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1 Introduction
Factor investing is a financial framework that aims to build a portfolio formation strat-
egy based on numerical anomalies that describe assets and the market [15]. Over the
years, numerous studies have developed frameworks to combine multiple anomalies, some
involving machine learning and deep learning.

But modern portfolio theory assumes that investors are risk-averse, meaning that they
also account for minimizing the risk of financial loss and not just maximizing returns [17].
For such investors, a deep learning model, despite being powerful, is a black box for which
one can’t easily tell why, from a given input, a specific output is obtained; and therefore
not suited for a scenario where financial risk is involved.

Because of the risks in financial investing, there is an interest in exploring explainable
machine learning approaches where the logic behind the decisions of a model is clear
and where a human expert can directly understand the relationships between input and
output.

In this work, we apply symbolic regression, an evolutionary algorithm, to factor in-
vesting to produce a ranking score for market assets based on a universe of anomalies.
Symbolic Regression is a genetic programming technique, meaning it evolves a population
of mathematical equations that we use to compute a ranking score that can be directly un-
derstood. The ranking function obtained is explainable by design and is easier to evaluate
its benefits and risks.

We also implemented a Bayesian Optimization process to optimize the numerical vari-
ables of the equations obtained with Symbolic Regression to achieve better returns and
stability.

We applied stationary bootstrap to the fitness function of the algorithm to control the
overfitting of individuals. In addition, we used a Superior Predictive Ability Test (SPA
test) to organize the final population of the evolutionary process.

In sections 2 and 3, we give an overview of Symbolic Regression and Portfolio Theory..
Section 4 presents the model we proposed, its challenges and the solutions we applied to
produce a formation strategy with Symbolic Regression. In section 5, we delve into more
details about the Gaussian Process applied to a multi-objective optimization problem
(MOO problem) given by multiple fitness functions. We then proceed, in sections 6 and
7, to report the details of the implementation of the model and the data for training and
testing. Finally, in Section 8, we report the results achieved.

This thesis showed how the combination of Symbolic Regression and Bayesian Op-
timization allows to generalize over market anomalies to produce multiple explainable
functions. Results also suggest that it’s possible to reduce the complexity of the equation
while preserving the quality of the solutions, leaving space to further research.
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2 Symbolic Regression

2.1 Overview
Many modern machine learning architectures, such as neural networks, have high gen-
eralization capabilities and can learn to extract new features and approximate complex
non-linear functions. Although being powerful tools for many tasks, modern architectures,
especially in recent years, have become exponentially more complex, involving millions
or billions of parameters [8] [1]. As a consequence, explaining why a model produces a
specific output (explainability), rather than how it was computed (interpretability), has
become a difficult task [8].

Many attempts were made to gain insight into how a model produces an output
value: for example, by interpreting the kernel weights of a convolutional neural network
or by equipping a deep learning model with explainability modules to obtain a simple
generalization of its sections. But for many scenarios where a certain degree of risk is
involved, black-box models, whose results can only partially be explained, may not meet
the safety and/or security requirements [8].

For this reason, there is an interest in exploring architectures that have explainability
as an explicit design point, such as Symbolic Regression. Symbolic regression (SR) is a set
of machine learning techniques that belongs to genetic programming, meaning it evolves
a population of programs. More specifically, SR models mathematical expressions with
the goal of learning the underlying relationships or laws from a dataset of observations.
An SR problem is usually defined as a standard risk minimization in which the goal is to
minimize a loss function over a dataset [8].

The advantage of using an expression to predict a numerical value or a class label is
that one can directly understand how each feature of a sample contributes in which way
to produce a specific output [8]. The relationship between input and output is perfectly
explainable. For example, if we consider a formula such as 2x1/x2, we can see how the
result is directly correlated to the value of the feature, x1, while it is inversely correlated
to the value of the feature x2.

An SR problem requires defining a library of tokens that can be used to “assemble”
an expression. They can be basic operands (+, -, exp(), . . . ) or more complex constructs
added to the library as a form of prior knowledge injection [8] [12]. The size of the library
exponentially increases the costs of training: the more symbols are included, the larger
the search space in which to find an optimal solution for the problem.

2.2 Tree-Based Symbolic Regression
There are different ways to implement a Symbolic Regression algorithm, and many details
depend on how one represents the members of the population. Some algorithms use the
entries of the library as variables of a regression problem in which a linear combination
of each token is optimized. Another possible approach is to build a feed-forward neural
network in which each neuron implements an item from the library instead of a linear
transformation. The population is composed of many different networks and evolves
through a genetic algorithm with a fitness function that accounts for both a loss score
over the dataset and a complexity term to maintain simple individuals [8].

For this project we chose for tree-based symbolic regression: an expression is modeled
as a binary tree where the leaf nodes are the attributes of the dataset and the internal

5



nodes the operands of the library [8].

Figure 1: A simple expression represented as a tree and the corresponding plot [8].

To compute an expression, one can recursively combine the value of two child nodes
using the operand in the parent node, starting from the leaves up to the root of the tree,
obtaining the output of the equation. This result is used as a fitness to evaluate each
equation and evolve a population of solutions over multiple generations [8].

The fitness score, which measures the reproductive success of an individual, is a con-
cept taken from biology that we use to evaluate the effectiveness of a candidate solution
in the population to solve a problem. It allows us to select the most promising elements
and to combine them to improve the "goodness" of the population until we obtain a set
of solutions which satisfy us enough for the task we aim to optimize.

A genetic algorithm imitates the natural selection process in which individuals who
adapt better to a specific environment have more chances to reproduce and pass on their
genes to their offspring. Over the course of multiple generations, the population has
adapted to the environment and survives better to its challenges. In this scenario, the
environment is given by the Loss function of the problem.

The genetic algorithm starts with an initial population of individuals, which can be
randomly generated or hand-crafted to inject a form of domain knowledge or bias into
the problem [12]. The algorithm then proceeds iteratively to evaluate the members of the
population and compute a fitness score for each of them. The best performing elements
are then selected while the others are discarded. Then, new individuals are generated by
combining and/or mutating the survivors of the current iteration to replace the discarded
expressions. The new population is then passed on to the next iteration to repeat the
process. The algorithm iterates until it converges to one or multiple solutions, which
describe the dataset well enough, or until a timeout is reached [1].

The tree structure of the individual allows to implement mutation and crossover (com-
bining different individuals) directly over the tree representation. For instance, a mutation
can add, remove, or change the content of a node, while two expressions can be combined
by selecting a sub-tree from each parent and then switching them.

When computing the fitness score, individuals are usually divided into tournaments.
By choosing the tournament size, one selects the number of participants competing against
each other and influences the convergence speed of the genetic algorithm.

For the same population, a smaller tournament size means a higher number of “com-
petitions”. Therefore, having fewer individuals competing against each other, suboptimal
candidates with a lower fitness score have a higher chance of passing to the next iteration.

On the other hand, a larger tournament size implies greater competition. As a con-
sequence, only the candidates with the highest fitness score among all of the population
will survive the current iteration, and the optimization process will converge faster [8].
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Figure 2: Genetic programming based symbolic regression flowchart[1].

2.3 Overfitting and Complexity
Symbolic Regression, like the majority machine learning algorithms, is prone to overfitting
that it presents in the form of overly complex equations. If the genetic algorithm only
accounts for a reconstruction error while computing the fitness of the individuals, their
tree structure is left free to grow in depth without control. This led to solutions that
perform well on the dataset but poorly with new samples, having lost generalization
capability.

In general, a solution of too low complexity might indicate poor performance, while a
solution of too high complexity could be prone to overfitting [1].

To mitigate the problem, one can include a complexity penalty in the fitness score.
This forces the algorithm to find a balance between the reconstruction error and the
generalization capability of the solution [1].

When handling tree-based symbolic regression, one can consider a measure correlated
with the number of terms present in the tree. Previous works defined this expression as
parsimony: the inverse of the number of terms in the tree-expression [12]. In this project,
we used a probabilistic approach explained in section 6.

A good practice is to combine a complexity penalty with other regularization tech-
niques, such as early stopping, or by setting hyperparameters of the optimization process
to privilege the exploration of the solution space over convergence. A lower tournament
size slows the convergence process and allows for the evaluation of many more different
solutions.
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3 Portfolio Theory

3.1 Portfolio Optimization
Modern portfolio theory is a mathematical framework for assembling a portfolio from a
universe of assets to maximize the expected return for a given level of risk. The key idea
of this framework is that owning a diversified set of assets reduces financial risk rather
than holding only one asset type [17].

Maximizing the returns and lowering the variability of a portfolio are two objectives
which can be strictly related. If one wants to raise the returns of a portfolio, it also
has to accept an increase in its variability. On the other hand, modern theory assumes
that investors are risk-averse: given two portfolios with the same returns but different
variability, the one with a lower variance will be more attractive [17]. As a consequence,
a wide range of research and real-world applications attempt to build a strategy which
uses a set of rules that balance financial risk and rewards.

Portfolio optimization is a field that has been addressed over the years by count-
less studies, from different perspectives, accounting for different factors, and focusing on
different tradeoffs and objectives.

3.2 Factor Investing and Relevance
Factor investing is an investment approach that exploits measurable characteristics of the
market or assets to explain differences in risk and returns [15]. Since the development of
the Capital Asset Pricing Model (CAPM ), one of the earliest single-factor models, many
different factors have been proposed and used to build portfolio formation strategies.

Over the years, many recent studies, given an ever-expanding universe of factors and
market anomalies, have tried to combine multiple single-factor approaches to create a
strategy that combines the strengths and mitigates the weaknesses of their individual
components [14][9].

It was shown how, using a Multi-Criteria Decision Model (MCDM) to combine dif-
ferent single-criterion models, one can obtain better performance than the single-factor
approaches. Many experiments have also shown how different priorities in portfolio op-
timization (higher returns instead of more stable performances and vice versa) lead to
different compositions of single-factor criteria obtained from the MCDM [9].

Among the wide range of combination methods available, the study of reference
adopted only four of the simplest and most popular [9]. They also choose not to ap-
ply any significant refinement process to the results for two reasons. First, because such
processes tend to cause a loss of generality by being designed for specific scenarios, ob-
taining worse performances in other cases. Second, because they tend to add too much
complexity to the resulting model, making it difficult to explain the obtained result (loss
in explainability), which many investors prefer to avoid [9]. In other words, a simpler and
more explainable model is usually preferred when dealing with financial risks compared
to a more complex one, even if it can lead to better performance.

Another problem MCDM can face is that the universe of market factors changes
constantly. Over the years, multiple studies have discovered new factors and market
anomalies and have proposed many portfolio formation strategies that account for them.
It was also shown that such anomalies often aren’t continuously relevant: a small subset
of anomalies may be enough to summarize the whole population at a given moment, and

8



the composition of such a subset changes over time [9].
As a consequence, the best-performing combination of single-criterion models becomes

“obsolete” when enough changes in the market diminish the relevance of the factors on
which they are based.

From this perspective, we can extract an additional goal for this project: the construc-
tion of a model that can achieve explainable solutions to an optimization problem and
reflect the relevance changes in the universe of factors and anomalies.
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4 Symbolic Regression applied to Portfolio Theory

4.1 Symbolic Regression and Portfolio Optimization
The main goal of this project is to apply a Symbolic Regression Model to a selection of
market anomalies to produce a “super-factor”" that can be used to rank anomalies to
compose a portfolio optimization strategy.

This model could be used to produce a clear and explainable attribute [8][1] for each
asset considered for the portfolio-formation task over a given time period. A mathemati-
cal expression produced by an SR model can be directly interpreted to understand which
factors are selected by the fitting process and considered relevant for the objective mod-
eled by an appropriate fitness function [8][1]. A human expert can evaluate the results,
understand how anomalies are aggregated, the corresponding tradeoffs, and decide on
many possible solutions which better suit its vision of the market.

Since the relevance of anomalies changes over time [14], a solution produced by an SR
model would eventually become obsolete as the market changes. On a real world applica-
tion, the proposed model would repeat the optimization process over time, updating the
dataset as new data are obtained from observations and new factors get discovered.

4.2 Overfitting and Stationary Bootstrap
As anticipated, Symbolic Regression, like the majority of machine learning (ML) models,
is prone to overfitting. In the context of time series and forecasting problems, such as
portfolio optimization, overfitting corresponds to learning to perfectly exploit the fluctu-
ations and outliers of the training set to boost returns[2]. As a consequence, the model
loses generalization capability and performs poorly on out-of-sample data.

Overfitting isn’t just a problem which can occur with excessive or unregulated training
of an ML model. Architectural choices, data selection, goal definition, training strategy,
and overall evaluation, if done only to obtain higher numbers (Data Snooping Bias and
Winner’s Curse), lead to results which perform poorly in real-world scenarios despite
excellent performance during development [2].

A method to mitigate these problems, among many possible strategies, is bootstrap-
ping. Bootstrap is a practice used in portfolio optimization models to better reconstruct
the distribution behind the dataset and to compare and evaluate alternative models [7].
The standard stationary bootstrap divides the global period of observations into multiple
blocks of observations. The model is then applied to the block list to estimate one or
more features of the data distribution [11][7].

The current project applies stationary bootstrap, already implemented by an eastern
library, proposed by Politis and Romano [11].

The list of time blocks used in the stationary bootstrap is obtained as follows: given
a list of ordered observations

Bi,b = {xi, ...xi+b−1}

One wants to generate N different time blocks. The beginning of a block is obtained
by sampling a list of ids L = {L1, . . . , LN} following the geometric distribution, such
that Li = m with probability (1 − p)m−1 for m = 1, 2, . . . Independent of L, a list of
ids I = {I1, . . . , IN} is obtained by sampling from a uniform discrete distribution on
{1, . . . , N}.
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The list of time blocks {BI1,L1 , ..., BIN ,LN
} is obtained so that

BIk,Lk
= {xIk

, xIk+1, ...xIk+Lk−1}

The block generation process is stopped when N blocks are achieved. Some control
mechanism can be applied to avoid time blocks being too small or of excessive length.

In addition to stationary bootstrap, we proposed an alternative solution to reduce
overfitting. The dataset is divided into a set of observation blocks of equal length, with
eventually one block of a smaller size if the total number of observations isn’t perfectly
divisible by the block length. The split is performed before the beginning of the training
process, and the fitness function is computed every time over a different block from the
list. This alternative approach was designed prioritizing simplicity to decrease the com-
putational costs of generating block lists, and provides a comparison for the performance
obtained with stationary bootstrap.

As an additional note, to reduce overfitting of a genetic algorithm, a trivial addition
is to lower the effort in exploring the solution space by reducing the population size and
the maximum number of generations for the fitting process.

4.3 Long-Short Portfolio with Equal Weights
To construct anomaly-sorted portfolios, we rebalance on predetermined reallocation dates
and sort stocks into deciles based on the cross-sectional distribution of each characteristic.1
The first (tenth) decile contains stocks with the lowest (highest) characteristic values.
We then form a long-short (high-low) portfolio by going long the decile with the best
characteristic values (expected to earn higher returns) and short the decile with the worst
values (expected to earn lower returns). For fair comparison between aggregated-signal
portfolios, we exclude stocks with missing anomaly values at each reallocation date so
that all strategies are evaluated on a consistent set of tradable stocks.

4.4 Computational Costs
Tree-based Symbolic Regression suffers from an exponential increase in resource consump-
tion depending on the library size and the complexity of the population elements. At each
iteration, to explore the search space, new individuals have to be generated and evaluated
to compute their fitness score [1].

By combining this knowledge with portfolio theory [17], to compute the fitness score
of an individual, it is necessary to:

1. Apply the mathematical expression to the dataset to produce the new super-factor
for each asset.

2. Convert the super factor to a ranking score (via normalization or a more complex
transformation).

3. Compute a set of weights derived from the super score for a portfolio formation
strategy.

1Following standard practice, we define the kth portfolio at time t as Pk,t = {i | Bk−1,t ≤ Fi,t ≤ Bk,t},
where Fi,t is the sorting variable and Bk,t are the decile breakpoints. To prevent empty portfolios when
breakpoints coincide, we avoid strict inequalities; consequently, some stocks may appear in multiple
portfolios, which does not affect the analysis.
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4. Compute the returns (or an alternative metric) of the strategy.

5. Compute a fitness score derived from the average returns (or an alternative metric)
of the portfolio.

The process has to be repeated for every element of the population at each iteration of a
genetic algorithm. Summing this with additional operations, such as numerical constant
optimizations and multi-objective optimization of multiple fitness scores leads to a rapid
explosion in computational resources consumption.

Computing an optimized set of weights for a given portfolio composition is a problem
studied through different frameworks and strategies, which can lead to complex solu-
tions whose costs in this scenario would be exponentially amplified. To control the costs
of computing the fitness scores, it was chosen to implement an equal-weight long-short
portfolio.

The approach, while not optimal compared to more refined methods, allows for a
diversified, fully invested portfolio that provides a simple scenario to understand and less
expensive to compute [16].

These implementation choices leave space for future improvement of the proposed
model by adding different investment strategies, comparing the tradeoff, and eventually
re-inventing the best approaches.

4.5 Individual Evaluation
The project follows the structure of an Evolutionary Algorithm: a starting population
is initialized as the input of the evolutionary process, as shown in Figure 3. At each
iteration, individuals with the best fitness are selected, combined, and/or mutated to
generate new solutions.

Figure 3: Scheme of our evolutionary algorithm which involves an additional ranking step.

Each new element is also evaluated, and the best individuals are chosen to form the
population for the next iteration, while the worst are discarded. The process repeats until
the population converges to a satisfying solution or enough time has passed.

Figure 4: Flowchart of the evaluation of a new individuals
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To evaluate a new individual, the algorithm performs the following steps:

1. Formation of a portfolio strategy.

2. Returns computation.

3. Calculation of fitness functions.

4. Optimization of numerical constants.

5. Overfitting control.

4.5.1 Formation of a Portfolio Strategy

To gather the portfolio strategy, the algorithm applies the mathematical equation com-
puted by Symbolic Regression to the entire dataset, combining the anomalies to produce
a score. Then, for each date, with a monthly frequency, the assets are sorted; the top
decile and the worst decile are selected, with a long and a short position, respectively.

4.5.2 Returns Computation

To obtain the returns associated with a strategy, the program has to compute the weights
for the selected assets. For the long position, the assets acquired, 1 is divided by the total
number of assets falling in the first decile. For the short position, the assets sold, the
method is the same, but the weights are multiplied by -1, reflecting the operation. The
remaining assets, not selected for the strategy, have a weight of 0.

Then, for each time step in the dataset, the risk-free returns of each asset are multiplied
by its corresponding weight at that date.

4.5.3 Calculation of Fitness Functions

From the returns, we derived the two fitness functions: the average returns and the Sharpe
ratio. The average returns are given, trivially, by the average of the returns over a given
period of time.

The Sharpe ratio is given by the annualized (multiplied by the square root of 12) mean
of the risk-free returns divided by its standard deviation.

Sp = mean(RiskFreeReturns)
σ(RiskFreeReturns) ∗

√
12

4.5.4 Optimization of Numerical Constants

The optimization of the variables in the equations generated by the symbolic regression
is performed by approximating the optimal solution of a multi-objective optimization
problem given by the fitness functions. The algorithm exploits the hypervolumes method
to approximate the optimal Pareto frontier.

To evaluate a point in the solution space, it is necessary to reassemble the portfolio
and compute the associated returns. To deal with the costs and non-derivability of the
process, we applied a Gaussian process to reduce the number of evaluations required
to solve the problems. The hypervolumes method and the Gaussian process are later
described in section 5.
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4.5.5 Overfitting Control

After optimizing the numerical constants in the equations, to control the overfitting, the
final scores are obtained by applying the fitness function with one of the two methods to
control the overfitting.

For the random-subperiods version of the problem, one interval is randomly selected,
and the fitness functions are computed by accounting only for the dates falling in it.

For the stationary bootstrap method, proposed in [11], the fitness functions are applied
to each block, and the scores are aggregated. We applied the mean for simplicity, but
more sophisticated approaches are possible. Regardless of the method, the final score for
each fitness function is returned and saved for the individual.

4.6 Final population model selection
The output of the algorithm is a population of mathematical equations, ideally all with a
high fitness score, from which we can extract different portfolio formation strategies. As
they are presented, the only way to compare them is through their fitness scores, which
can be used to rank the final population.

If multiple fitness functions are used, we can select just one of those or produce a
combined score by following some sort of criterion (For example, weighting more the
variability over pure returns). But in general, it is desirable to apply a more refined
method to evaluate a portfolio strategy.

As shown in Figure 3, to help evaluate these elements, a tournament was implemented
where each solution competes against all the others. The process creates a ranking score
that divides the population into sorted class, helping to organize them depending on their
performance over the test set.

The tournament is based on a Test of Superior Predictive Ability. The SPA test is a
test to evaluate the forecasting performance of multiple models. For a given benchmark,
the method proposes the null hypothesis that none of the input models is better than
the benchmark. If the null hypothesis is discarded for one or more models, we have
recognized their forecasting ability. The SPA was designed to evaluate reconstruction
errors; therefore, it promotes lower values of a loss function [6].

The procedure was studied to mitigate data snooping bias and be less sensitive to
outliers and irrelevant alternatives. The method exploits bootstrap to compare models
over multiple time boxes, avoiding premature overfitting [6].

The SPA test was adapted to the current project to produce a ranking for the indi-
viduals of the final population. For each equation, the average returns (or the Sharpe
Ratios) are computed over the test set, and the corresponding time series substitutes the
loss function in the method, forming a portfolio strategy.

The SPA test is applied iteratively, comparing one portfolio strategy as the benchmark
with all the others. At each iteration, one strategy is evaluated against the others, and
those that don’t negate the null hypothesis are discarded and inserted into a list to create
a rank. The procedure will be covered in more detail in the implementation section.

As a final note, since the SPA test was designed with loss functions in mind [6], it
is necessary to multiply the metrics that one wants to maximize by −1, such as average
returns or Sharpe Ratio.

For the sake of reproducibility and simplicity, the SPA tournament is performed in
a second moment after the evolutionary algorithm is completed, reconstructing the per-
formance directly from the final populations and with a fixed seed. The process, being
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much less demanding of Symbolic Regression in terms of computational resources, can be
executed in a different environment.

15



5 Gaussian Process

5.1 Symbolic Regression and Learning to Rank
A ranking problem is defined over a vector space for the items (objects to rank) and a
vector space for the queries, and the goal is to find a rank function which produces a score
for each query-item couple. In this scenario, the items are the financial assets at a given
time, while the query is given by the fitness functions whose models the performance of a
portfolio strategy. Each ranking score computed by the Symbolic Regression has to sort
the assets in a way that results optimal for the long-short equal weights strategy.

A Learning to Rank approach solves the problem using machine learning to predict the
score using both anomaly values and, possibly, one or more numerical constants [10]. The
proposed project exploits Symbolic Regression to rank a set of financial assets (items),
where the query is defined by fitness functions which report the “goodness” of the selected
items in terms of average returns and the Sharpe Ratio.

The Symbolic Regression algorithm produces a ranking score by synthesizing mathe-
matical expressions from data. The ranking obtained for the assets is used to compute a
solution for a multi-objective optimization (MOO) problem where each objective function
corresponds to a fitness score for each individual.

Financial anomalies, entries for the dataset, are fixed at each date and can’t change;
but each expression may also contain one or more numerical constants (-1.9, 0.0287, 0.14,
etc. . . ). The initial value of such constants is sampled from a given distribution chosen
as a hyperparameter of the process.

Despite the misleading name, a numerical constant can undergo an optimization pro-
cess to compute a better solution for the MOO problem. But there is a catch: optimizing
the objective functions requires sampling multiple times as the parameters of the problem
are updated, and in this scenario, fitness scores are expensive to compute.

For each new individual in the population, one must apply the corresponding mathe-
matical expression to the dataset, perform the ranking, select the assets for the portfolio
strategy, compute the corresponding weights set, and finally compute the fitness functions.
The process has to be repeated at each step of the optimization process.

Furthermore, in finance, most anomaly values are released on a monthly or annual
basis; therefore, one does not have many data points to support a precise optimization
for an MOO problem.

It is necessary to find a strategy to efficiently perform the MOO process, which can
deal with the scarcity of data points.

5.2 Bayesian Optimization
Bayesian optimization is a powerful strategy which helps optimize expensive functions by
reducing the number of samples required by the process. Given a sample from a dataset
and the corresponding objective function f that returns an outcome, we can sequentially
collect information composed by a sample and its function to construct a set D, which
can be used to define the posterior probability P (f |D) [4].

Given our prior beliefs about the problem, we can rewrite it as the product between
the likelihood P (D|f) and the prior probability p(f) [4]:

P (f |D) = P (D|f) ∗ P (f) (1)
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or
posterior = likelihood ∗ prior (2)

Bayesian optimization involves modeling a real function, expensive to compute, with a
surrogate function which can be evaluated much more efficiently. The surrogate function
will approximate the likelihood and indirectly the nature of the problem we will opti-
mize. An acquisition function is used to guide the sampling process to select a candidate
point and optimize the surrogate function. An iterative process, involving sampling and
optimizing, is repeated until the maximum of the surrogate function is found (or a close
enough solution) [4].

Such a problem is much more efficient to solve because it reduces the number of
evaluations of the expensive real function while reaching the real solution.

If the surrogate function is treated as a joint probability distribution over the vari-
ables, assuming a multivariate Gaussian distribution, the method is called a Gaussian
Process and allows the exploitation of the probability information from the model for the
acquisition function [4].

The method allows to select the number of real points to sample during the opti-
mization, allowing to set a tradeoff between costs and accuracy of the solution found
[4].

5.3 Gaussian Process and Multi-Objective Optimization
In multi-objective optimization (MOO), the Pareto Front is a set of all the Pareto Efficient
solutions, which means that all the solutions in that set are equally good overall, or more
formally, they aren’t worse than any other solution in the set [18].

Since in this project the Gaussian Process is used for an MOO problem, the optimiza-
tion process can produce multiple alternative solutions. It is necessary to apply a method
that evaluates and ranks solutions to select the best individual from a Pareto Frontier.

The Hypervolume Method is a strategy that, for each approximation set in the ob-
jective space, introduces a reference point to compute a hypervolume for each solution.
Qualitatively, the wider the region covered by the hypervolume, the closer the approx-
imation of the real Pareto Front and therefore a real optimal solution [3]. The largest
volume is the one selected. The method was chosen for its simplicity and low costs.

Summing up: the final algorithm for a given individual in the population will com-
pute a ranking score that can be optimized for the MOO problem defined by two fitness
functions (average returns and Sharpe ratio) through a Gaussian Process, which accounts
for the proposed approximation of the real Pareto Front of the problem. It was chosen to
perform the Gaussian Process with 50 points, a compromise value to further reduce the
costs of the optimization process.
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6 Implementation

6.1 Starting Library
The starting point for the current project was a Python library developed for Tree-based
Symbolic Regression for multiple Machine Learning scenarios (Classification, Regression,
Distribution approximation, etc.). The project was developed with a modular structure,
where each component of the algorithm is managed as an object and can be extended by
implementing new classes. The fitting process automatically performs the training and
validation process, managing early stopping and convergence checks.

A logging system allows for setting the verbosity level of the program and saves the
final results as multiple files as a text file and a CSV reporting the final population
members and a screenshot of the instantiated problem.

The project was already extended to manage multi-objective optimization and Bayesian
optimization to implement a Gaussian Process described in the previous section for pre-
vious studies.

6.2 Fitness Functions
The library manages a fitness function as a class, which defines how to apply mathematical
expressions for a member of the population and over which data. The main method
also manages the optimization process, and it’s designed to elaborate only once for new
individuals to save resources.

For the current project, two different fitness functions were proposed: one computing
the average returns with a monthly reallocation rate, and the second the Sharpe ratio of
the same strategy.

Each fitness function has two different implementations: the first version provides
a lightweight method to reduce overfitting, inspired by bootstrapping, but simpler and
faster to compute. The training set is divided into equal length time blocks, where the
individual duration is a hyperparameter. When the fitness function is applied, a random
block is sampled from the list, returning the score over that subperiod.

The second version has the same objective, but through a more refined (and expensive)
bootstrap process implemented by the library Auto Regressive Conditional Heteroskedas-
ticity (ARCH), an open-source toolbox containing many algorithms and statistical anal-
yses for time series, all tested and well documented [13]. The ARCH library was included
in the project dependencies.

As an additional note, the original library was designed thinking of the fitness score
mainly as a reconstruction error to minimize, while average returns and Sharpe ratio are
values one wants to maximize. The problem is solved trivially by multiplying the output
of the fitness functions by -1 during the evaluation process.

The optimization process is parallel by design: at each iteration, new individuals can
be evaluated in parallel. To avoid conflict in data access, each individual allocates a
copy of the segment of the dataset needed to compute the fitness functions, which is then
destroyed after the procedure is complete. The original library is designed to compute the
scores and optimize numerical constants only for new individuals, avoiding the process
when it isn’t necessary.
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6.3 Final Population Ranking
To evaluate the final population, the SPA test, implemented by the ARCH library [13],
was adapted to rank the strategy associated with each individual. As explained in the
evaluation section, the SPA test proposes the null hypothesis that a model isn’t better
than a benchmark. If the hypothesis is negated, then the proposed model is a better
approximation of the ground benchmark.

In the current project, the SPA test is used to iteratively compare each solution to
create a ranking. Individuals are placed in an array where the elements in a given position
aren’t better than the ones in the next entry.

Formally:

Algorithm 1 SPA Ranking
S ← {s1, s2, ..., sn}
L← []
while S ̸= {} do

s← S[0] ▷ Select one solution as benchmark
candidates← S[0 :] ▷ Select all solutions except s
bettermodels← SPAtest(s, c) ▷ Returns a set
if bettermodels ̸= {} then

push(L,candidates− bettermodels) ▷ s is included because not strictly better
of itself

S ← bettermodels
end if
if bettermodels = {} then

push(L, S − s)
push(L, s)
S ← {}

end if
end while

At the end of the execution, L will have the better strategies, according to the SPA
test, in the first positions; and the worst strategies will fall in the last elements of the
list. The algorithm terminates because at each iteration at least one element is removed
from S (either the models not better than the benchmark, or just the benchmark itself),
and eventually the set will be empty. The actual implementation of the algorithm slightly
diverges from this structure to meet the type requirements of the SPA test, which takes
only vector and matrices as input and return indices.

6.4 Execution Environment
Symbolic Regression has a high demand for computational resources that is increased
by the Gaussian process to optimize the fitness. To sustain the costs, the execution of
the project was divided into two parts: the fitting process was split into two scripts, one
for each fitness type (random-subperiods and bootstrap), and launched on a cluster of
machines sharing a large amount of resources.

The nature of SR allows for high-level parallelism during the exploration of the solution
spaces by evaluating new individuals at the same time. To avoid data access conflicts when
computing the fitness scores, each individual copies the portion of the dataset needed for
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itself and destroys it at the end of the operation. This choice raises the memory consumed
by the algorithm, but avoids problems of consistency and dependency.

The output of such a process, composed of the final population and the associated
fitness score, is transferred to evaluate the results through the SPA test, which is a much
less expensive task feasible for a single computer. The logging mechanism of the library
was extended to include a string version of the mathematical expression to simplify the
reconstruction of the population.

6.5 Execution Hyperparameters
The SR problem was instantiated with a restricted library consisting of:

• Addition

• Subtraction

• Product

• Division

• Minimum operator

• Maximum operator

The limited set was chosen to simplify the solution space, reduce the complexity of the
final solution and computational costs. Even when disposing of a limited set of items,
previous studies proven that SR can converge to an approximation of a complex function,
such as the Taylor expansions of sine and cosine [12].

The population was initialized with 100 individuals, with a tournament size of 3, which
defines low competition, allowing for the survival of a wide range of alternative solutions.

Numerical constants are initially sampled from an interval of [0.1] following a uniform
distribution. The optimization of constants applies a Gaussian Process, which samples
50 different points to approximate the real function: a compromise value which sacrifices
accuracy for a lighter process.

For each type of fitness function, random-subperiods, and bootstrap, the Sharpe ratio
is computed with an annual risk-free rate of 0.002, a common value for experimental
scenarios. For random-subperiod functions, the training set was divided into intervals of
3 months each.

The genetic operations used by the process are crossover (between two trees), mutation
(of the tree structure), insertion of a new node, deletion of a node, and mutation of a leaf
(input feature or constant), and mutation of an operator (internal node). Each operator
can occur with the same probability, but the library allows to assign different weights to
bias the selection.

In this project, the complexity of an individual is controlled using a probabilistic
approach. The parsimony is defined as the ratio in which a new token for a node is
chosen to be a terminal node instead of a token from the library. This ratio decays as the
tree depth increases by a rate equal to another parameter called parsimony-decay. The
model instantiates parsimony, with a value of 0.8, and parsimony-decay, with a value of
0.85, as hyperparameters. The expected depth of a tree is given by

ExpectedTreeDepth = Parsimony

1− ParsimonyDecay
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Each probability of the input dataset can be selected with the same probability as the
others. Eventually, the library allows for biasing the choice with a set of weights for each
feature.

7 Data and anomaly set
Market anomalies capture information of different nature, some with large values, others
with numbers close to 0. To better aggregate each anomaly, and avoid SR to balance
numbers on different magnitudes, all values were normalized to have a mean 0 and a
unitary standard deviation.

Following [5], we combine monthly market data with annual accounting information. 2

Our sample spans January 2000 to December 2023 and includes U.S. common stocks listed
on major exchanges (NYSE, AMEX, and NASDAQ). We use the French data library as
a benchmark for the excess market return and the risk-free rate.

To ensure data quality, we exclude stocks with fewer than 24 observations and those
with more than 90% missing observations. Monthly returns from CRSP (RET ) are ad-
justed for delisting returns. We use the French data library3 as a benchmark for the excess
market return and the risk-free rate.

Our anomaly set consists of stock characteristics capturing documented cross-sectional
return patterns. We include: accruals (acc), market capitalization (size), momentum
(mom), book-to-market ratio (bm), gross profitability (gp), asset growth (ag), and net
stock issues (ns). In addition, we incorporate four characteristics commonly associated
with trading frictions and risk exposures: market beta (β), dollar trading volume (dvol),
illiquidity (ill), and return volatility (vol). Each characteristic is computed at the stock
level using the definitions in [5].

The dataset has been reduced to the subperiod from January 2014 to December 2020,
to simplify the training and force the model to exploit only relatively recent information.
The training set runs from 2014 to 2018, while the test set runs from 2019 to 2020.

2https://www.crsp.org/
3http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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8 Results
The output of the process is, for each type of fitness function, a collection of the monthly
returns and Sharpe ratios for 100 different portfolio formation strategies derived from as
many mathematical expressions. The solutions achieve a wide spectrum of results; this
isn’t a surprise because large population size and low tournament size created a low com-
petitive environment where many different solutions survived. The final populations are
composed equally from strategies that produce negative, stable, and positive cumulative
returns. The complete list of individuals (A) and the summary of the results (B) are
reported in the corresponding appendices.

8.1 Returns
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Figure 5: Random-Subperiods population cumulative returns over training period (left)
and test period (right).

An immediate observation is that, between the two types of fitness function, station-
ary bootstrap controls better overfitting. Random-subperiod fitness functions achieve
higher cumulative returns over the training set, but performance is worse on the test set.
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Figure 6: Bootstrap population cumulative returns over training period (left) and test
period (right).

Furthermore, random-subperiod also evolved individuals that reach the worst negative
performance among the two populations. Bootstrap fitness functions yield a population
with a higher cumulative returns on average, and with lower variance, indicating that the
method prevents divergence of the strategies to negative results.

The average cumulative returns over the training set of the bootstrap methods is 0.54
with a standard deviation of 0.64, with a minimum value of -1.01.

Table 1: Mean, standard deviation, quartiles, minimum
and maximum of the bootstrap population

Bootsrap population summary
TrAvg TrC TrSP TesAvg TesC TesSP

count 100.0 100.0 100.0 100.0 100.0 100.0
mean 0.02728 1.63708 2.42281 0.02268 0.54429 1.34193
std 0.02139 1.28342 1.90756 0.02671 0.64101 1.52528
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min -
0.01529

-
0.91728

-
1.63893

-
0.04243

-
1.01828

-
2.01518

25% 0.00341 0.20473 0.41307 0.00076 0.01832 0.07
50% 0.03214 1.92845 3.15461 0.02558 0.61383 1.76758
75% 0.04901 2.94042 4.09275 0.04445 1.06682 2.48808
max 0.05924 3.55452 5.13641 0.11701 2.80815 4.61998

The average cumulative returns over the training set of the random-subperiods method
is 0.56 with a standard deviation of 0.97, with a minimum value of -2.34

Table 2: Mean, standard deviation, quartiles, minimum
and maximum of the random-subperiods population

Random-Subperiods population summary
TrAvg TrC TrSP TesAvg TesC TesSP

count 100.0 100.0 100.0 100.0 100.0 100.0
mean 0.01928 1.15685 1.44652 0.02358 0.56587 0.94303
std 0.02998 1.79877 2.69213 0.04051 0.97213 1.86213
min -

0.06026
-
3.61589

-
6.82435

-
0.09773

-2.3456 -
5.74707

25% -0.0016 -
0.09619

-
0.18515

0.00035 0.00836 0.01803

50% 0.02151 1.29054 1.90929 0.02226 0.53425 1.40457
75% 0.04743 2.84588 3.68325 0.04395 1.05487 2.12206
max 0.07139 4.28355 7.50422 0.13843 3.32227 5.80808

. In a real-world scenario, where only training data are available, the bootstrap method
is preferred because it produces individuals with more reliable results and therefore a
better population from which to select a portfolio formation strategy 2.

8.2 Complexity
Another observation is taken by relating the statistics of the dataset to the complexity of
the individual. In both populations, the majority of individuals present a value below 40.
It is also observable how, for each statistic, alternative solutions with different complexity
values obtain similar results. These two observations suggest that it is possible to reduce
the complexity of the population during the training process without reducing the quality
of the solutions.

Another suggestion in this direction comes from plotting the trajectory of the variance
of the average returns by the complexity of the populations sorted into deciles. In both
types of fitness functions, the variance of the cumulative returns reaches the higher values
between 10 and 20 complexity. The simplest individuals produce portfolio formation
strategies that summarize the whole population.

A simpler population would help to produce solutions that are more easily interpretable
for a human expert, easier to simplify, and reduce the search space of the problem.

8.3 SPA Rank
For both fitness types, the spa rank procedure sorted the strategies into three positions:
the first two levels for a set of the best performing individuals in terms of cumulative
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Figure 7: Complexity of the Random-Subperiods population, on y axis, with respect of
(a)TrAvg, (b)TrC, (c)TrSP, (d)TeAvg, (a)TeC, (a)TeSP

25



0.0
1

0.0
0

0.0
1

0.0
2

0.0
3

0.0
4

0.0
5

0.0
6

Train Avarage Returns

0

10

20

30

40

50

60

70

80

Co
m

pl
ex

ity

Bootstrap Population

(a)

1 0 1 2 3
Train Cumulative Returns

0

10

20

30

40

50

60

70

80

Co
m

pl
ex

ity

Bootstrap Population

(b)

1 0 1 2 3 4 5
Train Sharpe Ratio

0

10

20

30

40

50

60

70

80

Co
m

pl
ex

ity

Bootstrap Population

(c)

0.0
4

0.0
2

0.0
0

0.0
2

0.0
4

0.0
6

0.0
8

0.1
0

0.1
2

Test Avarage Returns

0

10

20

30

40

50

60

70

80

Co
m

pl
ex

ity

Bootstrap Population

(d)

1.0 0.5 0.0 0.5 1.0 1.5 2.0 2.5

Test Cumulative Returns

0

10

20

30

40

50

60

70

80

Co
m

pl
ex

ity

Bootstrap Population

(e)

2 1 0 1 2 3 4
Test Sharpe Ratio

0

10

20

30

40

50

60

70

80

Co
m

pl
ex

ity

Bootstrap Population

(f)

Figure 8: Complexity of the Bootstrap population, on y axis, with respect of (a)TrAvg,
(b)TrC, (c)TrSP, (d)TeAvg, (a)TeC, (a)TeSP
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Figure 9: Variance by complexity deciles over the training and test periods of (a)Random-
Subperiods population and (b)Bootsrap population.
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returns. All other strategies are put into the third rank. For reproducibility, for both
populations the algorithm had a fixed seed of 42 for the SPA test it involves.

For the Random Subperiod population, the first positions are occupied by:

1. Individual 37.

2. Individual 68.

For the Bootstrap population, the first positions are occupied by:

1. Individual 12.

2. Individuals 20, 22, 33, 36, 45, 51, 83, 100.
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Figure 10: Cumulative returns over the test period of (a)Random-Subperiods population
and (b)Bootstrap Populations, colored following the SPA rank: red for the first rank, blue
for the second and gray for the third

For the bootstrap version of the algorithm, the best individual is not the equation
that produced the highest returns, but the one that consistently provided the best average
returns over the time blocks. A ranking built on the spa test selects the best individual not
only in terms of global performance, mitigating an important data spoofing bias common
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in finance research [2]. The specific human interpretation of the solutions requires further
analysis and isn’t in the scope of this thesis, which focuses on symbolic regression model.

The final elaboration is an algorithm, with a wide space for improvements, which can
generalize over a dataset of market anomalies and produce a ranking score which can be
explained better than a classical black box model.
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9 Conclusions
Symbolic Regression has proven to be an effective way to produce a ranking score which
can be easily explained compared to a black box model. The final populations produced
a wide range of alternative solutions, with mixed results, leaving space to inquire a higher
competition would lead to a better quality for the individuals. Deploying Symbolic Re-
gression to more Learning to Rank scenarios would help understand if such technology is
capable of improving the understanding of a problem, rather than relying on deep learning
models, effective but complex to interpret.

Gaussian process has proven to be a useful tool for optimizing the ranking score used
to build a portfolio formation strategy, capable of dealing with multiple fitness functions.
This method can be deployed with other methods to build a portfolio and study how well
it performs compared to alternatives to compose multiple single-factor strategies.

The combined work of Symbolic Regression and Gaussian process applied to finance
presented in this work has a large space for improvement. The current algorithm doesn’t
account for transaction taxes, which heavily influence the performance of a strategy. More
elaborate formation strategies can be deployed to build better portfolios, comparing their
performance, the costs, and evaluating different strengths and weaknesses.

Finally, the current project was entirely tested with in-sample data over a limited
universe of anomalies. To effectively evaluate the algorithm, it is necessary to conduct a
more extensive study following a useful backtesting protocol principle [2] to gain a better
understanding of it and how it performs in different settings, closer to reality.
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A Population table
Due to the complexity of some of the individuals of both populations, their expression
form has been reported in a dedicated sections for the sake of readability of this elaborate.
For each type of population, the index points to the corresponding table summary.

To help reading the equations, we report a table where we report each anomaly and
the acronym used in the equations.

Anomaly Equation acronym
Accruals acc

Market Capitalization size
Momentum mom

Book-to-Market Ratio bm
Gross Profitability gp

Asset Growth ag
Net Stock Issues ns

Beta beta
Dollar trading volume dvol

Illiquidity ill
Return volatility vol
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Random-Subperiods population
IDX Equation
1 (size + (acc * gp))
2 Max((size / fbeta), Min(ns, Min(volatility, Max(bm, (bm

* ns)))))
3 (ill + Min(0.9490757914447615, size))
4 (ill + Min(size, (0.972490490654147 + acc)))
5 (0.09040506077503353 + (ill + (0.9528116957176468 *

size)))
6 Min(((Abs(size) ** 2.090429361669492) /

(0.31396310010155215 + gp)), (Max((bm + Min(acc,
bm)), Min((0.5848133324797552 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / Min((bm * (acc + gp)),
(0.5329390597355033 + (ns + ((0.5594336550017787 *
fbeta) + ((0.3868477305518944 * cumret) + Max(acc,
(cumret * size)))))))))

7 (0.7155913782653468 + (ill + size))
8 (gp + (-2.1244266523425273 * bm))
9 ((2.5558318376986593 * size) + ((-0.981164120519507 *

bm) + (-0.45470514784281935 * ill)))
10 (ill + (0.9595548416512084 * size))
11 Max(size, (0.03325561952297856 * acc))
12 Max((size / fbeta), Min(ns, Min(volatility, Max(gp, (bm

* ns)))))
13 (gp / bm)
14 (-0.8797515292910892 + ((0.6508038753319242 * ill) +

(2.783629441826239 * size)))
15 ((-0.01034452269308119 * (bm * size)) + Min((ag +

(1.6361930881680915 * cumret)), (fbeta + Min(size,
((2.435183355505421 * Min(acc, cumret)) + (ag *
size))))))

16 ((1.3895545596437746 + ag) * (-0.5296253911570291 +
volatility))

17 ((0.9823150481497496 * size) + (0.8162808323484239 *
ill))

18 size
19 ((cumret + (2.4321303170340163 * size)) /

(2.69653767210521 + gp))
20 (gp * Max(Min(0.0296266213401384, acc),

Min(0.6445272356282608, size)))
21 (dolvol + (2.136801815061434 * Min((size /

(0.8845515297383033 + gp)), (Max((bm + Min(acc,
bm)), Min((-1.590082837344085 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / ag))))

22 (size * Max(ag, Max(cumret, dolvol)))
23 ((0.1161064865493383 * dolvol) + (ag * size))
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24 ((0.5427856321515107 * ill) + (0.7144020925025364 *
size))

25 ((-1.3369201907058366 * bm) + (-0.43468905811095104
* Min((ag + (1.112331100460724 * cumret)), (fbeta +
Min(size, ((0.16112060509331835 * Min(acc, cumret)) +
(ag * size)))))))

26 (size + (0.0138106690477776 * gp))
27 ((0.762617090992174 + Max(0.8092002735894995, ag)) *

(0.30987892463081074 + volatility))
28 (ag * ((((Abs(((0.4348049928974863 *

Max(0.3627709616114918, (fbeta + (0.5624805318888797
* Max(0.4395601414427321, (volatility + (gp *
size))))))) + (ag * fbeta))) ** 0.47466620409343796)
* (Abs(((0.5344002856813526 * ((Abs(ill) **
0.41166740912243577) * ((Abs(((0.46267706394916497 *
Max(0.4909204817091791, (fbeta + (0.4826027414370153
* Max(0.5012445330901026, (volatility + (gp *
size))))))) + (ag * fbeta))) ** 0.5390100714245044)
* (Abs(Max(0.550516655617916, gp)) **
0.5342003778480349)))) + (fbeta * (ill * (volatility *
(((0.4927343610789038 * Max(0.3750262430514525, (fbeta
+ (0.511371393241545 * Max(0.42161677207485126,
(volatility + (gp * size))))))) + (ag * fbeta))
* Max(0.5671057499173185, gp))))))) **
0.5386755063130667)) / ill) / fbeta))

29 Max(size, (size * (-2.260614780624575 + volatility)))
30 Min(size, (0.10159597788570407 / ag))
31 (0.8712394087552324 * (gp * ((cumret + size) * (bm

+ (fbeta + (gp + ((0.9153456423783971 * volatility) +
(0.8228262772103362 * ag))))))))

32 (size / Max(ill, ns))
33 (size * Max(dolvol, Min(ag, cumret)))
34 (0.4569859685220275 / Min(acc, bm))
35 (size * (dolvol + (-0.05679795690935606 * Min(ag, cum-

ret))))
36 Min(((Abs(size) ** 2.346917335383067) / (-

0.04079217219162739 + gp)), (Max((bm + Min(acc,
bm)), Min((2.2865511570449 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / ag))

37 (-0.500577854933416 * (volatility *
(((0.08824085430740995 * (bm * volatility)) + ((-
0.6786999099065623 * ((ag + gp) * (gp + Max(volatility,
(bm + (0.5136758714489728 * dolvol)))))) + (volatility
* ((gp + Max(volatility, (bm + (0.538802860728221
* dolvol)))) * ((0.48148762754295293 * bm) +
(-0.6041613879425344 * volatility)))))) / (gp +
Max(volatility, (bm + (0.8388412883037091 * dolvol)))))))
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38 (0.643876380199865 * size)
39 (size / Max(dolvol, Min(cumret, (ag +

(0.011723621350441684 * volatility)))))
40 (size * Max(Min(3.2123681775155064, size), Min(ag, cum-

ret)))
41 (ill + size)
42 ((-0.2165993830677704 * Min(ill, (dolvol + ns))) + ((acc

+ (0.34575012786383613 * fbeta)) * Min(size, (acc + (size
* (0.7183615629606217 + ag))))))

43 (size + Max(0.7414763838042436, Min(ag, cumret)))
44 (ill * Min(size, (0.8198462352325009 + acc)))
45 (size * Max(ag, Max(cumret, Max(size,

(((1.4087032228885343 * Min(ill, volatility)) +
(1.9223831112078233 * ((volatility + Min(cumret,
((Abs(size) ** 0.11044618366398663) / volatil-
ity))) * Max(acc, fbeta)))) / (volatility +
Min(cumret, (1.0911376410472027 * (((Abs(size) **
0.5034891564541887) / volatility) / fbeta)))))))))

46 (size + (acc * ill))
47 (0.05840855637142147 * (size / ill))
48 (size + (bm * dolvol))
49 (size * Min(ill, (dolvol + ns)))
50 ((0.672642031314699 * size) + (0.47523678201540737 *

Max(ill, volatility)))
51 ((-0.18271373770304386 * bm) + (ill * size))
52 (size + (Min(ill, (dolvol + ns)) * Min(size, (acc + (size *

(0.8733157461153014 + ag))))))
53 Max(size, ((0.7081739580117742 + volatility) * Min(ag,

size)))
54 (size * (dolvol + Min(cumret, (ag + (0.11567796003840297

* volatility)))))
55 Min(((Abs(size) ** 0.8898390883668258) /

(0.6670969593004598 + gp)), (Max((bm + Min(acc,
bm)), Min((0.9079385327449617 + ill), (Max(gp, Min(ill,
Max(ns, size))) / gp))) / ag))

56 ((0.741547080614152 + volatility) *
Max(3.2497842890609356, ag))

57 Min(((Abs(size) ** 0.8823818144570453) / (gp + ns)),
(Max((bm + Min(acc, bm)), Min((0.5232783924319211 +
ill), (Max(gp, Min(ill, Max(size, volatility))) / gp))) /
Min((bm * (acc + gp)), ((0.5372060705927668 * cumret)
+ Max(acc, (cumret * size))))))

58 (ill * Min(size, (0.8887067719344013 + ns)))
59 (size * (0.06884204024870365 + ill))
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60 Min((size / (0.6494332796409124 + gp)), (Max((bm +
Min(acc, bm)), Min((0.717318823736522 + ill), (Max(gp,
Min(ill, Max(size, volatility))) / gp))) / Min(ag, volatil-
ity)))

61 Min(Max(cumret, size), ((cumret + (0.9200979644693508
* size)) / (0.5987882452569812 + gp)))

62 ((-0.9521042757745839 * bm) + Min((ag +
(0.2754765208815269 * cumret)), (fbeta + Min(size,
((0.5334981653764301 * cumret) + ((0.5604169542493667
* volatility) + ((0.4535612918686553 * Min(acc, cumret))
+ (0.31970511652258227 * (ag * size)))))))))

63 (size * Max(ag, dolvol))
64 ((cumret * ill) + Min(0.9805742487107273, size))
65 Max(Min(0.053912264956797025, acc),

Min(0.5246706771950538, size))
66 (0.06837581513104861 + (ill + (size +

(0.016463664239430596 * bm))))
67 ((0.1433752278559327 * Min(ill, (dolvol + ns))) +

((0.23012479726861093 + ill) * Min(size, (acc + (size *
(0.9770115489669183 + ag))))))

68 ((2.542632041835783 * size) + (2.0292110531149867 *
(Abs(volatility) ** 1.4299349467935527)))

69 (((0.5006531202361935 * (fbeta * (-1.1914106500198087
+ cumret))) + (-0.7858738098542283 * (ag *
((0.2242192768502955 * bm) + (-0.8102875657476043 *
size))))) / ag)

70 (size * Min(gp, Min(ill, (dolvol + ns))))
71 ((-0.7883843493990284 * bm) +

Max(Min(1.5946776307535608, acc),
Min(0.4622825761308222, ((Abs(ag) **
0.8509967575849613) * ((Max(ns, (0.25607794540052164 /
bm)) / ((0.8259672064457638 * Max(0.8750892788171302,
(dolvol * ill))) + (bm * size))) / (dolvol +
(0.6468519762040522 * ns)))))))

72 (size * (1.0 + Min((dolvol + ns), (ill + ns))))
73 Min(ag, ((Abs(size) ** 2.637990011056692) /

(1.6581401605585555 + gp)))
74 (-1.3740163252988409 * (bm * (dolvol *

((0.11903332258736575 + volatility) * (-
0.36085185933235703 + Max(1.3533000238574324,
ag))))))

75 Min((size / (0.6562076806786202 + gp)), (Max((bm +
Min(acc, bm)), Min((0.8214031996841029 + ill), (Max(gp,
Min(ill, Max(size, volatility))) / gp))) / ag))

76 ((0.5461202423576773 * size) + (-0.18822993619898445 *
(bm * ill)))
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77 (size / (dolvol + Min(cumret, (ag + (0.07457267123964009
* volatility)))))

78 ((0.3037411947662843 + Min((dolvol + ns), (ill + ns))) *
(ag + (0.9823548076349681 * size)))

79 Min(size, Max(Min(ag, cumret), (gp / ill)))
80 (size * ((size + (ag * dolvol)) / dolvol))
81 (size + (gp * ns))
82 (size * (ag + Max(dolvol, size)))
83 (size * (1.277148939934714 + dolvol))
84 Min(((cumret + (0.9761368869106535 * size)) /

(0.5097961400421744 + gp)), (Max((bm + Min(acc,
bm)), Min((0.8213152438259782 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / ag))

85 (0.49270268734396816 + (ill + ((2.3000615569193528 *
size) + (-1.1142437195213541 * bm))))

86 (0.08352026294670419 * (gp / ill))
87 (size * (dolvol + Min(ag, cumret)))
88 (0.38667493961477784 * ((((Abs(((0.6100283009148457 *

Max(0.3549050372625257, (fbeta + (0.45616662634029126
* Max(0.32650356278000103, (volatility +
(gp * size))))))) + (ag * fbeta))) **
0.8626272150909513) * (Abs(((0.5821143022743784
* ((Abs(fbeta) ** 0.5725318391331153) *
(Abs(volatility) ** 0.6772983753061055)))
+ ((0.3637486876476194 * ((Abs(ill) **
0.563506052993503) * ((Abs(((0.6750359897837666 *
Max(0.41340862587706934, (fbeta + (0.6333952822300472
* Max(0.5551032278554947, (volatility + (gp *
size))))))) + (ag * fbeta))) ** 0.7863922870065181)
* (Abs(Max(0.6726619389812827, gp)) **
0.44808133549062135)))) + (fbeta * (ill * (volatility *
(((0.5925822235468342 * Max(0.6250939824356385, (fbeta
+ (0.5147349358670577 * Max(0.34991930986593106,
(volatility + (gp * size))))))) + (ag * fbeta))
* Max(0.6378663965958412, gp)))))))) **
0.7949647599673781)) / ill) / fbeta))

89 (acc * (1.930636813971994 + ill))
90 Max(Min(1.1502530449446577, acc),

Min(1.6297703822645506, ((Abs(ag) **
0.888374906108051) * ((Max(ns, (0.9336789690253585 /
bm)) / ((0.5391515373122556 * Max(1.165583358414438,
(cumret * (dolvol * ill)))) + (bm * size))) / (dolvol +
(0.602933188753248 * ns))))))

91 (size / Max(0.09091972885288098, ns))
92 (size * (1.5840550484413698 + Min(cumret, (ag +

(2.9639066389931914 * volatility)))))
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93 ((0.960964967070303 * size) + Max(dolvol, (gp *
Min((0.22390317021080397 + fbeta), Max(gp, ill)))))

94 (size * Max(dolvol, (ag / cumret)))
95 Max(0.03772821066317762, size)
96 (size * (3.18347519058651 + Min((dolvol + ns), (fbeta +

ill))))
97 Min(size, (3.2115948625744792 / cumret))
98 (ill + (size + ((0.0305001681725706 * dolvol) +

(0.05173574623893758 * bm))))
99 ((1.4830003880552267 + ill) * (-1.9045521157985652 +

gp))
100 (ill + Min(ill, size))
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Bootstrap population
Index Equation
1 (size + (acc * gp))
2 Max((size / fbeta), Min(ns, Min(volatility, Max(bm, (bm

* ns)))))
3 (ill + Min(0.9490757914447615, size))
4 (ill + Min(size, (0.972490490654147 + acc)))
5 (0.09040506077503353 + (ill + (0.9528116957176468 *

size)))
6 Min(((Abs(size) ** 2.090429361669492) /

(0.31396310010155215 + gp)), (Max((bm + Min(acc,
bm)), Min((0.5848133324797552 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / Min((bm * (acc + gp)),
(0.5329390597355033 + (ns + ((0.5594336550017787 *
fbeta) + ((0.3868477305518944 * cumret) + Max(acc,
(cumret * size)))))))))

7 (0.7155913782653468 + (ill + size))
8 (gp + (-2.1244266523425273 * bm))
9 ((2.5558318376986593 * size) + ((-0.981164120519507 *

bm) + (-0.45470514784281935 * ill)))
10 (ill + (0.9595548416512084 * size))
11 Max(size, (0.03325561952297856 * acc))
12 Max((size / fbeta), Min(ns, Min(volatility, Max(gp, (bm

* ns)))))
13 (gp / bm)
14 (-0.8797515292910892 + ((0.6508038753319242 * ill) +

(2.783629441826239 * size)))
15 ((-0.01034452269308119 * (bm * size)) + Min((ag +

(1.6361930881680915 * cumret)), (fbeta + Min(size,
((2.435183355505421 * Min(acc, cumret)) + (ag *
size))))))

16 ((1.3895545596437746 + ag) * (-0.5296253911570291 +
volatility))

17 ((0.9823150481497496 * size) + (0.8162808323484239 *
ill))

18 size
19 ((cumret + (2.4321303170340163 * size)) /

(2.69653767210521 + gp))
20 (gp * Max(Min(0.0296266213401384, acc),

Min(0.6445272356282608, size)))
21 (dolvol + (2.136801815061434 * Min((size /

(0.8845515297383033 + gp)), (Max((bm + Min(acc,
bm)), Min((-1.590082837344085 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / ag))))

22 (size * Max(ag, Max(cumret, dolvol)))
23 ((0.1161064865493383 * dolvol) + (ag * size))
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24 ((0.5427856321515107 * ill) + (0.7144020925025364 *
size))

25 ((-1.3369201907058366 * bm) + (-0.43468905811095104
* Min((ag + (1.112331100460724 * cumret)), (fbeta +
Min(size, ((0.16112060509331835 * Min(acc, cumret)) +
(ag * size)))))))

26 (size + (0.0138106690477776 * gp))
27 ((0.762617090992174 + Max(0.8092002735894995, ag)) *

(0.30987892463081074 + volatility))
28 (ag * ((((Abs(((0.4348049928974863 *

Max(0.3627709616114918, (fbeta + (0.5624805318888797
* Max(0.4395601414427321, (volatility + (gp *
size))))))) + (ag * fbeta))) ** 0.47466620409343796)
* (Abs(((0.5344002856813526 * ((Abs(ill) **
0.41166740912243577) * ((Abs(((0.46267706394916497 *
Max(0.4909204817091791, (fbeta + (0.4826027414370153
* Max(0.5012445330901026, (volatility + (gp *
size))))))) + (ag * fbeta))) ** 0.5390100714245044)
* (Abs(Max(0.550516655617916, gp)) **
0.5342003778480349)))) + (fbeta * (ill * (volatility *
(((0.4927343610789038 * Max(0.3750262430514525, (fbeta
+ (0.511371393241545 * Max(0.42161677207485126,
(volatility + (gp * size))))))) + (ag * fbeta))
* Max(0.5671057499173185, gp))))))) **
0.5386755063130667)) / ill) / fbeta))

29 Max(size, (size * (-2.260614780624575 + volatility)))
30 Min(size, (0.10159597788570407 / ag))
31 (0.8712394087552324 * (gp * ((cumret + size) * (bm

+ (fbeta + (gp + ((0.9153456423783971 * volatility) +
(0.8228262772103362 * ag))))))))

32 (size / Max(ill, ns))
33 (size * Max(dolvol, Min(ag, cumret)))
34 (0.4569859685220275 / Min(acc, bm))
35 (size * (dolvol + (-0.05679795690935606 * Min(ag, cum-

ret))))
36 Min(((Abs(size) ** 2.346917335383067) / (-

0.04079217219162739 + gp)), (Max((bm + Min(acc,
bm)), Min((2.2865511570449 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / ag))

37 (-0.500577854933416 * (volatility *
(((0.08824085430740995 * (bm * volatility)) + ((-
0.6786999099065623 * ((ag + gp) * (gp + Max(volatility,
(bm + (0.5136758714489728 * dolvol)))))) + (volatility
* ((gp + Max(volatility, (bm + (0.538802860728221
* dolvol)))) * ((0.48148762754295293 * bm) +
(-0.6041613879425344 * volatility)))))) / (gp +
Max(volatility, (bm + (0.8388412883037091 * dolvol)))))))
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38 (0.643876380199865 * size)
39 (size / Max(dolvol, Min(cumret, (ag +

(0.011723621350441684 * volatility)))))
40 (size * Max(Min(3.2123681775155064, size), Min(ag, cum-

ret)))
41 (ill + size)
42 ((-0.2165993830677704 * Min(ill, (dolvol + ns))) + ((acc

+ (0.34575012786383613 * fbeta)) * Min(size, (acc + (size
* (0.7183615629606217 + ag))))))

43 (size + Max(0.7414763838042436, Min(ag, cumret)))
44 (ill * Min(size, (0.8198462352325009 + acc)))
45 (size * Max(ag, Max(cumret, Max(size,

(((1.4087032228885343 * Min(ill, volatility)) +
(1.9223831112078233 * ((volatility + Min(cumret,
((Abs(size) ** 0.11044618366398663) / volatil-
ity))) * Max(acc, fbeta)))) / (volatility +
Min(cumret, (1.0911376410472027 * (((Abs(size) **
0.5034891564541887) / volatility) / fbeta)))))))))

46 (size + (acc * ill))
47 (0.05840855637142147 * (size / ill))
48 (size + (bm * dolvol))
49 (size * Min(ill, (dolvol + ns)))
50 ((0.672642031314699 * size) + (0.47523678201540737 *

Max(ill, volatility)))
51 ((-0.18271373770304386 * bm) + (ill * size))
52 (size + (Min(ill, (dolvol + ns)) * Min(size, (acc + (size *

(0.8733157461153014 + ag))))))
53 Max(size, ((0.7081739580117742 + volatility) * Min(ag,

size)))
54 (size * (dolvol + Min(cumret, (ag + (0.11567796003840297

* volatility)))))
55 Min(((Abs(size) ** 0.8898390883668258) /

(0.6670969593004598 + gp)), (Max((bm + Min(acc,
bm)), Min((0.9079385327449617 + ill), (Max(gp, Min(ill,
Max(ns, size))) / gp))) / ag))

56 ((0.741547080614152 + volatility) *
Max(3.2497842890609356, ag))

57 Min(((Abs(size) ** 0.8823818144570453) / (gp + ns)),
(Max((bm + Min(acc, bm)), Min((0.5232783924319211 +
ill), (Max(gp, Min(ill, Max(size, volatility))) / gp))) /
Min((bm * (acc + gp)), ((0.5372060705927668 * cumret)
+ Max(acc, (cumret * size))))))

58 (ill * Min(size, (0.8887067719344013 + ns)))
59 (size * (0.06884204024870365 + ill))
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60 Min((size / (0.6494332796409124 + gp)), (Max((bm +
Min(acc, bm)), Min((0.717318823736522 + ill), (Max(gp,
Min(ill, Max(size, volatility))) / gp))) / Min(ag, volatil-
ity)))

61 Min(Max(cumret, size), ((cumret + (0.9200979644693508
* size)) / (0.5987882452569812 + gp)))

62 ((-0.9521042757745839 * bm) + Min((ag +
(0.2754765208815269 * cumret)), (fbeta + Min(size,
((0.5334981653764301 * cumret) + ((0.5604169542493667
* volatility) + ((0.4535612918686553 * Min(acc, cumret))
+ (0.31970511652258227 * (ag * size)))))))))

63 (size * Max(ag, dolvol))
64 ((cumret * ill) + Min(0.9805742487107273, size))
65 Max(Min(0.053912264956797025, acc),

Min(0.5246706771950538, size))
66 (0.06837581513104861 + (ill + (size +

(0.016463664239430596 * bm))))
67 ((0.1433752278559327 * Min(ill, (dolvol + ns))) +

((0.23012479726861093 + ill) * Min(size, (acc + (size *
(0.9770115489669183 + ag))))))

68 ((2.542632041835783 * size) + (2.0292110531149867 *
(Abs(volatility) ** 1.4299349467935527)))

69 (((0.5006531202361935 * (fbeta * (-1.1914106500198087
+ cumret))) + (-0.7858738098542283 * (ag *
((0.2242192768502955 * bm) + (-0.8102875657476043 *
size))))) / ag)

70 (size * Min(gp, Min(ill, (dolvol + ns))))
71 ((-0.7883843493990284 * bm) +

Max(Min(1.5946776307535608, acc),
Min(0.4622825761308222, ((Abs(ag) **
0.8509967575849613) * ((Max(ns, (0.25607794540052164 /
bm)) / ((0.8259672064457638 * Max(0.8750892788171302,
(dolvol * ill))) + (bm * size))) / (dolvol +
(0.6468519762040522 * ns)))))))

72 (size * (1.0 + Min((dolvol + ns), (ill + ns))))
73 Min(ag, ((Abs(size) ** 2.637990011056692) /

(1.6581401605585555 + gp)))
74 (-1.3740163252988409 * (bm * (dolvol *

((0.11903332258736575 + volatility) * (-
0.36085185933235703 + Max(1.3533000238574324,
ag))))))

75 Min((size / (0.6562076806786202 + gp)), (Max((bm +
Min(acc, bm)), Min((0.8214031996841029 + ill), (Max(gp,
Min(ill, Max(size, volatility))) / gp))) / ag))

76 ((0.5461202423576773 * size) + (-0.18822993619898445 *
(bm * ill)))
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77 (size / (dolvol + Min(cumret, (ag + (0.07457267123964009
* volatility)))))

78 ((0.3037411947662843 + Min((dolvol + ns), (ill + ns))) *
(ag + (0.9823548076349681 * size)))

79 Min(size, Max(Min(ag, cumret), (gp / ill)))
80 (size * ((size + (ag * dolvol)) / dolvol))
81 (size + (gp * ns))
82 (size * (ag + Max(dolvol, size)))
83 (size * (1.277148939934714 + dolvol))
84 Min(((cumret + (0.9761368869106535 * size)) /

(0.5097961400421744 + gp)), (Max((bm + Min(acc,
bm)), Min((0.8213152438259782 + ill), (Max(gp, Min(ill,
Max(size, volatility))) / gp))) / ag))

85 (0.49270268734396816 + (ill + ((2.3000615569193528 *
size) + (-1.1142437195213541 * bm))))

86 (0.08352026294670419 * (gp / ill))
87 (size * (dolvol + Min(ag, cumret)))
88 (0.38667493961477784 * ((((Abs(((0.6100283009148457 *

Max(0.3549050372625257, (fbeta + (0.45616662634029126
* Max(0.32650356278000103, (volatility +
(gp * size))))))) + (ag * fbeta))) **
0.8626272150909513) * (Abs(((0.5821143022743784
* ((Abs(fbeta) ** 0.5725318391331153) *
(Abs(volatility) ** 0.6772983753061055)))
+ ((0.3637486876476194 * ((Abs(ill) **
0.563506052993503) * ((Abs(((0.6750359897837666 *
Max(0.41340862587706934, (fbeta + (0.6333952822300472
* Max(0.5551032278554947, (volatility + (gp *
size))))))) + (ag * fbeta))) ** 0.7863922870065181)
* (Abs(Max(0.6726619389812827, gp)) **
0.44808133549062135)))) + (fbeta * (ill * (volatility *
(((0.5925822235468342 * Max(0.6250939824356385, (fbeta
+ (0.5147349358670577 * Max(0.34991930986593106,
(volatility + (gp * size))))))) + (ag * fbeta))
* Max(0.6378663965958412, gp)))))))) **
0.7949647599673781)) / ill) / fbeta))

89 (acc * (1.930636813971994 + ill))
90 Max(Min(1.1502530449446577, acc),

Min(1.6297703822645506, ((Abs(ag) **
0.888374906108051) * ((Max(ns, (0.9336789690253585 /
bm)) / ((0.5391515373122556 * Max(1.165583358414438,
(cumret * (dolvol * ill)))) + (bm * size))) / (dolvol +
(0.602933188753248 * ns))))))

91 (size / Max(0.09091972885288098, ns))
92 (size * (1.5840550484413698 + Min(cumret, (ag +

(2.9639066389931914 * volatility)))))
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93 ((0.960964967070303 * size) + Max(dolvol, (gp *
Min((0.22390317021080397 + fbeta), Max(gp, ill)))))

94 (size * Max(dolvol, (ag / cumret)))
95 Max(0.03772821066317762, size)
96 (size * (3.18347519058651 + Min((dolvol + ns), (fbeta +

ill))))
97 Min(size, (3.2115948625744792 / cumret))
98 (ill + (size + ((0.0305001681725706 * dolvol) +

(0.05173574623893758 * bm))))
99 ((1.4830003880552267 + ill) * (-1.9045521157985652 +

gp))
100 (ill + Min(ill, size))
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B Populations summary
Table summary of the random-subperiod 5 and bootstrap population 6. In both tables
the first column contains the index of each individual, the second the complexity. The
following three columns report, respectively, the average returns, the cumulative returns
and the annual Sharpe ratio over the training set. The final three columns report the
same three metrics for the test set
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Table 5:

Random-Subperiods population summary
IDX CPX TrAvg TrC TrSP TesAvg TesC TesSP
1 5 0.03744 2.24637 3.38639 0.03098 0.74363 1.62671
2 13 -

0.00814
-0.4885 -

0.93099
0.00718 0.17224 0.48422

3 5 0.05873 3.52402 4.74311 0.06652 1.59649 3.74611
4 7 0.04854 2.91233 4.12514 0.04386 1.05254 2.22482
5 7 0.05267 3.1602 4.19568 0.0478 1.14726 2.35533
6 51 0.00252 0.15107 0.67709 0.00713 0.17107 1.19861
7 5 0.05265 3.15875 4.17834 0.0477 1.1449 2.34184
8 5 0.04255 2.55281 2.7203 0.03172 0.76129 1.39768
9 11 0.05216 3.12932 4.01989 0.04545 1.09083 1.77636
10 5 0.0526 3.15619 4.1738 0.0479 1.1495 2.36069
11 5 0.02266 1.35945 1.94547 -

0.00812
-
0.19495

-
0.38912

12 13 -
0.00774

-
0.46433

-
0.90849

0.00526 0.12633 0.40771

13 3 -
0.00111

-
0.06648

-
0.13825

0.01107 0.26559 1.1818

14 9 0.04944 2.96666 3.84015 0.04424 1.06184 2.05471
15 25 0.00388 0.23259 0.2183 0.01034 0.24826 0.36933
16 7 0.01618 0.97064 0.62434 0.11935 2.86432 2.20818
17 7 0.05232 3.13932 4.10602 0.04763 1.1431 2.36559
18 1 0.0483 2.89778 3.68307 0.04184 1.00412 1.82092
19 9 0.04304 2.58251 3.21597 0.02017 0.48398 0.94456
20 9 -

0.00593
-
0.35555

-
0.96027

-
0.00611

-
0.14675

-
0.67793

21 31 0.03473 2.08403 3.04881 0.0231 0.55444 0.8933
22 7 0.01807 1.08399 2.46368 0.01675 0.40201 1.94507
23 7 -

0.00929
-
0.55715

-
1.10404

-
0.00679

-
0.16299

-
1.06761

24 7 0.05191 3.11456 4.05072 0.04732 1.13563 2.34797
25 25 0.03676 2.2053 2.03739 0.06503 1.56078 1.74623
26 5 0.04891 2.93472 3.7094 0.04083 0.98003 1.77652
27 9 0.0162 0.97225 0.62534 0.11946 2.86701 2.21221
28 93 -

0.00376
-
0.22544

-
0.67453

0.00904 0.21703 0.77676

29 7 -
0.05325

-3.1951 -3.6626 -
0.09773

-2.3456 -
3.67397

30 5 -
0.00337

-
0.20211

-
0.32585

0.00978 0.23476 0.89871

31 21 0.00939 0.56321 1.17289 0.02441 0.5859 1.41146
32 5 -

0.01894
-1.1364 -

2.56902
-
0.00632

-0.1517 -
0.43069

33 7 -
0.00835

-
0.50087

-
1.09249

-
0.00877

-
0.21043

-
1.16667
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34 5 -
0.01362

-
0.81706

-
1.95516

-
0.01148

-
0.27552

-
1.37348

35 9 -
0.00963

-
0.57769

-
1.52842

-
0.00659

-
0.15824

-
1.18507

36 29 0.01067 0.64042 0.80756 0.0434 1.04153 2.67994
37 55 0.03844 2.30644 2.50625 0.13843 3.32227 3.60077
38 3 0.0483 2.89778 3.68307 0.04184 1.00412 1.82092
39 11 -

0.00309
-0.1853 -

0.73068
0.0163 0.39113 2.17784

40 9 0.00944 0.5661 1.10218 -
0.00013

-
0.00321

-
0.00925

41 3 0.05265 3.15875 4.17834 0.0477 1.1449 2.34184
42 23 0.00844 0.50624 0.91773 0.01424 0.34167 0.7242
43 7 0.0483 2.89778 3.68307 0.04184 1.00412 1.82092
44 7 -

0.05161
-
3.09648

-
5.73579

-
0.05233

-
1.25585

-
4.62121

45 43 0.03369 2.02141 2.5151 0.00723 0.17361 0.2273
46 5 0.04919 2.95133 3.82938 0.04027 0.96652 1.76937
47 5 -

0.03592
-
2.15532

-
3.50269

-
0.02272

-
0.54521

-
1.29068

48 5 0.05027 3.01635 3.96638 0.03857 0.92568 1.59646
49 7 -

0.02696
-
1.61752

-
2.66172

-
0.01421

-
0.34094

-
0.82181

50 9 0.06741 4.04453 7.50422 0.12396 2.97505 5.80808
51 7 0.00194 0.11655 0.17001 0.03395 0.81489 1.79277
52 17 0.04752 2.85099 3.42679 0.03442 0.82611 1.55141
53 9 0.04065 2.43901 2.41091 0.02904 0.69706 1.05171
54 11 -0.0326 -

1.95574
-
3.49046

-
0.03439

-
0.82541

-
2.39353

55 29 0.00824 0.49452 0.67651 0.03678 0.88273 2.08469
56 7 0.0162 0.97225 0.62534 0.11951 2.86813 2.21283
57 43 -

0.00513
-
0.30779

-
0.60935

0.00848 0.20362 0.70567

58 7 -
0.06026

-
3.61589

-
6.82435

-0.0735 -
1.76395

-
5.74707

59 5 0.02404 1.44264 1.8731 0.00068 0.01625 0.02712
60 29 0.00555 0.33296 0.41616 -

0.00222
-
0.05335

-
0.07269

61 13 0.02433 1.45955 1.67352 0.00346 0.08296 0.16389
62 33 0.03157 1.89419 1.52651 0.0626 1.50249 2.53525
63 5 -

0.00366
-
0.21974

-
0.77956

-
0.00234

-
0.05604

-
0.48343

64 7 0.04699 2.81952 4.104 0.04587 1.10083 2.17528
65 7 0.02715 1.62905 2.84393 0.00051 0.01222 0.02737
66 9 0.05185 3.111 4.16197 0.0458 1.0991 2.27302
67 21 0.03061 1.83677 2.51392 0.00673 0.16148 0.27942
68 9 0.07112 4.26712 7.32012 0.13771 3.30513 5.35302

48



69 21 -
0.01129

-
0.67729

-
0.40009

0.04525 1.08592 0.73338

70 9 -
0.04507

-
2.70395

-
3.52818

-
0.03255

-
0.78117

-
1.63478

71 37 0.03568 2.14101 3.58683 0.04746 1.1391 2.27554
72 11 0.04745 2.84727 3.35286 0.02943 0.70632 1.2272
73 9 0.00562 0.33711 0.48899 -0.0092 -

0.22091
-
0.82108

74 15 -
0.04261

-
2.55669

-
4.59073

-
0.06652

-
1.59643

-
2.65903

75 27 0.01587 0.95223 1.20645 0.04658 1.11787 2.74345
76 9 0.04815 2.88877 3.80771 0.03927 0.94243 1.6957
77 11 -

0.00912
-
0.54749

-
2.40256

-
0.00734

-
0.17608

-
1.93006

78 15 0.02875 1.72525 2.97918 0.03144 0.75467 1.61717
79 9 0.04616 2.76975 3.92917 0.0433 1.03912 2.20945
80 9 0.02714 1.62855 4.02452 0.02142 0.51407 1.682
81 5 0.03769 2.26124 2.83607 0.00797 0.19125 0.34974
82 7 0.00457 0.27408 0.40162 -

0.00991
-
0.23776

-
0.54533

83 5 0.04709 2.82539 3.68379 0.04208 1.01001 1.89401
84 31 0.01359 0.81517 1.07298 0.04359 1.04616 2.5582
85 11 0.05478 3.28697 4.20808 0.04929 1.18287 1.97827
86 5 -

0.00958
-
0.57488

-
0.65738

0.01203 0.28873 0.78747

87 7 -
0.03254

-
1.95232

-
3.43474

-
0.03527

-0.8465 -
2.35123

88 103 0.00034 0.02031 0.02768 -
0.03436

-
0.82455

-
1.25931

89 5 0.0008 0.04825 0.14514 -
0.00988

-
0.23717

-
1.04661

90 35 0.00462 0.27693 0.7843 0.01805 0.43332 1.64639
91 5 0.0277 1.66206 2.53592 0.01251 0.30019 0.57587
92 11 0.03445 2.06723 3.46002 0.05124 1.22983 3.21865
93 15 0.04456 2.67335 3.77941 0.04114 0.98726 1.88158
94 7 0.013 0.78013 2.18045 0.01972 0.4733 1.92803
95 3 0.02036 1.22164 2.01451 0.00245 0.05881 0.13458
96 11 0.04742 2.84542 3.47684 0.0332 0.79675 1.35501
97 5 0.00507 0.30435 0.97567 0.01341 0.3218 1.93589
98 11 0.05068 3.04076 4.08341 0.04265 1.02372 2.10432
99 7 0.01149 0.68947 0.68829 -

0.02008
-
0.48198

-
1.09019

100 5 0.07139 4.28355 4.72352 0.09197 2.20731 4.8384
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Table 6:

Bootsrap population summary
IDX CPX TrAvg TrC TrSP TesAvg TesC TesSP
1 5 0.03744 2.24637 3.38639 0.03098 0.74363 1.62671
2 13 -

0.00814
-0.4885 -

0.93099
0.00718 0.17224 0.48422

3 5 0.05873 3.52402 4.74311 0.06652 1.59649 3.74611
4 7 0.04854 2.91233 4.12514 0.04386 1.05254 2.22482
5 7 0.05267 3.1602 4.19568 0.0478 1.14726 2.35533
6 51 0.00252 0.15107 0.67709 0.00713 0.17107 1.19861
7 5 0.05265 3.15875 4.17834 0.0477 1.1449 2.34184
8 5 0.04255 2.55281 2.7203 0.03172 0.76129 1.39768
9 11 0.05216 3.12932 4.01989 0.04545 1.09083 1.77636
10 5 0.0526 3.15619 4.1738 0.0479 1.1495 2.36069
11 5 0.02266 1.35945 1.94547 -

0.00812
-
0.19495

-
0.38912

12 13 -
0.00774

-
0.46433

-
0.90849

0.00526 0.12633 0.40771

13 3 -
0.00111

-
0.06648

-
0.13825

0.01107 0.26559 1.1818

14 9 0.04944 2.96666 3.84015 0.04424 1.06184 2.05471
15 25 0.00388 0.23259 0.2183 0.01034 0.24826 0.36933
16 7 0.01618 0.97064 0.62434 0.11935 2.86432 2.20818
17 7 0.05232 3.13932 4.10602 0.04763 1.1431 2.36559
18 1 0.0483 2.89778 3.68307 0.04184 1.00412 1.82092
19 9 0.04304 2.58251 3.21597 0.02017 0.48398 0.94456
20 9 -

0.00593
-
0.35555

-
0.96027

-
0.00611

-
0.14675

-
0.67793

21 31 0.03473 2.08403 3.04881 0.0231 0.55444 0.8933
22 7 0.01807 1.08399 2.46368 0.01675 0.40201 1.94507
23 7 -

0.00929
-
0.55715

-
1.10404

-
0.00679

-
0.16299

-
1.06761

24 7 0.05191 3.11456 4.05072 0.04732 1.13563 2.34797
25 25 0.03676 2.2053 2.03739 0.06503 1.56078 1.74623
26 5 0.04891 2.93472 3.7094 0.04083 0.98003 1.77652
27 9 0.0162 0.97225 0.62534 0.11946 2.86701 2.21221
28 93 -

0.00376
-
0.22544

-
0.67453

0.00904 0.21703 0.77676

29 7 -
0.05325

-3.1951 -3.6626 -
0.09773

-2.3456 -
3.67397

30 5 -
0.00337

-
0.20211

-
0.32585

0.00978 0.23476 0.89871

31 21 0.00939 0.56321 1.17289 0.02441 0.5859 1.41146
32 5 -

0.01894
-1.1364 -

2.56902
-
0.00632

-0.1517 -
0.43069

33 7 -
0.00835

-
0.50087

-
1.09249

-
0.00877

-
0.21043

-
1.16667
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34 5 -
0.01362

-
0.81706

-
1.95516

-
0.01148

-
0.27552

-
1.37348

35 9 -
0.00963

-
0.57769

-
1.52842

-
0.00659

-
0.15824

-
1.18507

36 29 0.01067 0.64042 0.80756 0.0434 1.04153 2.67994
37 55 0.03844 2.30644 2.50625 0.13843 3.32227 3.60077
38 3 0.0483 2.89778 3.68307 0.04184 1.00412 1.82092
39 11 -

0.00309
-0.1853 -

0.73068
0.0163 0.39113 2.17784

40 9 0.00944 0.5661 1.10218 -
0.00013

-
0.00321

-
0.00925

41 3 0.05265 3.15875 4.17834 0.0477 1.1449 2.34184
42 23 0.00844 0.50624 0.91773 0.01424 0.34167 0.7242
43 7 0.0483 2.89778 3.68307 0.04184 1.00412 1.82092
44 7 -

0.05161
-
3.09648

-
5.73579

-
0.05233

-
1.25585

-
4.62121

45 43 0.03369 2.02141 2.5151 0.00723 0.17361 0.2273
46 5 0.04919 2.95133 3.82938 0.04027 0.96652 1.76937
47 5 -

0.03592
-
2.15532

-
3.50269

-
0.02272

-
0.54521

-
1.29068

48 5 0.05027 3.01635 3.96638 0.03857 0.92568 1.59646
49 7 -

0.02696
-
1.61752

-
2.66172

-
0.01421

-
0.34094

-
0.82181

50 9 0.06741 4.04453 7.50422 0.12396 2.97505 5.80808
51 7 0.00194 0.11655 0.17001 0.03395 0.81489 1.79277
52 17 0.04752 2.85099 3.42679 0.03442 0.82611 1.55141
53 9 0.04065 2.43901 2.41091 0.02904 0.69706 1.05171
54 11 -0.0326 -

1.95574
-
3.49046

-
0.03439

-
0.82541

-
2.39353

55 29 0.00824 0.49452 0.67651 0.03678 0.88273 2.08469
56 7 0.0162 0.97225 0.62534 0.11951 2.86813 2.21283
57 43 -

0.00513
-
0.30779

-
0.60935

0.00848 0.20362 0.70567

58 7 -
0.06026

-
3.61589

-
6.82435

-0.0735 -
1.76395

-
5.74707

59 5 0.02404 1.44264 1.8731 0.00068 0.01625 0.02712
60 29 0.00555 0.33296 0.41616 -

0.00222
-
0.05335

-
0.07269

61 13 0.02433 1.45955 1.67352 0.00346 0.08296 0.16389
62 33 0.03157 1.89419 1.52651 0.0626 1.50249 2.53525
63 5 -

0.00366
-
0.21974

-
0.77956

-
0.00234

-
0.05604

-
0.48343

64 7 0.04699 2.81952 4.104 0.04587 1.10083 2.17528
65 7 0.02715 1.62905 2.84393 0.00051 0.01222 0.02737
66 9 0.05185 3.111 4.16197 0.0458 1.0991 2.27302
67 21 0.03061 1.83677 2.51392 0.00673 0.16148 0.27942
68 9 0.07112 4.26712 7.32012 0.13771 3.30513 5.35302
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69 21 -
0.01129

-
0.67729

-
0.40009

0.04525 1.08592 0.73338

70 9 -
0.04507

-
2.70395

-
3.52818

-
0.03255

-
0.78117

-
1.63478

71 37 0.03568 2.14101 3.58683 0.04746 1.1391 2.27554
72 11 0.04745 2.84727 3.35286 0.02943 0.70632 1.2272
73 9 0.00562 0.33711 0.48899 -0.0092 -

0.22091
-
0.82108

74 15 -
0.04261

-
2.55669

-
4.59073

-
0.06652

-
1.59643

-
2.65903

75 27 0.01587 0.95223 1.20645 0.04658 1.11787 2.74345
76 9 0.04815 2.88877 3.80771 0.03927 0.94243 1.6957
77 11 -

0.00912
-
0.54749

-
2.40256

-
0.00734

-
0.17608

-
1.93006

78 15 0.02875 1.72525 2.97918 0.03144 0.75467 1.61717
79 9 0.04616 2.76975 3.92917 0.0433 1.03912 2.20945
80 9 0.02714 1.62855 4.02452 0.02142 0.51407 1.682
81 5 0.03769 2.26124 2.83607 0.00797 0.19125 0.34974
82 7 0.00457 0.27408 0.40162 -

0.00991
-
0.23776

-
0.54533

83 5 0.04709 2.82539 3.68379 0.04208 1.01001 1.89401
84 31 0.01359 0.81517 1.07298 0.04359 1.04616 2.5582
85 11 0.05478 3.28697 4.20808 0.04929 1.18287 1.97827
86 5 -

0.00958
-
0.57488

-
0.65738

0.01203 0.28873 0.78747

87 7 -
0.03254

-
1.95232

-
3.43474

-
0.03527

-0.8465 -
2.35123

88 103 0.00034 0.02031 0.02768 -
0.03436

-
0.82455

-
1.25931

89 5 0.0008 0.04825 0.14514 -
0.00988

-
0.23717

-
1.04661

90 35 0.00462 0.27693 0.7843 0.01805 0.43332 1.64639
91 5 0.0277 1.66206 2.53592 0.01251 0.30019 0.57587
92 11 0.03445 2.06723 3.46002 0.05124 1.22983 3.21865
93 15 0.04456 2.67335 3.77941 0.04114 0.98726 1.88158
94 7 0.013 0.78013 2.18045 0.01972 0.4733 1.92803
95 3 0.02036 1.22164 2.01451 0.00245 0.05881 0.13458
96 11 0.04742 2.84542 3.47684 0.0332 0.79675 1.35501
97 5 0.00507 0.30435 0.97567 0.01341 0.3218 1.93589
98 11 0.05068 3.04076 4.08341 0.04265 1.02372 2.10432
99 7 0.01149 0.68947 0.68829 -

0.02008
-
0.48198

-
1.09019

100 5 0.07139 4.28355 4.72352 0.09197 2.20731 4.8384
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