously, the state ᅿ = 0 does not communicate with any state

3. Assume ᅷ0({0}) = 0, so that ᅿ0 ∈ Ԉ′ = {1, … , ⌊ԑ⌋}. Then the chain {ᅿ֏}֏∈ℕ
restricted to Ԉ″ admits a unique stationary distribution ᅺ, given by:ᅺ(ᅿ) = 1ԏ ᇓ−1∏ֆ=1 ∫սֆ+1 ԕ(Ԓ) ԓԒ∫ֆ0 ԕ(Ԓ) ԓԒ , ᅿ ∈ Ԉ″ (4.41)

where the normalization constant is:ԏ = ⌊ս⌋∑ᇓ=1 ᇓ−1∏ֆ=1 ∫սֆ+1 ԕ(Ԓ) ԓԒ∫ֆ0 ԕ(Ԓ) ԓԒ (4.42)

4.
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5. Let ᅿ0 ∈ Ԉ′ = {1, … , ⌊ԑ⌋} and let ԝ ∈ N be such that ԝ < ᅿ0. Let ӹ։ denote
the event that the chain decreases at every step for ԝ consecutive steps starting
from ᅿ0, i.e. ӹ։ ∶= {ᅿ1 = ᅿ0 − 1, ᅿ2 = ᅿ0 − 2, …, ᅿ։ = ᅿ0 − ԝ}. (4.43)

Then P(ӹ։) is strictly decreasing in ԝ.
Proof. 1. The chain moves at most of ±1. Therefore we just need to check the

upper and lower bound, namely ᅿ = 0 and ᅿ = ⌊ԑ⌋.
The upper bound is given by ᅿ = ⌊ԑ⌋. In fact, the state is admissible for the
chain. In fact:

P(⌊ԑ⌋ ∣ ⌊ԑ⌋ − 1) = ∫ս⌊ս⌋ ԕ(Ԓ)ԓԒ
that we have assumed bigger than zero. Using the transition probabilities
de}ned in 4.38, we easily get:

P(⌊ԑ⌋ + 1 ∣ ⌊ԑ⌋) = ∫ս⌊ս⌋+1 ԕ(Ԓ)ԓԒ
But, since we have assumed that the distribution of contacts have positive
compact support [0, ԑ] and clearly ⌊ԑ⌋ + 1 > ԑ the integral is equal to zero.
Therefore set points above ⌊ԑ⌋ are an unadmissible region for the chain. The
lower bound is similar given that the transition from 0 to −1 is given by:

P(−1 ∣ 0) = ∫−10 ԕ(Ԓ)ԓԒ
The same argument employed above can be used to establish that the integral
is equal to zero;

2. It su{ces to show that state 0 is inaccessible from any state ᅿ ≥ 1, i.e. thatԅ(ᅿ֏+1 = 0 ∣ ᅿ֏ = ᅿ) = 0 ∀ ᅿ ≥ 1, ∀ ԣ. (4.44)

Since the chain moves by at most ±1 at each step, the only state from which 0
could be reached in one step is ᅿ = 1. The corresponding transition probability
is

P(0 ∣ 1) = ∫1−10 ԕ(Ԓ) ԓԒ = ∫00 ԕ(Ԓ) ԓԒ = 0, (4.45)

since the integration domain [0, 0] has Lebesgue measure zero. For all ᅿ ≥ 2,
reaching 0 in one step would require a jump of size ≥ 2, which is impossible
by construction.
Therefore, for every ᅿ ≥ 1:ԅ(ᅿ֏+1 = 0 ∣ ᅿ֏ = ᅿ) = 0. (4.46)

By the Markov property, conditioning on the last time the chain was in a state≠ 0, all subsequent steps have zero probability of reaching 0. Formally, by
induction on Ԛ = 1, … , ԝ:ԅ(ᅿ֏+ֆ = 0 ∣ ᅿ֏ = ᅿ ≥ 1) = 0 ∀ Ԛ ≥ 1, (4.47)

which gives the result;
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3. We start by proving the irriducibility of the chain on Ԉ″. For every ᅿ ∈{1, … , ⌊ԑ⌋ − 1}, the transition probabilities satisfy:ԅ(ᅿ + 1 ∣ ᅿ) = ∫սᇓ+1 ԕ(Ԓ) ԓԒ > 0 (4.48)

since ᅿ + 1 ≤ ⌊ԑ⌋ < ԑ (which follows from ԑ ∉ ℕ) and from the hypothesis onԕ stated above.

Analogously, for every ᅿ ∈ {2, … , ⌊ԑ⌋}:ԅ(ᅿ − 1 ∣ ᅿ) = ∫ᇓ−10 ԕ(Ԓ) ԓԒ > 0 (4.49)

since ᅿ − 1 ≥ 1 > 0.

Therefore every state communicates with its neighbors and by transitivity the
chain is irreducible on Ԉ′.
For every ᅿ ∈ Ԉ′: ԅ(ᅿ ∣ ᅿ) = ∫ᇓ+1ᇓ−1 ԕ(Ԓ) ԓԒ > 0 (4.50)

since the interval [ᅿ − 1, ᅿ + 1] ⊆ [0, ԑ] has positive Lebesgue measure andԕ > 0 a.e. on [0, ԑ].
The existence of a self-loop, which depend on the no update ball- implies that
every state has period 1, hence the chain is aperiodic.

Together with irreducibility on the }nite state space Ԉ′, aperiodicity guar-
antees that the chain is ergodic, i.e. it converges to the unique stationary
distribution ᅺ

lim֏→∞ ԅ(ᅿ֏ = ᅿ ∣ ᅿ0) = ᅺ(ᅿ), ∀ ᅿ ∈ Ԉ″, ∀ ᅿ0 ∈ Ԉ″ (4.51)

Although state 0 ∉ Ԉ′, we verify consistency. In fact, imposing the detailed
balanced condition we get:ᅺ(0)P(1 ∣ 0) = ᅺ(1)P(0 ∣ 1) (4.52)

From the discussion above, it follows that:

P(0 ∣ 1) = 0 (4.53)

Considering the l.h.s of eq. 4.52, we have:

P(1 ∣ 0) = ∫ս1 ԕ(Ԓ)ԓԒ > 0 (4.54)
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Therefore, combining 4.52, 4.53, 4.54, we get:ᅺ(0) = 0. (4.55)

The structure of the transition matrix (jumps of at most ±1) guarantees that
detailed balance is su{cient to characterize ᅺ. In fact, since the chain is a
}nite irreducible Markov chain, any distribution satisfying detailed balance
coincides with the unique stationary distribution.
For every adjacent pair (ᅿ, ᅿ + 1) with ᅿ ∈ Ԉ″, we impose the Detailed Balace
Condition [40]: ᅺ(ᅿ) ԅ(ᅿ + 1 ∣ ᅿ) = ᅺ(ᅿ + 1) ԅ(ᅿ ∣ ᅿ + 1) (4.56)

Substituting the transition probabilities from 4.38:ᅺ(ᅿ) ∫սᇓ+1 ԕ(Ԓ) ԓԒ = ᅺ(ᅿ + 1) ∫ᇓ0 ԕ(Ԓ) ԓԒ (4.57)

Solving the recurrence: ᅺ(ᅿ + 1) = ᅺ(ᅿ) ⋅ ∫սᇓ+1 ԕ(Ԓ) ԓԒ∫ᇓ0 ԕ(Ԓ) ԓԒ (4.58)

Iterating from ᅿ = 1: ᅺ(ᅿ) = ᅺ(1) ᇓ−1∏ֆ=1 ∫սֆ+1 ԕ(Ԓ) ԓԒ∫ֆ0 ԕ(Ԓ) ԓԒ (4.59)

The constant ᅺ(1) is determined by the normalization condition ∑⌊ս⌋ᇓ=1 ᅺ(ᅿ) =1: ᅺ(1) = 1ԏ , ԏ = ⌊ս⌋∑ᇓ=1 ᇓ−1∏ֆ=1 ∫սֆ+1 ԕ(Ԓ) ԓԒ∫ֆ0 ԕ(Ԓ) ԓԒ (4.60)

The sum ԏ is }nite and strictly positive, since it is a }nite sum of strictly
positive terms. Therefore ᅺ(1) is well-de}ned, and the stationary distribution
is uniquely determined;

4. By the Markov property and the de}nition of the transition probabilities 4.38:

P(ӹ։) = ։−1∏ֆ=0 ∫ᇓ0−ֆ−10 ԕ(Ԓ) ԓԒ. (4.61)

Passing from ԝ to ԝ + 1:

P(ӹ։+1) = P(ӹ։) ⋅ ∫ᇓ0−։−10 ԕ(Ԓ) ԓԒ. (4.62)

It remains to show that the additional factor is strictly less than 1. Sinceԝ < ᅿ0 and ᅿ0 ≤ ⌊ԑ⌋, we have:0 ≤ ᅿ0 − ԝ − 1 ≤ ⌊ԑ⌋ − 1 < ⌊ԑ⌋ < ԑ (4.63)
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where the last inequality follows from ԑ ∉ N. Therefore:∫ᇓ0−։−10 ԕ(Ԓ) ԓԒ = 1 − ∫սᇓ0−։−1 ԕ(Ԓ) ԓԒ < 1 (4.64)

where the strict inequality holds because ԕ > 0 almost everywhere on [0, ԑ]
and ᅿ0 − ԝ − 1 < ԑ, so the subtracted integral is strictly positive. Hence
P(ӹ։+1) < P(ӹ։) for all admissible ԝ.

Remark 13. The most immediately interpretable result concerns the probability of
decreasing trajectories, which we have shown to be a necessary condition for isolation.
The theorem tells us that periods of prolonged isolation are rare. By virtue of theorem
4.1.4, this depends on the adaptive factor induced by the RAF 4.1.2. This highlights
once again the fundamental dizerence between acute isolation and chronic isolation
-which, in the model, depends on the choice of threshold 𝑇 .

4.3 Discussion and Limitations
In this chapter, we proposed a minimal framework to model the concept of Social
Homeostasis. We introduced a contact network encoded by a probability distribu-
tion, together with a dynamical adaptation of the optimal level of sociality-the set
point-through the introduction of the concept of RAF. We then de}ned the Embed-
ded Compartments, which allow us to characterize the state of an agent based on
the deviation of the realized contact network from the set point.

Starting from this minimal model, we derived several properties. First, we proved
a theorem concerning the trajectories of the set point associated with a state of Iso-
lation. The analysis revealed that this state can emerge, due to the assumptions on
the contact network, only above a certain threshold value of the set point, corre-
sponding to the threshold 𝑇 that de}nes the transition between states. Moreover,
we showed that the trajectories of the set point for an agent in Isolation are asso-
ciated with a signi}cant decrease in the set point. However, this is not su{cient
to uniquely characterize trajectories corresponding to Isolation without further as-
sumptions on the behavior of the RAF.

We then established an equilibrium theorem for the set points. Since Social
Homeostasis, and more generally the psychological literature on Isolation, identi}es
such states as signi}cant deviations from an optimal level of sociality, the existence
of an equilibrium implies that all agents are in a condition of Social Homeostasis.
However, this equilibrium condition is strictly linked to the behavior of the contact
network: it corresponds to a certain regularity in the pattern of contacts, weighted
by their bene}t.

This allowed us to distinguish between the phenomena of Isolation and Chronic
Isolation. By the Equilibrium Theorem, Isolation is a dynamical condition that can
arise only above a certain threshold 𝑇 , as previously discussed. In contrast, the
concept of Chronic Isolation is identi}ed as a state characterized by a de}ciency in
social expectations mediated by the set point. This clearly separates the two phe-
nomena. We also introduced the notion of Ill-Equilibrium. Even though agents’ set
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points are at equilibrium, in this case none of them exceeds the threshold required
to enter Isolation, resulting in a situation of systematic lack of sociality.

We further proved a local susceptibility theorem for two Embedded Compart-
ments, namely Overcrowding and Isolation. In particular, the result concerning
Overcrowding provides an interesting insight into social dynamics. It shows that
the probability of entering Overcrowding, when in a condition of Chronic Isolation,
is higher for agents with a lower set point. This can be interpreted-with appropriate
caution-as a form of trap induced by a persistent lack of sociality.

Finally, we analyzed a speci}c form of RAF, namely the piecewise constant case,
mapping it into an adaptive stochastic process through a Markov chain. The re-
sulting model can thus be described as a birth-and-death process dependent on the
realization of the contact network. We derived the master equation governing the
temporal evolution of the probability distribution of the set point and proved a result
connecting our model to fundamental properties of Markov chain theory. Moreover,
we showed that in this case the probability of decreasing trajectories tends to decline
with the number of steps of the chain.

The model lends itself to further analytical and modeling developments. In par-
ticular, a key direction would be to derive an equation for the evolution of aggregate
quantities, such as the average set point, thus moving from a psychological to a
sociological description. Moreover, several modeling choices introduced here could
be generalized and further investigated to allow for a more nuanced understanding
of the phenomenon.

Finally, it is worth emphasizing that, due to the analytical di{culties that would
have arisen otherwise, we adopted strong assumptions both on the distribution asso-
ciated with the contact network and on the increase of ezort-which is not explicitly
included in the model. Further analytical and modeling studies on this aspect rep-
resent a promising direction for future research.
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Chapter 5

The SH Model on rSAD

In this chapter we use the framework developed in the previous chapter within the
context of the rSAD model, introduced in Chapter 3. This allows us to investigate
the ezects of group interactions on the dynamics of isolation and chronic isolation
that we have described. For this reason, it }ts into the broader framework of models
on HO-Networks, while adding a temporal dynamics to them.

5.1 Description of the Model
Following the structure adopted in Chapter 4, we now present in detail the various
components of the model.

First, the contact network. As mentioned, we build upon the rSAD model devel-
oped earlier. Despite its simplicity, the model allows us to control, through a single
parameter, the probability of group interactions-i.e., simplices-and dyadic interac-
tions. We }x a number of agents ԃ . For simplicity, we do not consider node aging
ezects or replacement mechanisms. Each agent is assigned an activity Ԑք ∈ [ᆃ, 1],
drawn from a distribution ԟ(Ԑ). In line with Activity Driven models [82][83], we
assume a Power Law distribution: ԟ(ԧ) = Ӹԧ−ᇁ (5.1)

where Ӹ is a positive constant. Speci}cally, we use inverse transform sampling
to sample from a Power Law distribution in [0.1, 1]. The choice of the cut-oz ᆃ
deserves some discussion. While the model follows the activity-driven tradition,
where activity is Power Law distributed, this assumption has not been calibrated on
real data. Simulations showed that lower values lead to extremely sparse networks.
Therefore, we opted for a higher value. A more detailed discussion will be provided
in the next chapter.

As for the exponent, we set ᅭ = 2.7.
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(a) Histogram (log-log) (b) Complementary CDF

Figure 5.1: Comparison between log-log histogram and CCDF of activity

Unlike the rSAD model in Chapter 3, in this context it is necessary to account for
the increase in agents’ ezort. This connects the model to recent activity-driven works
that incorporate adaptive dynamics. For simplicity, we model this as a percentage
variation: Ԑժմք = Ԑք(1 + Ԕԕԕ), Ԑհշք = Ԑք(1 − Ԕԕԕ) (5.2)

where Ԕԕԕ ∈ [0, 1]. Several simulations were performed on this parameter. The
results, not reported here, indicate a limited ezect. Of course, it is possible to dis-
tinguish the two parameters with respect to EC. Finally, note that in the case ofԐժմ, for highly active agents the value may exceed 1. While theoretically one should
impose an upper bound, in practice this simply implies that the agent is always
active during the simulation.

From a notation perspective, we denote by Ԑք(ԣ) the activity of agent Ԙ at timeԣ, re~ecting the EC in which the agent is.
At each time step, with probability Ԑք-depending on her EC-agent Ԙ becomes

active. Once active, with probability ԡ she forms an Ԝ-simplex (i.e., a group inter-
action), whereas with probability 1 − ԡ she forms Ԝ pairwise interactions. If the
node is not active, it can still receive links from active nodes. Note that the group
interaction involves Ԝ agents plus the active node, so the simplex has size Ԝ + 1.

Once this process is completed,
To keep track of the interactions, it is useful to de}ne a time-dependent contact

matrix Ӹ(ԣ) whose elements are:Ԓքօ(ԣ) = {0 if Ԙ and ԙ are not connected at time ԣ,|Ӿ֏քօ| if Ԙ and ԙ are connected at time ԣ. (5.3)

where |Ӿ֏քօ| counts the number of contacts between nodes Ԙ and ԙ at time ԣ. It
follows that the number of contacts made by agent Ԙ at time ԣ is given by:Ӹ֏ք = կ∑օ=1 Ԓքօ = կ∑օ=1 |Ӿքօ| (5.4)

Since the diagonal is zero, the sum can be taken over all agents.
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In the study of dynamical processes on temporal networks, a useful generalization
consists in considering contacts accumulated over a wider time window[54], denoted
here by ᅷ. We de}ne the accumulated contact matrix Ӹᇋ(ԣ) as:Ԓᇋ(ԣ)քօ = ֏∑ᇑ=֏−(ᇋ−1) Ԓքօ(ᅽ) (5.5)

For clarity, ᅷ = 1 means that agents consider only contacts in the current time
step, while ᅷ > 1 includes past contacts. In the simulations, we consider ᅷ = 1,
hence no accumulation, and ᅷ = 2, including the previous step.

It is worth highlighting the dizerences with Chapter 4. There, we assumed that
the bene}t distribution followed a function ԕ on R. Here, for simplicity, we assume
that each interaction yields a unit bene}t. This can later be generalized to include
group dynamics or interaction intensity.

Moreover, although an active node selects Ԝ distinct partners, it may still re-
ceive additional contacts from other active nodes. Therefore, the contact matrix
accounts for the total number of interactions, not just their presence.

This concludes the description of the Contact Network.

We now turn to the set point dynamics. As the RAF function, we choose − tanh,
which enforces a zero-measure no-update region:ᅿք(ԣ + 1) = [ᅿք(ԣ) − ᅼ tanh(ᅿք(ԣ) − ֏∑ᇑ=֏−(ᇋ−1) Ԓքօ(ᅽ))]+ (5.6)

This choice is common in the modeling of complex systems, particularly in opin-
ion dynamics [14]. In deep learning , the function also appears as an activation
mechanism [31]. However, unlike those settings, here the set point adjustment does
not depend on signals from other agents, but rather on the discrepancy between
past desired sociality and realized interactions.

An analogy can be drawn with gradient descent [88], although here the adjust-
ment is hard-coded, consistent with biological evidence suggesting that evolutionary
processes are not optimal (for a discussion see [74]). In this sense, while optimiza-
tion methods resemble classical game theory, our mechanism is closer to evolutionary
game theory,[92] where strategies are }xed. The analogy is explained in [51].

As regards the initial conditions for the set points, deterministic conditions were
chosen, speci}cally: ᅿք(0) = Ԕԧԟ(Ԑք)Ԛ (5.7)

This choice, though arbitrary, is based on two factors. The }rst is the assump-
tion that a higher activity leads to a higher initial set point. Secondly, the factorԚ > 0 allows the initial set point to be increased or decreased in a straightforward
manner.

Note that, since the activity lies between ᆃ and 1, the choice of a monotonically
increasing function with respect to it could have been arbitrary, without causing
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signi}cant changes. Obviously, dizerent initial conditions are possible and may be
explored in future work.

Now we de}ne the EC. To introduce heterogeneity, we de}ne the threshold as:𝑇ք = (1 + ᅷ) ln(1 + 𝑇 Ԑք(ԣ)) (5.8)
where 𝑇 > 0 is a sensitivity parameter. The baseline +1 ensures higher thresh-

olds for low-activity nodes.

The logarithmic form re~ects diminishing marginal returns, consistent with mi-
croeconomic theory [72] and studies on human perception. This ensures that more
active nodes have higher thresholds, but with sublinear growth. Additionally, adap-
tivity through Ԑք(ԣ) implies higher thresholds in Isolation.

One assumption, in the case of a heterogeneous threshold, is that the value of this
threshold for agents with high activity must be greater than Ԝ. This implies a de-
pendence on the Contact Network even for the most active nodes. This assumption
can be interpreted as the need for validation by more extroverted agents, bearing
in mind the dual nature of the threshold derived from the theorem demonstrated in
the previous chapter.

Figure 5.2: Threshold for dizerent values of the 𝑇 parameter.

We now de}ne the Embedded Compartments:
De}nition 5.1.1. We say that:

1. Agent Ԙ is in Social Homeostasis (SH) at time ԣ + 1 if:֏∑ᇑ=֏−(ᇋ−1) ∑օ Ԓքօ(ᅽ) ∈ [ᅿք(ԣ) − 𝑇ք, ᅿք(ԣ) + 𝑇ք]
2. Agent Ԙ is in Isolation (IS) if:֏∑ᇑ=֏−(ᇋ−1) ∑օ Ԓքօ(ᅽ) < ᅿք(ԣ) − 𝑇ք
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3. Agent Ԙ is in Overcrowding (OV) if:֏∑ᇑ=֏−(ᇋ−1) ∑օ Ԓքօ(ᅽ) > ᅿք(ԣ) + 𝑇ք
In the simulations, we consider several quantities. First, the average set point:̄ᅿ(ԣ) = 1ԃ կ∑ք=1 ᅿք(ԣ) (5.9)

This captures the average sociality level and can be interpreted as a proxy for
emergent social behavior.

Second, the fraction of agents in each EC:⎧{⎨{⎩ӾԈ(ԣ) = ∑Վ[զդՎ(֏)=ժմ]կԈӽ(ԣ) = ∑Վ[զդՎ(֏)=մթ]կԄԋ (ԣ) = ∑Վ[զդՎ(֏)=հշ ]կ (5.10)

We are particularly interested in ӾԈ∞, the fraction of isolated agents at equilib-
rium.

Finally, we track the fraction of agents in chronic isolation:ӸℎӾԈ(ԣ) = ∑ք 1{ᇓՎ(֏)≤յՎ}ԃ (5.11)

Table 5.1: Parameters of the Model

Activity Ԑ
Cut-oz Power Law ᆃ
Chronic prm ᅼ
Size of Simplex Ԝ
Probability of Group Interaction ԡ
Increase/Reduction in Activity Ԕԕԕ
Sensitivity prm 𝑇
Accumulation of Interactions ᅷ

For the sake of interpretability, a single step of the model is depicted in the image
5.3.
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Figure 5.3: Realization of the Process. The individual node is active and forms a
simplex interaction. It also receives two contacts from other nodes in the network.
Subsequently, the update on the embedded compartments and the set point update
takes place. Depending on the compartment, the activity increases or decreases.

5.2 Analytical approximation and numerical re-
sults

In this section we provide an analytical approximation for the dynamics of set points
in the long run.

We start from the dynamics of the set points. We assume ez = 0, that the set
point at time ԣ + 1 is always greater than zero so that we can neglect the positive
part. Moreover, assume that ᅼ ≠ 0, thus considering the adaptive case. This leads
us to write: ᅿք(ԣ + 1) = ᅿք(ԣ) − ᅼ tanh[ᅿք(ԣ) − ֏∑ᇑ=֏−(ᇋ−1) ∑օ Ԓքօ(ᅽ)] (5.12)

.
At this point we can make a mean-}eld type approximation by replacing the sum

over the realization of contacts with the average over the temporal window:֏∑ᇑ=֏−(ᇋ−1) ∑օ Ԓքօ(ᅽ) = Eᇋ[Ӹք] (5.13)

We note that, as speci}ed in the }rst chapter, the temporal window in our model
reaches at most 2. This strongly limits the approximation-as is well known from the
theory of convergence of random variables and from large deviation theory.

Substituting into equation 5.12, we obtain:ᅿք(ԣ + 1) = ᅿք(ԣ) − ᅼ tanh[ᅿք(ԣ) − Eᇋ[Ӹք]] (5.14)
Imposing the stationary condition, we obtain:ᅿ∗ք = ᅿ∗Ԙ − ᅼ tanh[ᅿ∗ք − Eᅷ[Ӹք]] (5.15)
Having assumed ᅼ ≠ 0, the stationary condition corresponds to the zero of the

equation, therefore:

tanh[ᅿ∗ք − Eᇋ[Ӹք]] = 0 (5.16)
Fortunately, from the properties of tanh, the solution is trivial:
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ᅿ∗ք − Eᇋ[Ӹք] = 0 ⟹ ᅿ∗ք = Eᇋ[Ӹք] (5.17)
At this point we can explicitly write the r.h.s. of equation 5.17, according to

what was shown in Chapter 3:

Eᇋ[Ӹք] = ԜԐքᅷ + ∑օ≁ք Ԝ2Ԑօᅷԃ − 1 ԡ + ∑օ≁ք ԜԐօᅷԃ − 1(1 − ԡ) (5.18)

At this point, for ԃ ≫ 1, we can approximate 5.18 as:

Eᅷ[Ӹք] = ԜԐքᅷ+∑ ԙ ≁ ԘԜ2Ԑօᅷԃ − 1 ԡ+∑օ≁ք ԜԐօᅷԃ − 1(1−ԡ) ≈ Ԝᅷ[Ԑք +E[Ԑ]((Ԝ−1)ԡ+1)]
(5.19)

And therefore: ᅿ∗ = Ԝᅷ[Ԑք + E[Ԑ]((Ԝ − 1)ԡ + 1)] (5.20)
We compared the approximation with the simulation results for dizerent values

of ԡ and ᅷ.

When ᅷ = 1, it can be seen that the approximation for ԡ = 0.2 shows quan-
titative agreement for nodes with intermediate activity. From a qualitative point
of view, however, an S-shaped relationship emerges compared to the linear one of
the approximation. The situation is dizerent for ԡ = 0.8. In this case, the ap-
proximation shows greater qualitative agreement with the distribution of set points,
although for high values of activity the linear relationship tends to become weaker.
The situation is depicted in }g. 5.4.

(a) (b)

Figure 5.4: Results averaged over 30 simulations, ᅷ = 1: (a) ԡ = 0.2, (b) ԡ = 0.8.

What emerges is precisely the ezect of group interactions 3.2.3. As the value of ԡ
increases, the distribution of contacts-which in turn in~uences that of the set points-
tends towards greater democratisation, thereby raising the set points of agents with
lower activity. The S-shaped curve observed when the probability of group interac-
tion is low is broken when the parameter ԡ is increased, resulting in a more linear
relationship.
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Unlike the case where ᅷ = 1, when ᅷ = 2, the approximation shows both qualita-
tive and quantitative agreement for ԡ = 0.2. However, when ԡ = 0.8, the qualitative
agreement persists, but the approximation tends to systematically overestimate the
values of the set points. The situation is depicted in 5.5

(a) (b)

Figure 5.5: Results averaged over 30 simulations, ᅷ = 2: (a) ԡ = 0.2, (b) ԡ = 0.8.

The greater accuracy in the case where ᅷ = 2 is not surprising. In fact, the
contacts are more stable than in the previous case-although it should be emphasised
that the time windows are small. This increase in accumulation in itself leads to an
increase in the number of contacts used to evaluate the set point. This therefore
makes the approximation more accurate than the previous one, for both values of ԡ.

We now move on to the discussion of the results of the numerical simulations for
the entire model.

In }gure 5.6 and 5.7 we observe the fraction of agents in the EC for ᅷ = 1, that
is, when only the current step is taken into account, and the evolution of the indi-
vidual set points together and the macroscopic average ̄ᅿ(ԣ). The two simulations
were performed with ԡ = 0.8 and ԡ = 0.2.
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(a)

(b)

Figure 5.6: (a) Agent density for EC over time for ᅷ = 1. Simulation parameters:Ӻԕԕ = 0.8, steps=500, ᅼ = 0.1, 𝑇 = 30, Ԛ = 5, ԡ = 0.9. Results averaged over
30 simulations; (b) Individual Set Points and Average Set Point associated with the
simulation above.
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(a)

(b)

Figure 5.7: (a) Agent density for EC over time for ᅷ = 1. Simulation parameters:Ӻԕԕ = 0.8, steps=500, ᅼ = 0.1, 𝑇 = 30, Ԛ = 5, ԡ = 0.2. Results averaged over
30 simulations; (b) Individual Set Points and Average Set Point associated with the
simulation above.

The case ԜԤ = 2 is shown in }g.5.8.
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(a)

(b)

Figure 5.8: (a) Agent density for EC over time for ᅷ = 2. Simulation parameters:Ӻԕԕ = 0.8, steps=500, ᅼ = 0.1, 𝑇 = 30, Ԛ = 5, ԡ = 0.8. Results averaged over
30 simulations; (b) Individual Set Points and Average Set Point associated with the
simulation above.

In both cases we observe the convergence of ̄ᅿ(ԣ) toward a stationary state,
while the set points, after a decreasing phase, continue with stochastic oscillations
due to the realization of the contact network. Other numerical simulations have
shown that the growth or decrease depends on the value Ԛ that de}nes the initial
conditions of the set points. However, for any value, there is eventually a convergence
of ̄ᅿ(ԣ). An interesting case is when Ԛ = 0, that is, when all agents have no social
expectation. Even in this case, we observe a growth of the set points up to a relative
stabilization. Therefore, without social expectations, the contact network and the
set point dynamics drive agents toward levels of sociality greater than zero. The
situation is depicted in }g. 5.9.

Figure 5.9: Simulation with set points ᅿք(0) = 0 for every Ԙ
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Turning to the stability of the steady state, the }gure 5.10 shows the results
of the simulations for various initial conditions – i.e. as the value of Ԛ varies –
for two dizerent values of ԡ. As can be seen, regardless of the initial conditions,
the macroscopic average of the set points ̄ᅿ converges to the same value in both
scenarios. In turn, this value depends on the group interaction parameter. Indeed,
as highlighted in Chapter 3, an increase in the probability of group interactions-that
is, in the parameter ԡ-in turn increases the average number of contacts. And this is
re~ected in the value of the macroscopic set point ̄ᅿ.

(a) (b)

Figure 5.10: Results averaged over 30 simulations, ᅷ = 1: (a) ԡ = 0.2, (b) ԡ = 0.8.

An interesting relationship can be found using the fact that the macroscopic
average of the set points ̄ᅿ(ԣ) tends toward a stationary state. In fact, consider:̄ᅿ(ԣ + 1) = 1ԃ կ∑ք=1 ᅿք(ԣ + 1) (5.21)

Since from the simulation we see that ᅿք(ᅽ) > 0 for a certain ᅽ , we write down
the r.h.s. of eq. 5.21 using 4.9:̄ᅿ(ԣ + 1) = 1ԃ կ∑ք=1 [ᅿք(ԣ) + ᅼӻ(ᅿք(ԣ), Ԓք(ԣ))] (5.22)

Now, the }rst term 1կ ∑կք=1 ᅿք(ԣ), since the macroscopic average set point tend
toward the equilibrium, is equal to the r.h.s. of eq. 5.21, namely:̄ᅿ(ԣ + 1) − 1ԃ կ∑ք=1 ᅿք(ԣ) = ̄ᅿ∗ − ̄ᅿ∗ = 0 (5.23)

Hence, we have: 1ԃ կ∑ք=1 ᅼӻ(ᅿք(ԣ), Ԓք(ԣ)) = 0 (5.24)

Since ᅼ ≠ 0, we are interested in:կ∑ք=1 ӻ(ᅿք(ԣ), Ԓք(ԣ)) = 0 (5.25)

We can decompose eq. 5.25 into two dizerent contributions. Consider Ӿ(ԣ)+ the
set of agents that, at time ԣ, satisfy:
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ӻ(ᅿք(ԣ), Ԓք(ԣ)) > 0 (5.26)
and Ӿ(ԣ)− the set of agents that, at time ԣ, satisfy:ӻ(ᅿք(ԣ), Ԓք(ԣ)) < 0 (5.27)
Then eq. 5.25 reads:∑ք∈ժ(֏)+|ӻ (ᅿք(ԣ), Ԓք(ԣ))| − ∑օ∈ժ(֏)−|ӻ (ᅿօ(ԣ), Ԓօ(ԣ))| = 0 (5.28)

The condition expressed in eq. 5.28, that holds for any RAF such that the no-
update band has ᅷ(B(ᅿ)) = 0 admits an interesting interpretation in the spirit of
Statistical Mechanics [87]. At the macroscopic equilibrium of the average set point,
the system does not reach a con}guration where every agent is simultaneously sat-
is}ed.
Rather, the equilibrium is dynamic: agents whose realized contacts fall below their
set point coexist with agents whose contacts exceed it, and the equilibrium condition
requires that these two populations balance each other in terms of the magnitude
of their adjustments.

This can be expressed as a form of social frustration: the system cannot simulta-
neously ful}ll the social needs of all agents, and the macroscopic stationarity emerges
precisely from this persistent tension between competing individual drives. In this
sense, the equilibrium is not a state of collective satisfaction but a state of balanced
dissatisfaction -analogous to the dynamic equilibrium in Non-Equilibrium Statistical
Mechanics [66], where macroscopic stationarity arises from balanced ~uxes rather
than from the absence of ~uctuations at the microscopic level.

It is worth noting that this condition relies on the assumption that the no-update
band has zero measure. In this case, almost no agent is locally at equilibrium, and
the stationarity of the macroscopic average cannot arise from inactivity at the mi-
croscopic level. Rather, it emerges from a non-trivial balance between positive and
negative adjustments, re~ecting a genuinely out-of-equilibrium steady state.

However this condition holds also for ᅮ > 0, i.e. when the no-update band
4.1.2has non-zero Lebesgue measure. In this case, the balance condition reads:∑ք∈ժ+ᆘ (֏) |ӻ (ᅿք(ԣ), Ԓք(ԣ))| − ∑օ∈ժ−ᆘ (֏) |ӻ (ᅿօ(ԣ), Ԓօ(ԣ))| = 0 (5.29)

where Ӿ+ᇂ (ԣ) = {Ԙ ∶ ӻ (ᅿք(ԣ), Ԓք(ԣ)) > 0} and Ӿ−ᇂ (ԣ) = {Ԙ ∶ ӻ (ᅿք(ԣ), Ԓք(ԣ)) < 0} and the
RAF has no-update band ᅷ(B(ᅿ)) = 2ᅮ

The structure of the dynamic equilibrium thus depends critically on the size ofӾ+ᇂ and Ӿ−ᇂ . For small but positive ᅮ, the sets remain large and the balance condition
continues to hold in the spirit of a dynamic equilibrium, with persistent microscopic
activity sustaining macroscopic stationarity.

As ᅮ increases, however, fewer agents contribute to the balance, and the system
transitions toward a regime of approximate collective satisfaction, where macroscopic
stationarity emerges not from balanced ~uxes but from the inactivity of most agents.
In this sense, ᅮ plays the role of a social inertia parameter: for large ᅮ, the system
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approaches a static equilibrium rather than a dynamic one.

It is worth stressing that this collective satisfaction is not a genuine state of
ful}llment: the microscopic ~uctuations of the contact network persist regardless ofᅮ and the inactivity of agents re~ects a higher tolerance threshold rather than an
actual alignment between set points and realized contacts.

The situation is dizerent for the fraction of agents in the EC corresponding to IS.
In the case ԡ = 0.2, assuming all agents are in ӾԈ at the beginning of the simulation,
we observe a decrease that eventually leads to the disappearance of isolation in the
long run, hence ӾԈ∞ = 0.

The situation changes radically in the case ԡ = 0.8. In this case, following a
decreasing trajectory, we then observe a stabilization with ӾԈ∞ ≠ 0.

Therefore, for dizerent values of the group interaction parameter ԡ, we observe a
qualitative change in ӾԈ∞. As an analogy with statistical mechanics, we can identifyԡ as the control parameter and ӾԈ∞ as the macroscopic order parameter. In }gure
5.11, we also evaluated the value of ӾԈ∞ as a function of ԡ for various values. What
emerges is the existence of a critical parameter ԡ∗ ≈ 0.4. Below this value, ӾԈ∞ is
zero, with the disappearance of isolation in the long run. Above this value, instead,
we observe an increase of ӾԈ∞.

As for the case ᅷ = 2, we observe a similar situation, although the critical value
is signi}cantly smaller. In both cases, activity driven without group interactions
leads to the disappearance of isolation.

Figure 5.11: Simulation parameters: Ӻԕԕ = 0.8, steps=500, ᅼ = 0.1, 𝑇 = 30,Ԛ = 5. Results averaged over 30 simulations

The discussion so far seems to reveal an apparent contradiction. As the proba-
bility of group interaction increases, the number of agents in isolation also increases.
Therefore, due to the contact properties in the rSAD, an increase in contacts leads
to more isolation. However, this contradiction is only apparent. In fact, it is nec-
essary to take into account-at this stage only speculatively-chronic isolation. In
particular, as shown in Chapter 4, a condition for an agent to enter isolation is that
the set point at the time of update must be greater than the threshold. A possible
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explanation, considering these two aspects, is therefore the following.

When ԡ is low, the number of contacts, once the set point ᅿք has stabilized, does
not allow surpassing the threshold 𝑇ք that would make isolation perceived. Referring
to the set point dynamics in the simulations, the agent remains in isolation until,
for a certain ̄ԣ, the trajectory crosses the threshold 𝑇ք from above, bringing the agent
into Social Homeostasis,but at the same time into the condition of Chronic Isolation.

On the contrary, for values of ԡ > ԡ∗, the number of contacts allow that agents
to remain with a set point such that ᅿք(ԣ) > 𝑇ք, with transitions still possible and
experiencing Chronic Isolation when the realization of the contact network pushes
it below the threshold.

Precisely by virtue of this possible explanation, which combines the results of
the rSAD and the SH model, we considered the fraction of agents in chronic isola-
tion for various values of ԡ, in particular those above and below the threshold. The
situation is depicted in }g. 5.12 and 5.13.

What emerges is that for values ԡ = 0.2 we even observe a situation similar to
the one previously described with Ill-Equilibrium. All agents are in SH but withӸℎӾԈ(ԣ), that is, the fraction of agents in chronic isolation, which rapidly tends
to 1. Increasing the value of ԡ above the threshold, we instead observe a situationӸℎӾԈ(ԣ) < 1 in both cases.

This allows us to further clarify the phase transition described earlier. ӾԈ∞
remains positive precisely because not all agents end up in Chronic Isolation, high-
lighting that ӾԈ∞ and ӸℎӾԈ∞ capture two fundamentally distinct phenomena.

Figure 5.12: Agent in Chronic Isolation over time for ᅷ = 1 for dizerent values ofԡ. Simulation parameters: Ӻԕԕ = 0.8, steps=500, ᅼ = 0.2, 𝑇 = 30, Ԛ = 5, Results
averaged over 30 simulations.
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Figure 5.13: Agent in Chronic Isolation over time for ᅷ = 2 for dizerent values ofԡ. Simulation parameters: Ӻԕԕ = 0.8, steps=500, ᅼ = 0.2, 𝑇 = 30, Ԛ = 5, Results
averaged over 30 simulations

To gain deeper insight into the nature of the phase transition induced by the
group interaction parameter ԡ, we analyze both the visitation frequency of EC and
that of chronic isolation, de}ned as the number of time steps in which the Ԙ-th agent
has a set point ᅿք(ԣ) below the threshold.

Figure 5.14 reports, for ԡ = 0.2 and ԡ = 0.8, the visitation frequency of IS.
These values are deliberately chosen to represent the two regimes separated by the
critical value ԡ∗. In both cases, an inverse relationship between activity and the
visitation frequency in Isolation is observed. The Spearman correlation coe{cient
is computed in both simulations.

(a) (b)

Figure 5.14: Results averaged over 15 simulations, ᅷ = 1: (a) ԡ = 0.5, (b) ԡ = 0.8.

A more nuanced pattern emerges when analyzing the visitation frequency ofӸℎӾԈ, as shown in }gure 5.15. In the Isolation Free regime, the relationship is
weakly positive, indicating that agents with higher activity are more likely to cross
the threshold de}ning ChIS, i.e., 𝑇ք. However, as con}rmed by the }gure 5.12, the
system lies in an Ill-Equilibrium regime, where all agents exhibit high visitation fre-
quencies. By contrast, for ԡ = 0.5 and ԡ = 0.8, a more structured pattern arises.
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The Spearman coe{cient remains positive, indicating a positive correlation between
activity and visitation frequency to ChIS. However, since the Spearman coe{cient
captures monotonic relationships, it does not fully describe the observed behavior.
Inspection of the scatterplot reveals a non-monotonic, approximately quadratic re-
lationship. Nodes with low activity display low visitation frequencies to ChIS, which
increase with activity up to a maximum at intermediate values, and subsequently
decrease for higher activity levels, without reaching the low levels observed for min-
imally active nodes.

(a) (b)

(c)

Figure 5.15: Results averaged over 15 simulations, ᅷ = 1: (a) ԡ = 0.2, (b) ԡ = 0.5,
(c) ԡ = 0.8.

This phenomenology is particularly relevant when interpreted in light of the
rSAD and SH results. An increase in the group interaction parameter ԡ dispro-
portionately bene}ts low-activity nodes in relative terms. The additional received
contacts enable these agents to achieve a set point exceeding the threshold 𝑇ք, thus
entering Isolation. Conversely, for higher activity values, the marginal bene}t of
increasing ԡ progressively diminishes. At the same time, higher-activity agents are
characterized by larger Threshold values 𝑇ք.

This mechanism can be further clari}ed through a simple scaling argument.
Let the asymptotic set point scale linearly with activity-as we have seen in 5.4-ᅿք ∼ Ԑք, while the threshold grows sublinearly, 𝑇ք ∼ ԕ(Ԑք) with ԕ(Ԑք) concave (e.g.
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logarithmic). Then, the relevant quantity controlling the transition is the ratio:ᅿք𝑇ք ∼ Ԑքԕ(Ԑք) (5.30)

Since ԕ(Ԑք) grows slower than linearly, this ratio is increasing in Ԑք. However,
the ezect of increasing ԡ is not uniform across activity classes. While the ratioᅿք/𝑇ք is larger for high-activity nodes, these agents already rely predominantly on
self-generated contacts. By contrast, low-activity nodes are characterized by small
thresholds and low intrinsic contact generation, making their position relative to
the threshold more sensitive to ~uctuations in received contacts. As ԡ increases,
even a modest gain in incoming interactions can push them above 𝑇ք, enabling the
transition out of Chronic Isolation.

Although this mechanism requires further analytical and computational inves-
tigation, the observed behavior can be interpreted as follows. Low-activity nodes
bene}t from increased group interactions, but remain structurally dependent on re-
ceived contacts. As ԡ exceeds the critical value ԡ∗, they are able to surpass the
threshold required to enter IS. However, this same dependence increases their sus-
ceptibility to isolation. High-activity nodes, for which the bene}t of increasing ԡ
is smaller, rely instead on their intrinsic propensity to generate contacts, allowing
them to remain above the threshold 𝑇ք in most realizations. This explains the de-
creasing trend observed at high activity levels. By contrast, the maximum observed
at intermediate activity values results from the combined ezect of activity, threshold𝑇ք, and parameter ԡ. In this regime, nodes exhibit a structural fragility arising from
their simultaneous dependence on both received and generated contacts. The for-
mer depend on ԡ, while their relative importance with respect to generated contacts
depends on node activity.

From an analytical perspective, we have:

E[Ӹք−ք։]
E[Ӹք−֊֐֏] ≈ E[Ԑ](1 + ԡ)Ԑք (5.31)

Dizerentiating with respect to activity yields:ᆉᆉԐք E[Ԑ](1 + ԡ)Ԑք = −E[Ԑ](1 + ԡ)Ԑ2ք < 0 (5.32)

Thus, this ratio is, on average, monotonically decreasing in activity. This implies
that links generated through activity alone are insu{cient to sustain the set point
dynamics for intermediate-activity nodes, in contrast to highly active nodes. This
is further compounded by the higher threshold 𝑇ք relative to low-activity nodes. At
the same time, group interactions mediated by ԡ do not fully compensate for this
de}cit, as their bene}ts are, on average, skewed toward nodes with lower activity,
while intermediate nodes still face relatively high thresholds.

This framework provides a more comprehensive interpretation of the phase tran-
sition driven by ԡ. As ԡ increases, and group interactions become more frequent,
low-activity nodes are able to surpass the threshold 𝑇ք required to enter ӾԈ. Ac-
cording to the rSAD results, this is driven by the increase in received contacts
associated with group interactions. However, this mechanism also ampli}es ~uctua-
tions in their contact patterns, as these nodes depend on stochastic selection within
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the contact network. As a result, they become more exposed to isolation, leading
to the persistence of a }nite fraction of agents in ӾԈ in the long run.

Conversely, high-activity nodes can rely on their intrinsic activity to remain
above threshold despite higher 𝑇ք values. Intermediate-activity nodes, however, ex-
hibit a structural fragility: the bene}ts of group interactions-arising primarily from
received contacts-decrease with activity, while their activity level is insu{cient to
compensate for this loss. Moreover, their threshold 𝑇ք is higher than that of low-
activity nodes, making it more di{cult to remain above it.

In summary, the phase transition is driven by the increase in incoming contacts
for low-activity nodes, which are also characterized by lower thresholds. However,
these bene}ts-typically originating from more active nodes-do not feed back symmet-
rically due to the nature of group interactions, where highly active nodes maintain a
relatively stable number of contacts. While this asymmetry is ozset for high-activity
nodes, it remains unresolved for intermediate-activity nodes, giving rise to the ob-
served non-monotonic behavior.

The observed phenomenon can be studied within the Mean Field Approximation,
taking into account the threshold condition:ᅿք(ԣ ∣ ԡ)𝑇ք = 1 (5.33)

where we made explicit the dependence of the set point on the parameter ԡ.
Therefore, recalling that each agent has activity Ԑք, one can consider the critical
value ԡ∗ such that the set point equals the threshold 𝑇ք.

Imposing condition (5.33), one can express ԡ as a function of the activity, namely:ԡ(Ԑք) = 1(Ԝ − 1)E[Ԑ] [(1 + ᅷ) ln(1 + 𝑇 Ԑք)Ԝᅷ − Ԑք − E[Ԑ]] . (5.34)

This function allows us to identify, for each activity class, the value of the pa-
rameter ԡ such that the set point of agents in that class reaches the threshold, within
the mean }eld approximation.

We can now state the following result:

Theorem 5.2.1. Let {Ԑք}կք=1 be a vector of real numbers such that Ԑք ∈ [ᆃ, 1], withᆃ > 0 arbitrarily small, and let ⟨Ԑ⟩ = 1կ ∑ք Ԑք be its average. Let ᅷ ∈ N
+ and2 ≤ Ԝ < 𝑇 < ∞, and consider the function:ԡ(Ԑ) = 1(Ԝ − 1)⟨Ԑ⟩ [(1 + ᅷ) ln(1 + 𝑇 Ԑ)Ԝᅷ − Ԑ − ⟨Ԑ⟩] . (5.35)

Then ԡ(Ԑ) admits a maximum in the interior of the interval and is strictly concave.

Proof. To }nd the critical value Ԑ∗, we dizerentiate (5.35) and set it equal to zero:ԓԡԓԐ = 1(Ԝ − 1)⟨Ԑ⟩ [(1 + ᅷԜᅷ ) 𝑇1 + 𝑇 Ԑ − 1] = 0 (5.36)
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Solving for Ԑ, we obtain: Ԑ∗ = 1 + ᅷԜᅷ − 1𝑇 (5.37)

We now show that Ԑ∗ lies in the interval (0, 1). This is equivalent to requiring:0 < Ԑ∗ < 1 (5.38)

We consider the two cases:

• Ԑ∗ > 0:
Substituting (5.37), this is equivalent to:1 + ᅷԜᅷ − 1𝑇 > 0 (5.39)

which is equivalent to: 𝑇Ԝ > ᅷ1 + ᅷ (5.40)

Since 𝑇 > Ԝ, we have յֈ > 1. Moreover, since ᅷ ∈ N
+, it follows thatᇋ1+ᇋ < 1. Hence condition (5.40) is always satis}ed, and thus Ԑ∗ > 0.

• Ԑ∗ < 1:
Again substituting (5.37), this is equivalent to:1 + ᅷԜᅷ − 1𝑇 < 1 (5.41)

which implies:1 + ᅷԜᅷ − 1𝑇 < 1 ⟹ 1 + ᅷ < Ԝᅷ (1 + 1𝑇 ) ⟹ ᅷ (Ԝ + Ԝ𝑇 − 1) > 1 (5.42)

Since ᅷ ∈ N
+ and Ԝ ≥ 2, and the left-hand side is increasing in Ԝ, we evaluate

at Ԝ = 2: 1 < ᅷ (1 + 2𝑇 ) (5.43)

Since 𝑇 < ∞, and taking ᅷ = 1 for the minimum, we obtain:1 < (1 + 2𝑇 ) = 1 + Ԛ (𝑇 ) (5.44)

with Ԛ(𝑇 ) > 0. Hence Ԑ∗ < 1.

This proves that the critical point lies in the interior of the interval.

The second derivative of (5.35) is:ԓ2ԡԓԐ2 = − [ (1 + ᅷ)𝑇 2(Ԝ − 1)⟨Ԑ⟩ Ԝᅷ(1 + 𝑇 Ԑ)2 ] < 0 (5.45)

since Ԝ ≥ 2, ᅷ ∈ N
+ and 𝑇 > 0.

Therefore, Ԑ∗ is a maximum, it lies in the interior of the interval, and the function
(5.35) is strictly concave.
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To sum up, considering the speci}c formulation of the model and building on
the discussion so far, we can distinguish two regimes:

1. No Isolation: for values ԡ < ԡ∗, every agent remains in the long run below the
threshold 𝑇 , and is therefore in a state of Chronic Isolation;

2. Isolation: for values ԡ > ԡ∗, group interactions enable a fraction of agents to
persistently exceed the threshold 𝑇ք, thus allowing the emergence of Isolation
in the long run.

5.3 Heuristic phase transition with constant thresh-
old 𝑇

Consider a homogeneous threshold 𝑇 ∈ R
+0 . In order to provide an heuristic argu-

ment for the existence of a phase transition, we interpret 𝑇 as a control parameter
and ӸℎӾԈ∞ as a macroscopic quantity.

We consider the distribution of set points at time ԣ given that the parameter of
group interaction is equal to ԡ, namely:ԟ֏(ᅿ ∣ ԡ) (5.46)

We de}ne the asymptotic fraction of agents in chronic isolation as:ӸℎӾԈ∞ = lim֏⟶∞ ∫յ0 ԟ֏(ᅿ ∣ ԡ) ԓᅿ (5.47)

This quantity represents the fraction of individuals whose set point remains
below the threshold 𝑇 , and therefore captures the long-term level of isolation in the
system.

For small values of 𝑇 , assuming that the set points are bounded away from zero
in the long run, we have:ӸℎӾԈ∞ = lim֏⟶∞ ∫յ0 ԟ֏(ᅿ ∣ ԡ) ԓᅿ = 0 (5.48)

Hence, no chronic isolation emerges in this regime.
If, on the other hand, 𝑇 is su{ciently large, since the set points are bounded

from above, we obtain: ӸℎӾԈ∞ = lim֏⟶∞ ∫յ0 ԟ֏(ᅿ ∣ ԡ) ԓᅿ = 1 (5.49)

In this case, all agents are in a state of chronic isolation, as the threshold 𝑇 is
too high to be reached even by highly active nodes.

Finally, for intermediate values of 𝑇 , we have:0 < ӸℎӾԈ∞ < 1 (5.50)

In this regime, both isolated and non-isolated individuals coexist, suggesting the
presence of a non-trivial phase.

The parameter ԡ still plays a role, as it can substantially alter the distribu-
tion ԟ֏(ᅿ ∣ ԡ). In particular, increasing ԡ tends to shift the distribution towards
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higher values of ᅿ, thus reducing the mass below the threshold 𝑇 and consequently
decreasing ӸℎӾԈ∞.

Hence, we can identify the phases in terms of the minimum relevant set pointsᅿ∗, which mark the thresholds separating distinct behavioral regimes:

• Full Chronic Isolation Phase (ӸℎӾԈ∞ = 1): There exists a minimum ᅿ∗ such
that ∫յᇓ∗ ԟ֏(ᅿ ∣ ԡ) ԓᅿ = 0. (5.51)

In this case, all agents have set points below the threshold 𝑇 , meaning that the
threshold is higher than any relevant set point in the system. Consequently,
the entire population remains in chronic isolation, representing a saturated
phase. One can interpret 𝑇 = ᅿ∗ as the critical threshold beyond which the
system cannot escape full isolation.

• No Chronic phase (ӸℎӾԈ∞ = 0): There exists a minimum ᅿ∗ such that∫ᇓ∗0 ԟ֏(ᅿ ∣ ԡ) ԓᅿ > 0. (5.52)

If 𝑇 ≫ ᅿ∗, no agent’s set point falls below the threshold, and therefore the
fraction of chronically isolated individuals vanishes. This regime corresponds
to a fully active population where the threshold is too low to “capture” any
agent in chronic isolation.

• Intermediate phase (0 < ӸℎӾԈ∞ < 1): For thresholds satisfying ᅿ∗
min < 𝑇 <ᅿ∗

max, only part of the distribution of set points lies below 𝑇 , while the rest lies
above. In this regime, both isolated and non-isolated agents coexist, resulting
in a non-trivial phase where the system exhibits partial chronic isolation.

The interaction parameter ԡ further shapes ԟ֏(ᅿ ∣ ԡ): increasing ԡ shifts the
distribution toward higher values of ᅿ, reducing the fraction below 𝑇 and therefore
decreasing ӸℎӾԈ∞. This highlights the interplay between intrinsic thresholds and
social interactions in determining the long-term isolation patterns.

Remark 14. If a signi}cant portion of the distribution is concentrated near the
minimum, i.e., there exists a small interval [ᅿmin, ᅿmin + ᅯ] such that

limᇃ→0 ∫ᇓmin+ᇃᇓmin

ԟ֏(ᅿ ∣ ԡ) ԓᅿ ≫ 0, (5.53)

then as 𝑇 increases past ᅿmin, this mass enters the threshold abruptly. This causes
a sudden jump in ӸℎӾԈ∞, indicating a }rst-order phase transition.

5.3.1 Homogeneous and Heterogeneous threshold
We have observed, albeit through dizerent mechanisms, the emergence of a phase
transition and the role of ԡ in both the homogeneous and heterogeneous threshold
cases. It is therefore worth examining more closely the role of ԡ and the resulting
phenomenology in the two scenarios, anchoring the discussion to a sociological in-
terpretation.
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In both cases, increasing ԡ, consistently with the results of the rSAD model,
disproportionately bene}ts nodes with low activity. The crucial role of group in-
teractions, moreover, is well established in sociological theory, as emphasized, for
instance, in [86]. In that work, Putnam highlights the erosion of social capital and
links it to detrimental outcomes such as the deterioration of public discourse and
political life.

However, the role of group interactions is multifaceted. On the one hand, they
act as a booster for the contacts of less active nodes. As shown earlier, however,
this bene}t arises primarily from received interactions. This makes such nodes de-
pendent on the behavior of more active nodes, especially given the disassortative
nature of activity-driven networks.

Despite these common elements, the phenomenology that emerges in the homo-
geneous and heterogeneous threshold cases is markedly dizerent.

In the homogeneous threshold case, as the threshold increases, and given that
the number of contacts-and thus the set point-is correlated with activity, the agents
that fall below the threshold are predominantly those with lower activity.

By contrast, in the heterogeneous threshold case, we have seen that nodes with
intermediate activity are the most prone to chronic isolation. Nodes with lower
activity, instead, due to the heterogeneous threshold speci}cation-particularly given
the scaling assumptions adopted-tend to exhibit a low frequency of visits to the
chronic isolation state. This admits a natural sociological interpretation: less ac-
tive nodes, which require a lower level of social stimulation, are more easily satis}ed
with the number of interactions they receive, further ampli}ed by group interactions.
Conversely, more active nodes, which require higher levels of social stimulation, are
more exposed to chronic isolation and the associated loss of motivation, as re~ected
in the disappearance of increased ezort.

Overall, the model’s phenomenology suggests a more nuanced view of isolation
and chronic isolation. These patterns are not determined solely by individual social
propensity, but also by the structure of the contact network and by heterogeneous
social expectations. While this interpretation calls for dedicated empirical vali-
dation, the presence of threshold heterogeneity fundamentally alters not only the
interpretation of the phenomenon, but also the potential policy interventions aimed
at mitigating it.

5.4 Discussion and Limitations
In this chapter, we applied the framework developed in Chapter 4 to a speci}c con-
tact network, namely the rSAD model introduced in Chapter 3, incorporating an
adaptive activity that models the increase in ezort. In line with other studies cited
in the literature, we considered both the case in which the agent accounts only for
contacts in the current time step and the case in which the previous time step is also
taken into account, as encoded by the parameter ᅷ. We introduced a heterogeneous
threshold 𝑇ք, drawing on the microeconomic literature. As a choice for the RAF, we
adopted the hyperbolic tangent function tanh.
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First, we provided an approximation of the dynamics of the set points. Despite
the strong assumptions introduced, the approximation was found to qualitatively
capture the behavior of the set points, except in the regime where ᅷ = 1 and ԡ is
low.

We then simulated the system in its entirety, considering various observables.
We observed that, although individual set points do not converge to equilibrium,
the average set point ̄ᅿ(ԣ) tends in the long run to a dynamical equilibrium, even
under dizerent initial conditions. We showed that this phenomenon arises from the
impossibility of satisfying the social needs of every individual agent, a phenomenon
we termed Social Frustration, emerging from Balanced Dissatisfaction.

We then analyzed the }nal number of agents in Isolation, denoted by ӾԈ∞. Sim-
ulations revealed two distinct regimes depending on the value of ԡ, which governs
the probability of group interactions. For low values of ԡ, no agents are found in
Isolation at the end of the simulation. However, there exists a critical value ԡ∗,
which itself depends on ᅷ, above which ӾԈ∞ > 0.

We further investigated this transition by evaluating the number of agents in
Chronic Isolation for dizerent values of ԡ across the two regimes. It was observed
that, as ԡ increases, there is a marked decrease in the fraction of agents in Chronic
Isolation.

Finally, we examined the visitation frequencies of the states Isolation and Chronic
Isolation. While in the former case an inverse relationship between activity and vis-
itation frequency is observed for values of ԡ both above and below the threshold, the
latter case reveals a more interesting phenomenon. Speci}cally, for values of ԡ above
the critical threshold, the visitation frequencies exhibit a non-monotonic behavior,
with a peak at intermediate activity levels. This phenomenon can be interpreted in
light of the results from the rSAD and SH models. In particular, nodes with inter-
mediate activity display a form of structural fragility. Group interactions tend to
bene}t low-activity nodes more, while highly active nodes can form contacts due to
their frequent presence in the social system. These two ezects leave an intermediate
region in which the bene}ts of group interactions are relatively weaker and cannot
be compensated by activity, as is the case for highly active nodes, despite the lower
threshold associated with intermediate ones.

We also considered, from a heuristic perspective, the case in which the thresh-
old 𝑇 is homogeneous, focusing on the fraction of agents in Chronic Isolation as
the main observable. Although not rigorous, the analysis identi}ed three distinct
regimes depending on the value of 𝑇 . For low values, the set point lies above the
threshold, implying the absence of Chronic Isolation. As 𝑇 increases, a growing
fraction of agents falls below the threshold, leading to increasing levels of Chronic
Isolation and a possible coexistence with Isolation. For high values of 𝑇 , the entire
population falls into Chronic Isolation. Since ԡ tends to increase the value of the
set point, this suggests the need for further investigation into the interplay between
the parameters 𝑇 and ԡ.

The model naturally lends itself to several future research directions, some of
which have already been mentioned. First, more realistic contact networks could
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be considered, although this would come at the cost of reduced interpretability of
the mechanisms highlighted here. Moreover, the choices regarding the RAF and the
threshold could be modi}ed to explore their impact more broadly. Finally, a more
re}ned analytical treatment, even if approximate, would represent a powerful tool
for gaining deeper insight into the dynamics of Isolation and Chronic Isolation.
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Chapter 6

Future Directions

6.1 Boltzmann Reinforcement Mechanism
Since the early developments of Complex Network theory [7], it has been well es-
tablished that contacts are not purely random. For instance, in the well-known
Albert-Barabási Model, new nodes follow a Preferential Attachment mechanism, in
contrast with random network models [2], where links are formed uniformly at ran-
dom. In particular, the Albert-Barabási model belongs to the class of evolving
networks: starting from an initial con}guration, nodes are progressively added over
time, and each new node establishes connections according to a non-uniform rule
that depends on the existing structure.

One of the main limitations of the Activity-Driven model stems from the as-
sumption that, once a node Ԙ becomes active, it selects another node ԙ uniformly
at random. As a consequence, the model does not account for memory ezects. If
two agents have interacted at time ԣ − ᅽ , this information does not in~uence their
probability of interacting again in subsequent time steps.

However, empirical evidence shows that memory plays a crucial role in shaping
real temporal networks [62]. Repeated interactions, reinforcement of social ties, and
persistence of relationships are all key features of social systems that are not cap-
tured by memoryless formulations.

Several extensions of activity-driven models have incorporated memory mecha-
nisms [99]. In these approaches, when a node becomes active, it connects with a
previously contacted node with probability Ԡ, and with a new node with probability1 − Ԡ. This mechanism can be further re}ned by introducing heterogeneous weights
over past interactions, thereby de}ning a non-uniform selection among previously
contacted nodes [61].

In this work, we propose an alternative approach based on stochastic optimisa-
tion techniques, in particular Markov Chain Monte Carlo (MCMC) methods [71].
Leveraging the properties of the Boltzmann distribution, these methods provide
a ~exible way to de}ne a probability measure over the set of possible interaction
partners. Unlike deterministic optimisation procedures such as Gradient Descent,
which may become trapped in local minima, Boltzmann-based sampling allows for
controlled exploration of the state space, including transitions toward higher-energy
con}gurations [40].

Within this framework, we de}ne a probabilistic choice mechanism in which
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nodes preferentially reconnect with past contacts, while still retaining a non-zero
probability of exploring new interactions. The balance between reinforcement and
exploration is governed by the temperature parameter of the Boltzmann distribution.

Formally, let Ӽ֏ denote the network at time ԣ and Ӷ(ԣ) the corresponding adja-
cency matrices.

We de}ne the Boltzmann Reinforcement Mechanism as follows: for every nodeԘ, the probability of selecting node ԙ at time ̄ԣ is given byԟք|օ( ̄ԣ) = Ԕᇀ ∑ ̄ՙ̔=0 ռՎՏ(֏)∑օ≁ք Ԕᇀ ∑ ̄ՙ̔=0 ռՎՏ(֏) (6.1)

At ԣ = 0, this formulation reduces to the uniform distribution. Indeed, since the
adjacency matrix is initially null, all exponents are equal to zero, yieldingԟք|օ(0) = 1ԃ − 1 (6.2)

Thus, the mechanism is consistent with the standard activity-driven model at
initialization, and can be interpreted as a natural generalization that progressively
incorporates memory ezects.

One of the key advantages of this formulation lies in its ~exibility. Because it
originates from a stochastic optimisation framework, the exponent in Eq. 6.1 can
be generalized to include additional features beyond simple interaction counts. For
instance, node attributes, tie strengths, or even signed interactions may be incorpo-
rated, in line with recent developments in Signed Networks [27].

The parameter ᅬ controls the strength of the reinforcement mechanism. For
small ᅬ, the distribution approaches uniformity, corresponding to high-entropy ex-
ploration. For large ᅬ, the dynamics become increasingly concentrated on previously
observed interactions, leading to low-entropy, highly reinforced contact patterns.
This provides a natural way to investigate how the structure of interaction patterns
azects dynamical processes on the network, such as the emergence of Isolation and
Chronic Isolation.

While the above discussion applies naturally to dyadic interactions, extending
this framework to group interactions is less straightforward. In the current formu-
lation, higher-order interactions emerge from individual preferences.

Although this lies beyond the scope of the present work, a promising direction
would be the introduction of a social Hamiltonian ӽ(ᅼ) encoding non-trivial de-
pendencies among group con}gurations. Such approach could provide a principled
framework to study the formation and stability of social groups from a statistical
physics perspective.

6.2 Other Future Directions
With regard to rSAD, as a generative model that isolates the ceteris paribus ezect
of higher-order interactions, it provides a natural framework to study a wide class
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of dynamical processes, including opinion dynamics [91, 95] and epidemic models
beyond the standard SIS framework [81]. Moreover, it enables a systematic investi-
gation of the structural properties of the networks it generates, extending previous
analyses conducted for activity-driven models [94]. Additional directions are dis-
cussed in the dedicated chapter.

The model presented in Chapter 4 can be extended along several dimensions. A
more complete characterization of its properties represents a natural next step, po-
tentially combining analytical and numerical approaches. In particular, most results
currently focus on the single set-point level; a macroscopic description, building on
the microscopic dynamics discussed in the BD section, would signi}cantly enhance
the understanding of the system. Furthermore, although the analysis focuses on
Social Homeostasis (SH), the model structure is su{ciently general to allow appli-
cations in other domains, including }nance [10] and economics within the broader
framework of complex adaptive systems [30, 57].

A second line of inquiry concerns the interpretation of activity within the activity-
driven framework. While activity is typically de}ned as the propensity to engage in
social interactions [76], in practice it is measured through observed activations, i.e.,
realized participation in the network. This creates a conceptual mismatch between
latent inclination and observed behavior.

This distinction becomes particularly relevant when nodes are willing to interact
but fail to establish connections due to the absence of available or receptive part-
ners. In this sense, observed activity con~ates individual propensity with structural
constraints, potentially leading to biased interpretations.

Within a generative framework, this suggests at least two extensions. First, one
may introduce a link rejection mechanism, whereby active nodes attempt to form
connections but targets may refuse. In this setting, activity represents an attempt
process rather than realized connectivity, ezectively decoupling initiative from out-
come.

Second, activity itself may be modeled as an adaptive stochastic process. Rather
than being }xed, it can evolve in response to past interaction outcomes. For ex-
ample, repeated failures may decrease activity, while successful interactions may
reinforce it. A natural framework for capturing such feedback is provided by self-
exciting processes (SEP), in particular Hawkes processes [60], where the conditional
intensity ᅶ∗ depends on past events.

Although related ideas have been explored in [106], they remain largely under-
developed in the context of activity-driven networks. Incorporating such feedback
mechanisms would allow the model to capture adaptive behavior, bringing it closer
to a behavioral interpretation of social dynamics. This extension could also be
naturally integrated into the SH framework, where past interactions in~uence both
network structure and agents’ internal states.

A }nal issue concerns validation and data availability. The SH model depends
not only on contact structure but also on the bene}ts that interactions provide to
agents, which complicates empirical validation. While recent datasets on social in-
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teractions have become increasingly available, they are often limited to structured
environments such as schools, workplaces, or households (see [70]).

However, the SH framework requires a more nuanced characterization of interac-
tions, as not all contacts contribute equally to an agent’s social state. This raises a
fundamental question: which interactions are relevant for the social set point? Any
empirical calibration must therefore rely on assumptions regarding the qualitative
importance of dizerent types of contacts.

One possible direction is to extend data collection to more heterogeneous con-
texts, including informal and leisure interactions. Nevertheless, contact data alone
may not su{ce to capture phenomena such as loneliness or chronic isolation. In
this respect, studies combining objective and subjective measures are particularly
informative. For example, [36] highlights the limitations of self-reported data and
proposes integrating behavioral logs with structured diaries. This suggests that
single-layer observations are insu{cient, pointing toward the need for richer, multi-
dimensional representations of social interaction. Related perspectives are also dis-
cussed in [37].

Finally, the structure of the SH model suggests potential connections with statis-
tical learning approaches [42, 50]. In particular, the classi}cation into EC states nat-
urally lends itself to supervised learning methods, which could help identify the key
factors driving transitions between social conditions. Such approaches could comple-
ment the theoretical framework by providing empirical insights into the mechanisms
underlying social homeostasis.
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Chapter 7

Summary

As stated in the introduction, the aim of this thesis was to study the dynamics
of Isolation and Chronic Isolation by formulating a model based on the theory of
Social Homeostasis within the context of a High-Order Temporal Networks.

In Chapter 2, we discussed some concepts from network science. We reviewed
the fundamentals of graph theory, introduced the two main generative models in the
literature, and included a section on power laws and dynamic processes in networks,
with a particular focus on the SIS model.

Subsequently, recent developments were presented in a non-systematic manner.
Firstly, Temporal Networks were discussed, with a presentation of the paradigmatic
model, the Activity Driven Model. High Order Networks were then introduced,
recalling the two main representations of higher-order interactions. Finally, we
touched upon the }eld of Adaptive Networks.

In Chapter 3 we }rst de}ned a generative model of temporal networks that inter-
polates between the Activity Driven (AD) model where interactions are dyadic-and
the Simplicial Activity Driven (SAD) model where interactions are simplicial. By
introducing a single parameter-r- that accounts for the probability of group inter-
actions, we showed that this interpolation has profound consequences for both the
structure of the Network and the dynamics of a paradigmatic model in the }eld,
namely the SIS model.

In particular, we showed that group interactions-ceteris paribus-increase the con-
nectivity of the 1-skeleton, with larger gains for less active nodes, a phenomenon we
renamed Poor Get Richer.

By contrast, in the SIS dynamics, an increase in group interactions leads to a
reduction of the epidemic threshold, in agreement with the impact of superspreader
events on pathogen dizusion. The results were obtained analytically and compared
with numerical simulations.

Within the broader discussion on Higher-Order Interactions, the model suggests
the importance of accounting for group interactions in temporal networks even when
one is only interested in the pairwise structure.

In Chapter 4, we introduced a minimal framework for the study of Isolation and
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Chronic Isolation, grounded in the theory of Social Homeostasis, which we refer to
as the SH model. This framework can be interpreted as an adaptive process driven
by the realization of random variables.

The analysis of the model allowed us to distinguish the nature of these two phe-
nomena. Isolation emerges as a dynamical condition that arises only above a certain
threshold of optimal sociality, when the agent’s adaptive process fails to restore a
state of homeostasis. In contrast, Chronic Isolation is identi}ed as a structural
de}ciency of contacts that drives the optimal level of sociality below the threshold
required for Isolation to occur.

The model was then mapped, in a speci}c case, onto a Markov chain. This
allows one to leverage the well-established theory of such mathematical objects in
order to gain deeper insight into the adaptive dynamics associated with a random
variable representing contacts weighted by their bene}t.

By combining the results of Chapters 3 and 4, in Chapter 5 we simulated a spe-
ci}c instance of the SH model on the rSAD network, with the aim of understanding
how group interactions azect the dynamics of Isolation and Chronic Isolation.

The simulation results highlighted several key aspects. First, we observed a
convergence of the average set point, which was linked to a microscopic mechanism
whereby it is not possible to simultaneously satisfy the social expectations of all
agents in the system.

Second, the system exhibits a phase transition as the group interaction param-
eter ԡ varies, distinguishing a No Isolation phase from an Isolation phase, closely
intertwined with Chronic Isolation. Further simulations, interpreted in light of the
results from the rSAD and SH models, revealed-under heterogeneous thresholds-
a structural fragility azecting nodes with intermediate activity. These nodes are
unable to compensate for the reduced bene}ts of group interactions-which dispro-
portionately favor less active nodes-through their intrinsic activity. This highlights
the role of group interactions in shaping Isolation and the heterogeneous ezects that
emerge when node activity is taken into account.

We concluded with a heuristic discussion on the relationship between Chronic
Isolation and the threshold 𝑇 in the case where it is homogeneous across agents.
In this setting as well, group interactions play a crucial role in determining the ob-
served regimes.

Finally, the last chapter discusses several future research directions building on
the results obtained in this work.
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